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Course plan

» Week 1: Introduction to convexity

» Week 2: More on convex sets

» Week 3: Dual view of convex sets + more on convex functions
» Week 4: Dual view of convex functions

» Week 5: Duality and optimization

» Week 6: Introduction to algorithms, descend methods

» Week 7: Proximal methods, projected gradients

» Weeks 8 - 9: Fix point approach, averaged operators
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Dual view on convex functions

» Continuity and closedness
» Differentiability and subgradients
» Conjugate functions

» Prox operators
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Types of continuity

Let S C R". consider a function f:S — R for some m > 1.

Def: f is lower semicontinuous in x if f(x) <liminf f(y),V(y) C S.
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Def: f is continuous in x € dom(f) if f(x)= I|m f(y),V(y)Cdom(f)
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Def: f is Lipshitz-continuous with constant L > 0 if ,_ 4. Ml 2
1 (x) = f(¥)ll2 < L[|x — yl|2 for all x, y € dom(f) contingity 44
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Semicontinuity and closedness

Def: f:S —> cIosed if its epigrap Ep/l(/P/IS a closed set.
| e
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//
Thm: Function f : R” — R is closed if and only if

<= f is lower-semicontinuous
< level set V, =: {x € R" : v > f(x)} is closed for any v € R
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Continuity and convexity

Thm: f:S — R proper and convex = f continuous over ri(dom(f)).

;PB" &)}/@F\Q%'ﬂ(i\ on A A4 N T’CY‘E@OOK )

Corollary: A convex function R” — R is continuous.
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Hised,

'Lipschitz continuity and fixed points

Def: f : R” — R" is a non-expansive mapping if it is Lipschitz
continuous with constant L < 1.

;%cﬁ4iﬂj Iyaditi it

> Ifalso Hf(x)—f(y)H% <(f(x)=f(y)) " (x—y) for all x,y € dom(f),

K f is called firmly non-expansive.

AN

% » If L <1, f is called a contraction.

% Def: x is a fixed point of function f : R"” — R" if f(x) = x.

D

g ﬂBanach Fixed Point Thm: Let f be a contraction. Then f admits a
& |unique fixed-point, and an algorithm starting from some xp and

?ﬁ computing x,x = f(xx_1) for k = 1,... converges to that fixed point.
N

Ty

Extension to firmly-non-expansive: x, = f(xx_1) for k =1,...
_converges to a fixed point if it exists.
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Differentiable functions

Def: f:R” — R is differentialble in X € dom(f) if
@ lim FO—FR-VAR =R _ ¢ for a1 sequences {x} converging to X.
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Gradient Vf(Xx) := [ﬁ(i) af (2)] and directional derivative
V., f(X)i{= Iiir(m) f(XJrO‘;) )= Vf(x)Tv exist in x for all v € R".
T AN
iR < |
Py rolds o & eeruetally fuotions
g oASVL K&QU\QW& ff\r(QW\ @ | M%g(/l 145,(,:( lV\FYDOffS

8 /20



Convex differentiable functions and optimization

Thm: Let S C R"” be convex, f be differentiable over an open set
that contains S. Then f is convex over S if and only if - &réfwgy

neg TS
f(z) — f(x) > Vf(x)T(z —x) Vx,z€S. Vs O(]j:f,a,ag ooz
A A7 W Ut / (fs fyrst-ordes
on Pf"o—f’fm e | A afi-d)yy it / (640 approX.
’l&a i A %y, pedialedly,
{,(,q P 2> V£ )T (X—Pg t \aas |
- @) 2 OO (f-p) |1 ()
Tda for o'y | \c wse direibonad depi ol aﬁ‘“, lwwzm.
N Corollary for S and f as above, s
¢\> /[,\,g[ég'fw»{wtdoxs M(V"‘W“”j follow frow e tnmn ARV, MO‘US’FOM
gﬁ, VFi(x*) =0 & x* minimizes f over R"; )
( ) E®RJ(W%&:\/(U%’°M foll o/§ gl et MW\ {wooremn ofove. | A [/

Q; > x* minimizes f over S if and only if Vf(x ) ' (z—x*) >0 VzeS.
( /T z-x) £0 7S
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Convex twice differentiable functions

Thm: Let S C R" be convex and open, f be twice continuously
differentiable over S. Then f is convex over S if and only if

V2f(x) =0 Vx€S.
" Tard o

10 /20



Subgradient and subdifferential

Def: g € R" is a subgradient of a convex f : R” — R in X € dom(f)
if f(z) —f(x)>g'(z—X) VzeR" fovetan e
pee epiqroph ot ¢
O Q\/
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Def: subdifferential 9f(X) is the set of all subgradlents of f in X: Mi“fw:;:f”f
Y M med
0f (x) = @E R": f(z)—f(X) >g'(z—X%) VzeR"}. M—o\ga;&){r*\vg
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Properties of subdifferential ¢, tve depiitenof sulblq
» Of(x) is closed and convex as ar(in\tem closed subspz@

» If f is differentiable in X, then 9f(X) = Vf(x).Hoet" Page 184 of Teethoc.

f
» For S CR", Ng(x) = 0ds(x), where ds(x) = 0 ifxes

Proot - follaws 6‘? dtwibon ot Cwbgyadiewt and £ (o - oo  otherwise.
» Let f be convex, A € R™"™ and F(x) = f(Ax). If f is polyhedral
or do € R™ : Aa € ri(dom(f)), then 9F(x) = A" 9f(Ax).
Moot Pop. 5.y mTeetbooic o B2

» Let f, h be convex and F = f + h be proper. If ot fheun L
ri(dom(f)) Nri(dom(h)) # O, then OF(x) = Of (x) + 8h(x)_%“d“w_§
B@i:@mp-S}LC.nCR$+&@K,

—

£ st €2 oo v
> If 0£S Cdom(fYis compact, then |, s 9f(x)# 0 and bounded;

and f is Lipschitz continuous on S with constant L= sup || g||2.
Rrocy ", Proposition S42 ot ooy gelU, s OF(x)
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Subdifferential in optimization

gt B Lonvet,
s B
Let SC R”. S # () and f : R” — R be proper and convex. We know:

» by definition x* minimizes f on R” if and only if 0 € Of (x*);
. . v
> min f(x) = min F(x), whereF(x) = (x) +0s(x); ﬁ““”:_g;ﬁc@é
» ri(dom(f))Nri(S)#£0 = OF(x)=0f(x)+0ds(x)=0f(x)+Ns(x).
QUK Fom T @ gove % poris

.
%ality MLet ri(dom(f))Nri(S)#D. Then x*

minimizes f over S if and only if —0f(x*) N Ns(x*) # 0.

s vs almat fe Seme , . ;
Zoz;\\:ﬁsbém awia@rclquMr&M 36 -4 € I (%) and &T({“X) c o for all %QSS
frachous om slide 9, et i) ) Jg¢ ot ) with grEx)7o Ms
dud
X&%W?%%ﬁfg?gﬁwﬁhmiﬁw %ﬁo l2ave S (4wt waut o decre ¢ «[ﬁg(MCQ_UZﬁ(
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Aong oM yrponss  woemed fo(9)we tind @se

Conjugate funCtiOn 5“"V9‘({W‘§ {\Ludﬂw—e- ‘h/bt&%/\\/ﬁs us X whaaan
fe lwperpiaue 15 tupypoving $ O wedf«)

O 1a Y(q)3s fue Wierept so e hyporplane 13
detve d 4 [\j] *"‘)J +4(4)=0 @ 719)= YT A (F)
Def: conjugate (aka/Fenchel conjugate) function of f : R” — R j

f :Rn%R, f*@ e Sup (X y_f(X

x€ERN 7@(;<>
,H(MO‘” o +((9) Yv f&%) -Pk( \>(§

el YT g @ ¥y - L) )
v ot e’ Y D+ (vg
(even if f is not convex), may be not | .
e =

SC&PV%MLW« e offig frv-mdwmg 1‘”-%6‘\: 5“0 i l Qi ]sza);oo Ww‘g '

\ool\(go

Conjugacy Thm: f**(x) = (f*)*(x) < f(x), Vx € R".

If f is closed, proper, convex, then f** = f. |
fues pard foll ows %W‘M}"’L

Paot o fis gt Poporibin 61 thop. 70 mp (411 & top (T4 AT ED) = £
. | et
PY g Ahe Beet eonued Unberisbmehy (hajﬁufm
for awM) Nrthm £ 14 /20




. . Thase conditiom s desuife
Examples of conjugate functions hee suldizeronGal’ (4 £19)1s

.. plite, fren 4 e P (%) fesome .
X - | T parfiou lav c@se’.
VVGM a.-{-‘ﬂ/w owgwu( e .

f = \L\P Xjﬂ — 0\ Y - 4 - SU\SF [r@ 0\) ~ 6 (. itssloes )

00 otherwise

0= = by -
/{v _ B&QD Kf’) )QT%EKJ h— X = @ =7 V)= f:\?%5 zjj

S [NV ¢ ongiﬁ\G(/\S ‘/\Q‘(Q ' WQV‘O %»
(/@bg(of;s to P4 () R some X - Z’ 7 }

0 if <1
> f(x)=|x|2, F*(y) = { | Hsz._ . by(Holder's inequality,
00 v
1

otherwise
1_1 I{B\QHKHP'“J”‘I

if f(x)=|x|lp,p>1, replace ||y|l2 in £* by ||y||4, ,lo

,{—,\Ml—tf(f) =0 Pgt"“(
» f =05, f*(y) =supx'y;and f*(y) = 559 if S is a convex cone.

x€S Z{ A1y 25 for oL XE S :§O(f‘:)é§

. S X1y - SR
Pront VZ@ 374 5 sheruise k o“ M;Qm”
- Jgo (9) 15/20



Subgradients and conjugate functions

Conjugate Subgradient Thm: If f:R” — R is proper, convex, then:
y € 0f(x) <= x'y = f(x)+ f*(y) for any x,y € R”
<= x € Of*(y) if f closed.

Pkﬂlf K< CLY:@ limdp 'Ji (€ éé 4D \£_8> \%_(325 >, ;% i§ _&. :%:\
s ¥Lem"
Corollary: f proper, convex, closed = arg m],lg f(x) = 9f*(0).
e n
T
l’\U(‘L(’A-//gD ,
S0 \@?5 obov 0.

Suppears
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Projection Theorem

Def: projection x* of vector z on set S: x* = arg mig |x — z||2
XE

Thm: projection of any point z € R” on a non-empty closed convex
set S is unique and x* € R” is this projection if and only if

(z—x")'(x—x*)<0VxeS.

4
9] R W} Qm(p()?it\‘w\ {.(.0)
Ne(W) — =
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Proximal operator wh i
o
Q%W \SO_ A

S<
\
Def: Proximal operatorof convex, proper, lowersemi-cont. f/ R”—>R

and €>0: prox . :R"—R", prox, ¢(z): —argm]lR?n f(x)+€]x—z||3.

Finding prox is unconstrained convex problem, generalized projection:

prox55(z) Is equal to projection of z on S.

ﬁ%@{ Thndea | (9 =0 Hﬂtkg%MxW ond T€ gfmﬂeu£¥%§ 50 wo have
.

Pro&fi{&(% ?a/v@fg:\g PRIRS %l\z i T e proyulion

Thm: prox, ¢ exists and is unique for any closed and convex f
(extends projection thm).

pbrog,{_ L Rfraa Se
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Examples of prox-operators for ¢ =1

» f(x)=0:proxs(z) =z
> f(x)=3x'Px+q' x+r:proxs(z) = (I + P) (v —q)

» f(x)=||x]||1: proxs = T1, where T, :R" —R" is a soft-threshold
(X,' — € If X 2 €
operator T.(z); =< 0 fe>x;>—€, i=1,...,n.

L Xi T+ € if —e>x;

@"00{’7 exeradst . TUdeat Solul fua e p T Tatiou @v@@w,éimkar&) (oo
Wa found comjugofe feuchiovs.
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Properties of prox-operators (we assuuwu fis proper, s )

Recall: prox¢(z): —argmfR?nf(X)—l—zHX ZH2
T Gk 2.

» Fixed points of prox, are minimizers of f.

i
ot £ Fived P =b prog @zt =D wun £69 ¢ LU = mun { &)
oot Zgéd,ﬁ o C]B(;ﬁaw aNW"(W”’“K i
}, o
ﬁx WWW%V@/D OQ?{Q«} VOOe%Lce Xox =D0€I9; (x)/DK(QﬁX@iM\ﬁ(mFPW

» prox, is firmly non-expansive — can iteratively find min of f.

(€ ¥dension of anad FOT )

\Orracé§ QA\ Prom Rou-0epom s\ ess & Lreecise «

> y =proxs(x) < x—yé€ 8f(y)
Froog - s proker, comuer. =2 LA

pd f\g il 0 5 Garadeat

Henar, (g@”b\%(% 4 0}l @Zw@%ﬁ[w SIS 569{@)

-2 M2 (s 50 0 , omc daw () ifﬁ
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