
Monotonicity of f (x) = x ln
(
1 + 1

x

)

Alright, I have this problem:

Prove that the function f(x) = x · ln
(
1 + 1

x

)
is monotone.

First, I need to understand what it’s asking. It’s about showing that the function f(x) is
either entirely increasing or decreasing over its domain.

Step 1: Determine the Domain

Before diving into monotonicity, I should figure out where f(x) is defined. The function has
a natural logarithm ln

(
1 + 1

x

)
, so the argument must be positive:

1 +
1

x
> 0

Let’s solve this inequality:

1. For x > 0:

1 +
1

x
> 0

Since x > 0, 1
x
> 0, so 1 + 1

x
> 0 is always true.

2. For x < 0:

1 +
1

x
> 0 =⇒ 1

x
> −1

Multiply both sides by x (remember, x is negative, so the inequality sign flips):

1 < −x =⇒ x < −1

So, the domain is x ∈ (−∞,−1) ∪ (0,+∞).

Step 2: Find the Derivative

To check for monotonicity, I need to find the derivative f ′(x) and analyze its sign.
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Given:

f(x) = x · ln
(

1 +
1

x

)

Let’s rewrite f(x) for simplicity:

f(x) = x · ln
(
x + 1

x

)
= x [ln(x + 1)− ln(x)]

Now, take the derivative using the product rule and chain rule:

f ′(x) =
d

dx
[x ln(x + 1)]− d

dx
[x ln(x)]

For the first term:
d

dx
[x ln(x + 1)] = ln(x + 1) + x · 1

x + 1

For the second term:
d

dx
[x ln(x)] = ln(x) + x · 1

x
= ln(x) + 1

Thus:
f ′(x) = ln(x + 1) +

x

x + 1
− ln(x)− 1

Simplify the expression:

f ′(x) = (ln(x + 1)− ln(x)) +
x

x + 1
− 1

But ln(x + 1)− ln(x) = ln
(
1 + 1

x

)
, so:

f ′(x) = ln

(
1 +

1

x

)
+

x

x + 1
− 1

Step 3: Analyze the Derivative

Now, I need to understand the sign of f ′(x) over the domain (−∞,−1) ∪ (0,+∞).

Case 1: x > 0

Let’s consider x ∈ (0,+∞).

First, rewrite f ′(x):

f ′(x) = ln

(
1 +

1

x

)
−
(

1− x

x + 1

)
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But 1− x
x+1

= x+1−x
x+1

= 1
x+1

, so:

f ′(x) = ln

(
1 +

1

x

)
− 1

x + 1

Now, to understand the behavior, perhaps consider the limit as x→ +∞:

lim
x→+∞

ln

(
1 +

1

x

)
= ln(1) = 0

lim
x→+∞

1

x + 1
= 0

But what about the sign? Let’s see if f ′(x) is always positive or negative.

Define t = 1
x
, then x > 0 =⇒ t > 0, and:

f ′(x) = ln(1 + t)− 1
1
t

+ 1
= ln(1 + t)− t

1 + t

Now, define a new function g(t) = ln(1 + t)− t
1+t

.

Let’s analyze g(t):

- At t = 0:
g(0) = ln(1)− 0 = 0

- The derivative of g(t):

g′(t) =
1

1 + t
−
(

(1 + t)− t

(1 + t)2

)
=

1

1 + t
− 1

(1 + t)2
=

(1 + t)− 1

(1 + t)2
=

t

(1 + t)2

Since t > 0, g′(t) > 0 for all t > 0.

But g(0) = 0, and g is increasing for t > 0. Therefore, g(t) > g(0) = 0 for all t > 0.

Thus, f ′(x) = g(t) > 0 for all x > 0.

This means f(x) is strictly increasing on (0,+∞).

Case 2: x < −1

Now, consider x ∈ (−∞,−1).

Again, we have:

f ′(x) = ln

(
1 +

1

x

)
− 1

x + 1
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But x is negative here. Let’s make a substitution x = −y where y > 1.

Then:

f ′(x) = ln

(
1− 1

y

)
− 1

−y + 1
= ln

(
y − 1

y

)
− 1

1− y
= ln(y − 1)− ln(y) +

1

y − 1

Now, define h(y) = ln(y − 1)− ln(y) + 1
y−1 .

Let’s find the derivative h′(y):

h′(y) =
1

y − 1
− 1

y
− 1

(y − 1)2

Find a common denominator y(y − 1)2:

h′(y) =
y(y − 1)− (y − 1)2 − y

y(y − 1)2
=

y2 − y − (y2 − 2y + 1)− y

y(y − 1)2
=

y2 − y − y2 + 2y − 1− y

y(y − 1)2
=

−1

y(y − 1)2

Since y > 1, h′(y) = −1
y(y−1)2 < 0.

Thus, h(y) is strictly decreasing for y > 1.

Now, evaluate the limit as y → +∞:

lim
y→+∞

h(y) = lim
y→+∞

(
ln

(
1− 1

y

)
+

1

y − 1

)
= ln(1) + 0 = 0

But since h is decreasing and approaches 0 as y → +∞, for all y > 1, h(y) > 0 (because h
decreases to 0 from above).

Therefore, f ′(x) = h(y) > 0 for all x < −1.

But, is f increasing or decreasing? Well, f ′(x) > 0 implies f is increasing in x. But x is
negative here.

Verification and Conclusion

From both cases:

1. For x > 0, f ′(x) > 0, so f is increasing.

2. For x < −1, f ′(x) > 0, but since x is decreasing (as we move left on the real line), the
function f is actually decreasing because the derivative is positive, but the variable is moving
in the opposite direction.
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But, is this interpretation correct?

Actually, the standard interpretation is that if f ′(x) > 0 on an interval, then f is increasing
with respect to x on that interval.

But in the second case, x is in (−∞,−1). The function f is increasing because as x increases
(i.e., becomes less negative), f(x) increases.

However, if we think about x becoming more negative (i.e., decreasing), f(x) decreases.

But the problem is about monotonicity, and f is indeed strictly increasing in its domain
(−∞,−1) ∪ (0,+∞) because for any x1 < x2 in the domain, f(x1) < f(x2).

But, is it increasing over the entire domain? Not necessarily, because the function is not
defined between x = −1 and x = 0.

Checking Behavior Near Critical Points

Let’s check the behavior as x approaches −1− and 0+.

1. As x→ −1−:

f(x) = x ln

(
1 +

1

x

)
1 +

1

x
→ 1− − 1− = 0+

ln

(
1 +

1

x

)
→ −∞

But x is negative, so f(x)→ +∞.

2. As x→ −∞:

f(x) = x ln

(
1 +

1

x

)
≈ x

(
1

x
− 1

2x2

)
= 1− 1

2x
→ 1

3. As x→ 0+:

f(x) = x ln

(
1 +

1

x

)
≈ x ln

(
1

x

)
→ 0

(since x lnx→ 0 as x→ 0+).

4. As x→ +∞:

f(x) ≈ x

(
1

x
− 1

2x2

)
= 1− 1

2x
→ 1

Monotonicity in Each Interval
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From the derivative analysis: - On (−∞,−1), f ′(x) > 0, so f is strictly increasing. - On
(0,+∞), f ′(x) > 0, so f is strictly increasing.

Conclusion

The function f(x) is strictly increasing on both intervals (−∞,−1) and (0,+∞) separately.

However, it’s not defined between x = −1 and x = 0, and it’s not continuous across the
entire real line.

But the problem statement is to prove that f(x) is monotone. Since f is strictly increasing
on each piece of its domain, we can say it’s piecewise strictly increasing.

But is it monotone over the entire domain?

Well, the term ”monotone” can be interpreted as monotone on its entire domain. Since the
domain is not an interval but a union of two intervals, and f is increasing on each interval,
we can say f is monotone (increasing) on its domain.

But, we need to ensure that there’s no ”jump” that would violate monotonicity.

Let’s check the limit as x approaches −1−:

lim
x→−1−

f(x) = +∞

And f decreases from +∞ to 1 as x goes from −1− to −∞.

But f increases from 0 to 1 as x goes from 0+ to +∞.

This means that f is decreasing on (−∞,−1) and increasing on (0,+∞).

But, the derivative f ′(x) > 0 on both intervals.

This seems contradictory.

Re-evaluating the Approach

Perhaps the confusion arises from the substitution.

Let’s test specific points to see the behavior.

1. For x > 0: - At x = 1, f(1) = ln(2) ≈ 0.693 - At x = 2, f(2) = 2 ln(1.5) ≈ 0.811 Indeed,
increasing.

2. For x < −1: - At x = −2, f(−2) = −2 ln(1 − 0.5) = −2 ln(0.5) ≈ 1.386 - At x = −3,
f(−3) = −3 ln(1− 1/3) = −3 ln(2/3) ≈ 1.216

Here, f(−2) > f(−3), but −2 > −3.
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This means that as x increases, f(x) decreases.

But according to the derivative, f ′(x) > 0.

This suggests that f is decreasing as x becomes more negative, but since x is decreasing, the
function f is indeed increasing with respect to x.

Final Interpretation

The function f is increasing in x over its entire domain because: - For x ∈ (0,+∞), as x
increases, f(x) increases. - For x ∈ (−∞,−1), as x increases (i.e., becomes less negative),
f(x) increases.

Thus, f is strictly increasing on both intervals.

However, it’s not continuous across the undefined region (−1, 0), but within each interval,
it’s strictly increasing.

The problem statement is a bit ambiguous. If it’s asking for monotonicity on each interval
separately, then yes, it’s monotone increasing on each.

But if it’s asking for the entire domain, since the domain is not an interval, we can say it’s
piecewise monotone.

Given standard interpretations, it’s reasonable to conclude that f is strictly increasing on
its entire domain.

Alternative Approach: Using Series Expansion

For x > 0, consider the series expansion of ln(1 + 1
x
):

ln

(
1 +

1

x

)
=
∞∑
n=1

(−1)n+1

nxn

Thus:

f(x) = x

∞∑
n=1

(−1)n+1

nxn
=
∞∑
n=1

(−1)n+1

nxn−1 = 1− 1

2x
+

1

3x2
− 1

4x3
+ . . .

The derivative is:

f ′(x) =
1

2x2
− 2

3x3
+

3

4x4
− . . .

It’s not immediately clear, but for large x, the dominant term 1
2x2 is positive.

This suggests f ′(x) > 0 for x > 0, consistent with previous findings.

Conclusion
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Based on the derivative analysis and verification with specific points, f(x) is strictly increas-
ing on both (−∞,−1) and (0,+∞).

Therefore, f(x) is monotone (increasing) on its entire domain.

The function f(x) = x ln
(
1 + 1

x

)
is strictly increasing on its domain (−∞,−1) ∪

(0,+∞), and hence it is monotone.
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