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Finite element analysis for dynamics of solids and structures
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2. Time stepping schemes

- Central difference (explicit)

- Newmark (implicit)

3. Frequency analysis



Theory on dynamics of solids and structures

1-10

1. Derivation of semi-discretized form 6.2

2. Time stepping schemes 6.2

- Central difference (explicit)

- Newmark (implicit)

3. Frequency analysis 7.1



CIEM5110-2 workshops and lectures

2-10

BarModel SolidModel TimoshenkoModel FrameModel

(Theory) (MUDE) (1.2) (2.1) (4.1)

SolverModule (1.2) 2.2 2.2 3.2 3.2

NonlinModule (3.1) 6.1 4.1 + 4.2 + 5.1

LinBuckModule (4.1) 4.1 + 5.1

ModeShapeModule (7.1) 7.1 7.1 + 8.1

ExplicitTimeModule (6.2) 7.2 + 8.1

NewmarkModule (6.2) 7.2 + 8.1
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Focus is on continuum mechanics. We add an inertia term to the PDE

∇ · σ + b = ρü



Derivation of semi-discrete form

3-10

Focus is on continuum mechanics. We add an inertia term to the PDE

∇ · σ + b = ρü
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For other problems (models), the semi-discrete equation is the same, but the definition ofMmay be different



Damping
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No similar derivation exists for damping, but a damped system of equations should have this form

Mä+Cȧ+Ka = f

For instance with Rayleigh damping

C = τM+ φK
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We will solve the time dependent problem using time steps

Find [a1,a2, . . . ,an−1,an,an+1, . . . ,ant] that satisfies

Mä+Cȧ+Ka = f

Require: Stiffness matrix K; mass matrix M; damping matrix C; external force f(t); time step size ∆t

1: Initialize n = 0. Set a0, ȧ0 from initial conditions

2: while n < number of time steps do

3: Compute solution an+1 with selected time stepping scheme

4: Update velocity ȧn+1 and acceleration än+1

5: Go to the next time step n = n+ 1

6: end while



Central difference scheme
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Semi-discretized form (a is still a continuous function of t):

Mä+Cȧ+Ka = f

Using central difference approximations for the time derivatives at tn, this can be discretized as:
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Diagonalizing M̂ is beneficial for efficiency of solving the system of equations
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The central difference scheme

• Single solve per time step, even with nonlinear fint(a)

• Very efficient after diagonalizationg (‘lumping’)

• Conditionally stable

For linear elements: ∆t ≤ 2/ωh with ωh
≈ 2c/Le and c =

√

E/ρ
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Introduce the following approximations (cf. trapezoidal integration)

an+1 = an +∆tȧn + 1

2
∆t2 ((1− 2β)än + 2βän+1)

ȧn+1 = ȧn +∆t ((1− γ)än + γän+1)

Rearranging and substituting the first into the second equation gives:

än+1 =
1

β∆t2
(an+1 − an)−

1

β∆t
ȧn +

(

1−
1

2β

)

än

ȧn+1 = ȧn +∆t

(

(1− γ)än + γ

(

1

β∆t2
(an+1 − an)−

1

β∆t
ȧn +

(

1−
1

2β

)

än

))

Then we can express the solution at tn+1 in terms of an+1 (ignoring damping for brevity):

Män+1 +Kan+1 = fn+1 ⇒ K̂an+1 = f̂n+1

with

K̂ =
1

β∆t2
M+K and f̂ = M

(

1

β∆t2
an +

1

β∆t
ȧn +

1

2β
ȧn − än

)

+ fn
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The Newmark scheme is unconditionally stable for 2β ≥ γ ≥ 1

2

Newmark is equivalent to the central difference scheme with β = 0 and γ = 1

2

Even without damping, we need to compute ȧ

With trapezoidal integration (β = 1

4
, γ = 1

2
), the scheme is second order accurate

Numerical damping is obtained with γ > 1

2
, but the scheme becomes first order accurate

K̂ contains K which cannot be diagonalized

For nonlinear problems fint(an+1) replaces Kan+1 and iterations are needed
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1. Derivation of semi-discretized form ✓

2. Time stepping schemes ✓

- Central difference (explicit)

- Newmark (implicit)

3. Frequency analysis 7.1
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