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A Practitioner’s Perspective
• Chemical Process Control

• Shell, BP, Exxon, DuPont, ICI PLC

• Building Climate/Energy Control (HVAC)
• Siemens, Carrier

• Automotive Systems
• Ford, Daimler-Chrysler

• Aircraft Systems 
• United Technologies

• Power Electronics, Electrical Power Systems
• ABB



MPC Workshop 1998

Nonlinear Model Predictive Control Workshop
Frank Allgöwer, Alex Zheng
Ascona, 1998

Dominated by Process Control



MPC Workshop 2008

Lalo Magni, Davide Raimondo, 
Frank Allgöwer

Process Control has almost disappeared

Applications in automotive, power electronics,…



Applications in Automotive

Developments in Predictive and 

Optimization-Based Control of 

Automotive Powertrain Systems 

Ilya Kolmanovsky
Ford Research and Advanced 

Engineering

Developments in Predictive and 

Optimization-Based Control of 

Automotive Powertrain Systems 

Ilya Kolmanovsky
Ford Research and Advanced 

Engineering ETH, November 2008

• Model Predictive Control of engine idle speed 
• Preview control of boosted gasoline engines 
• Optimal and predictive control of Hybrid Electric Vehicles 



Applications in Power Electronics

José Rodríguez, Patricio Cortés

Departamento de Electrónica

Universidad Técnica Federico Santa María, Valparaíso, Chile

(jose.rodriguez@elo.utfsm.cl, patricio.cortes@elo.utfsm.cl)

Tutorial on Model Predictive Control 
of Power Converters and Drives

Departamento 
de Electrónica

Universidad Técnica 
Federico Santa María

April 2008



Speedup of software for MIPs
Progress in MIP Solvers MILP Speedups

Calculations

Improvement in MIP Software from 1988-2017

Algorithms: 147650x

Machines: 17120x
http://preshing.com/20120208/a-look-back-at-single-threaded-cpu-performance/

NET: (Algorithm ⇥ Machine): 2,527,768,000x

What Does This “Mean”?

A “typical” MILP that would have taken 124 years to solve in 1988
will solve in 1 second now.

This is amazing, but your mileage may vary

Linderoth (UW ISyE) Quo Vadis MIP FOCAPO 12 / 58



Computation / Software

Software synthesis
• Real-time workshop
• Bounded-time solvers
• Verifiable code generation

Formal specification
• YALMIP
• HYSDEL
• Linear + Hybrid models

Verified controller

Control law
• Explicit MPC
• Fixed-complexity solutions

Multi-Parametric Toolbox (MPT) 
• (Non)-Convex Polytopic Manipulation 
• Multi-Parametric Programming
• Control of PWA and LTI systems

MPT 3.0



Goal: 
Enable advanced

MPC formulations
on embedded

platforms

Certified Learning of 
MPC Control Laws

Learning Binary
Decision Rules

Embedded SOCP 
Programming

Code Generation
for Multistage QCQPs

Methods and Tools for Embedded MPC
under leadership of S. Richter and A. Domahidi

O
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Code Generation
for First-order Methods

O
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Embedded Online Optimization for Model
Predictive Control at Megahertz Rates

Juan L. Jerez, Student Member, IEEE, Paul J. Goulart, Stefan Richter,
George A. Constantinides, Senior Member, IEEE, Eric C. Kerrigan, Member, IEEE, and

Manfred Morari, Fellow, IEEE

Abstract—Faster, cheaper, and more power efficient optimiza-
tion solvers than those currently possible using general-purpose
techniques are required for extending the use of model predictive
control (MPC) to resource-constrained embedded platforms. We
propose several custom computational architectures for different
first-order optimization methods that can handle linear-quadratic
MPC problems with input, input-rate, and soft state constraints.
We provide analysis ensuring the reliable operation of the re-
sulting controller under reduced precision fixed-point arithmetic.
Implementation of the proposed architectures in FPGAs shows
that satisfactory control performance at a sample rate beyond
1 MHz is achievable even on low-end devices, opening up new
possibilities for the application of MPC on embedded systems.

Index Terms—Embedded systems, optimization algorithms,
predictive control of linear systems.

I. INTRODUCTION

MODEL predictive control (MPC) provides a systematic
approach for handling physical constraints for automatic

control of cyber-physical systems [1], [2], often leading to
improved control performance and reduced tuning effort for
new applications. However, the intense computational demands
imposed by MPC precludes its use in applications that could
benefit considerably from its advantages, especially in those
that have fast required response times and in those that must run
on resource-constrained, embedded computing platforms with
low cost or low power requirements.

For linearly constrained MPC problems of low dimension-
ality, one can partially avoid this computational burden by
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precomputing the solution map offline using multi-parametric
programming [3]. In this case, the online controller imple-
mentation consists only of region search and table look-up
procedures. Further work integrating the design of the solution
map and embedded circuits has further increased the efficiency
in performing these operations [4]. However, this approach
quickly becomes impractical for larger problems, mainly due
to substantial memory requirements, forcing a return to online
optimization methods.

Recently, there has been significant interest in using first-
order methods, both in the primal [5] and dual domains [6]–[9],
for the online solution of linear-quadratic MPC problems. Com-
pared to other solution methods for quadratic programs (QPs)
(e.g., active-set or interior-point schemes), first-order methods
do not require the solution of a linear system of equations at
every iteration, which is often a limiting factor for embedded
platforms with modest computational capability. This feature,
coupled with the observation that medium-accuracy solutions
are often sufficient for good control performance [10], make
first-order methods promising candidates for efficient, low cost
MPC. In addition, first-order methods have certain features that
make them amenable to fixed-point implementation, they can
be efficiently parallelized, and their simplicity invites analysis
that can guide low-level implementation choices for further
efficiency gains.

There have been several recent efforts to translate innovation
in optimization algorithms into practical solvers customized
for MPC problems. In terms of software, [11]–[13] describe
automatic state-of-the-art code generators for interior-point
and first-order solvers, respectively, whereas [14] describes a
widely used active-set based solver. In all cases, embedded
applications were the primary target, although the solvers are
implemented using double precision floating-point arithmetic
which is generally not available or is very expensive in em-
bedded computing platforms. In terms of hardware, [15]–[17]
describe different custom computing architectures for both
interior-point and active-set methods using reduced floating-
point arithmetic in field programmable gate arrays (FPGAs), re-
porting minor speed-ups or use of expensive devices to provide
significant acceleration. Although there has been some progress
in accelerating the core component of these algorithms—
solvers for linear equations—using fixed-point arithmetic [18],
extending these results to the other aspects of interior-point or
active-set algorithms remains challenging.

Summary of Contribution: In this paper we focus on prac-
tical and theoretical issues for efficient implementation of

0018-9286 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Model Predictive Pulse Pattern Control
with MP3C





MPC Outlook
• Robust MPC
• Stochastic MPC
• Hierarchical / decentralized MPC
• MPC with “economic” objective function
• Output feedback MPC

• MPC for nonlinear systems
• Switched / hybrid systems
• Adaptive / Learning MPC



Embracing the Machine Learning
and Artificial Intelligence contributions
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• Looking back

• Looking forward

• Some research directions



Idea: Get rid of “Modeling” …
…in Model-Based-Design
• Kalman (1958): Design of a self-optimizing control system. Trans. ASME
• Bellman (1961): Adaptive Control Processes 
• Åström & Wittenmark (1973): On Self-Tuning Regulators. Automatica
• Landau (1974): A survey of model reference adaptive techniques, 

Automatica
• Narendra & Valavani (1976): Stable adaptive observers and controllers. 

Proc IEEE
• Åström, Borisson, Ljung, Wittenmark (1977): Theory and applications of 

self-tuning regulators. Automatica
• …..



ASEA Novatune introduced in 1982…



…and mostly abandoned by 1995

“Even if Novatune in many cases provides very good control, the 
experience is that the effort it takes, to make it work that well, is 
discouraging. It is worth the effort in some cases, but not as a general 
tool. What is needed is a tool that is much easier to use. You shouldn’t 
be required to set any parameters, except to state what kind of result 
you desire.”

Per Erik Maden (1995) Experiences with Adaptive Control since 1982. CDC Proc.



Why did Adaptive Control “fail”?
--- It was not appropriate

Easy

• no specs

• model simple

• general solution



Why did Adaptive Control “fail”?
--- It was not appropriate

Tough

• tight specs

• model complex 

• specific solution

Courtesy: Insulet Corporation



Why did Adaptive Control “fail”?
--- It was not appropriate

Anything works

• no specs

• model simple 

• general solution

Nothing works

• tight specs

• model complex 

• specific solution



Why did Adaptive Control “fail”?
--- It was not appropriate

Anything works

• no specs

• model simple 

• general solution

Nothing works

• tight specs

• model complex 

• specific solution

Learning Control



Why did Adaptive Control “fail”?
--- It was too complicated
• PID is optimal                                                                                                

for most simple linear dynamic processes and performance specs
• Low order dynamics, stable + integrator

• PID is “practically optimal”   for many more dynamic processes
• Approximated by low order dynamics, e.g. first order + dead time                                                             

Books: Morari & Zafiriou (1989), Åström & Hägglund (1995),            
Skogestad & Postlethwaite (2005), 



Why did Adaptive Control “fail”?
--- tuning all the time not needed
• Åström & Hägglund (2000). Supervision of adaptive control algorithms

• PID Autotuner: Tune on demand only

Thanks: Karl Aström



Explore and Exploit - Tuning
• Essentially no prior knowledge needed

• Automatic generation of test signals specifically to estimate                
2-4 parameters affecting the tuning

• Original ideas by Ziegler & Nichols from the 1940s extended by 
Åström & Hägglund



• Looking back

• Looking forward

• Some research directions



Learning Controllers

• Model-based vs. model-free
• If you do not have a model, how can you verify the performance of the 

closed-loop control system?
• If you do have a model, why would you use a model-free learning method?

• Policy learning based on reward function
• Curse of dimensionality
• Specification guarantees via definition of reward function



Design ≠ Optimization
Design ≈ Constraint Satisfaction
Propositional Logic Control Specifications for Refrigeration Cycle

Manipulated Inputs  ui,min ≤ ui ≤ ui,max i=1,2,3
Controlled / Monitored Outputs yi = yi,set i=1,2,3 / zi = zi,set i=1,..4
Prioritized Objectives
z1 > z1,min z3 < z3,max z3 < z3,max y3 = y3,set

z2 < z2,max z4 < z4,max z4 < z4,max y2 = y2,set

y1 = y1,set z4 > z4,min z2 > z2,min

y2 = y2,set y3 = y3,set

Specification guarantees via definition of reward function?



“…In some ways, deep reinforcement learning is a 
kind of turbocharged memorization; systems that 
use it are capable of awesome feats, but they have 
only a shallow understanding of what they are 
doing. As a consequence, current systems lack 
flexibility, and thus are unable to compensate if the 
world changes, sometimes even in tiny ways.”





Proposed Learning Controllers

• Learn Discrepancy Model

• Design robust MPC

MPC provides

guarantee of closed loop stability and specifications by design

Note: simpler alternatives may be preferable

with more transparent architectures



• Looking back

• Looking forward

• Some research directions



Some Research Directions

• MPC Approximation via Neural Networks

• Robustness Analysis of Learning Enabled Components 

• Gaussian-Process based Model Predictive Control



MPC Theory : Properties

1) Recursive feasibility: Input and state constraints are satisfied

2) Stability of the closed-loop system

MPC = Nonlinear control synthesis 
with feasibility / stability guarantees by design !!!

Assumption: real-time trajectory optimization problem                         
is solved to  ε-optimality



Neural Network MPC Controllers with Guarantees
Steven Chen1, Tianyu Wang2, Nikolay Atanasov2, Vijay Kumar1, Manfred Morari1 

Chen et al. Learning Neural Network Model Predictive Control Law with Guarantees. arXiv: 1910.10835
1. University of Pennsylvania 2. UC San Diego

Objective: Learn a recursively feasible (RF) and asymptotically 
stable (AS) MPC control law for large systems

Approach:
Offline (Learning):

• Generate a labeled dataset using correlated sampling
• Fit a neural network to optimal primal variables ! (trajectory)

Online (Guarantees):
• Initialize a primal active set method with the neural network
• Terminate after achieving primal feasibility and suboptimality criteria
• These criteria guarantee RF and AS

Combining deep learning with traditional optimization 
provides guarantees by construction and scales to large systems



Generating a dataset in high dimensions

Challenge: Computing "# for large systems is computationally intractable

We need to sample x ∈ "# to train and evaluate the neural network

"# is defined by a membership oracle
Naïve Approach: Rejection sampling will not scale (0.4% points feasible)
Our Approach: Utilize ideas in geometric random walks and quasi Monte Carlo

Our approach efficiently queries states & inside "#



Generating a dataset in high dimensions

Challenge: Computing "# for large systems is computationally intractable

We need to sample x ∈ "# to train and evaluate the neural network

"# is defined by a membership oracle
Naïve Approach: Rejection sampling will not scale (0.4% points feasible)
Our Approach: Utilize ideas in geometric random walks and quasi Monte Carlo

It is designed to fill up the volume of "#



Example: Oscillating Masses
18 oscillating masses [1]
State dim: 36
Action dim: 9
Horizon: 50 

[1] Y. Wang and S. Boyd. Fast Model Predictive Control Using Online Optimization. IEEE Transactions on Control Systems Technology. Vol 18, No. 2, 2010.

Training Parameter Value

Training Set Size 2,500,000

Testing Set Size 250,000

# Training Epochs 200 Epochs (~40 hour)

Neural Network Depth 7 layers

Neural Network Hidden Width 128-512

# Neural Network Parameters 1,668,554

6 mass version



Example: Oscillating Masses      
(preliminary results)

Our method reduces the number of required iterations by 98% and 
computation time by 90%



Some Research Directions

• MPC Approximation via Neural Networks

• Robustness Analysis of Learning Enabled Components

• Gaussian-Process based Model Predictive Control



Robustness Analysis of 
Learning Enabled Components (LECs)

1. Safety Verification and Robustness Analysis of Neural Networks via 
Quadratic Constraints and Semidefinite Programming

M. Fazlyab, M. Morari, G.J. Pappas        arXiv:1903.01287

2. Efficient and Accurate Estimation of Lipschitz Constants for Deep 
Neural Networks 

M. Fazlyab, A. Robey, H. Hassani , M. Morari, G.J. Pappas                              

NeurIPS – Spotlight (2019)                       arXiv:1906.04893



Safety Verification of Neural Networks 

Example: Local Robustness in Image Classification

I X is the set of all perturbations of an image

f( )
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!

X<latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit> f(.)
<latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit><latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit><latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit><latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit>

Y = f(X )
<latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit><latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit><latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit><latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit>

Locally Robust

Local robustness: Class(x) is the same for all x 2 X

Applications 10



Safety Verification of Neural Networks 

Example: Local Robustness in Image Classification

I X is the set of all perturbations of an image

f( )
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!

X<latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit> f(.)
<latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit><latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit><latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit><latexit sha1_base64="HN0r35B88M9DtYvPC/xD1XWDwlA=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbHRJdOMSE7kkMCGd0oFKp520HRMy4R3cuNAYt76PO9/GMsxCwT9p8uU/56Tn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN4u6t0nqjST4sHMYupHeCxYyAg21upUw1r9sjosV9y6mwmtg5dDBXK1huWvwUiSJKLCEI617ntubPwUK8MIp/PSINE0xmSKx7RvUeCIaj/Ntp2jC+uMUCiVfcKgzP09keJI61kU2M4Im4lerS3M/2r9xITXfspEnBgqyPKjMOHISLQ4HY2YosTwmQVMFLO7IjLBChNjAyrZELzVk9eh06h7lu8bleZNHkcRzuAcauDBFTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCz3o3h</latexit>

Y = f(X )
<latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit><latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit><latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit><latexit sha1_base64="sYlzsWtRG+pPwy9ZxD3PE0woy0g=">AAACBXicbVDLSsNAFL3xWesr6lIXwVaom5J0oxuh6MZlBfuQNpTJdNIOnUzCzEQoIRs3/oobF4q49R/c+TdO2iDaemDgzDn3cu89XsSoVLb9ZSwtr6yurRc2iptb2zu75t5+S4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Crz2/dESBryWzWJiBugIac+xUhpqW8elXsBUiOMWHKXXviVn18nPS33zZJdtaewFomTkxLkaPTNz94gxHFAuMIMSdl17Ei5CRKKYkbSYi+WJEJ4jIakqylHAZFuMr0itU60MrD8UOjHlTVVf3ckKJByEni6MltSznuZ+J/XjZV/7iaUR7EiHM8G+TGzVGhlkVgDKghWbKIJwoLqXS08QgJhpYMr6hCc+ZMXSatWdTS/qZXql3kcBTiEY6iAA2dQh2toQBMwPMATvMCr8Wg8G2/G+6x0ych7DuAPjI9vtGqYCg==</latexit>

Not Locally Robust

Class(x) is NOT the same for all x 2 X

I How can we certify local robustness of a trained NN around a test image?

Applications 10



Safety Verification of Neural Networks 

Example: Safety Verification

I Learning forward kinematics of robotic arms [Xiang et al., 2018]

x
<latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit>

y
<latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit>

�1
<latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit>

�2
<latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit>

�2
<latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit>

�1
<latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit>

x
<latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit>

y
<latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit>

safe region for (x,y)

x
<latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit>

y
<latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit>

�1
<latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit>

�2
<latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit>

�2
<latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit><latexit sha1_base64="L1IyghwtEjik6ncX3ExNkWEZwQM=">AAAB8XicbZA9TwJBEIb38AvxC7W02QgmVuSORkuijSUm8hHhQvaWOdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41RxaPJax7gbMgBQKWihQQjfRwKJAQieY3M7rnSfQRsTqAacJ+BEbKREKztBaj9U+jgHZoF4dlCtuzV2IroOXQ4Xkag7KX/1hzNMIFHLJjOl5boJ+xjQKLmFW6qcGEsYnbAQ9i4pFYPxssfGMXlhnSMNY26eQLtzfExmLjJlGge2MGI7Nam1u/lfrpRhe+5lQSYqg+PKjMJUUYzo/nw6FBo5yaoFxLeyulI+ZZhxtSCUbgrd68jq06zXP8n290rjJ4yiSM3JOLolHrkiD3JEmaRFOFHkmr+TNMc6L8+58LFsLTj5zSv7I+fwBiamQJw==</latexit>

�1
<latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit><latexit sha1_base64="DVsV5CtwIE7AFppaM2cihvS7qo0=">AAAB8XicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSUm8hHhQvaWPdiwt3fZnTMhF/6FjYXG2Ppv7Pw3LnCFgm+yyZN3ZrIzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YDThPsRHSkRCkbRWo/VPo450oFXHZQrbs1diKyDl0MFcjUH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71lUNOLGzxYbz8iFdYYkjLV9CsnC/T2R0ciYaRTYzoji2KzW5uZ/tV6K4bWfCZWkyBVbfhSmkmBM5ueTodCcoZxaoEwLuythY6opQxtSyYbgrZ68Du16zbN8X680bvI4inAG53AJHlxBA+6gCS1goOAZXuHNMc6L8+58LFsLTj5zCn/kfP4AiCSQJg==</latexit>

x
<latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit><latexit sha1_base64="YQKNc1rQ2TjMTBtSAPmCGy1VH94=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGARO4kL1lDjbs7V1294zkwk+wsdAYW3+Rnf/GBa5Q8E02efLOTHbmDRLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfD2rdx5RaR7LezNJ0I/oUPKQM2qsdVd9qvbLFbfmzkVWwcuhArma/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELsWJY1Q+9l81Sk5s86AhLGyTxoyd39PZDTSehIFtjOiZqSXazPzv1o3NeGln3GZpAYlW3wUpoKYmMzuJgOukBkxsUCZ4nZXwkZUUWZsOiUbgrd88iq06zXP8m290rjK4yjCCZzCOXhwAQ24gSa0gMEQnuEV3hzhvDjvzseiteDkM8fwR87nD51UjVY=</latexit>

y
<latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit><latexit sha1_base64="ilaY2cEC1JZTXXgQ7A6gXvo7Tdw=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVG+UjgQvaWOdiwt3fZ3TO5EH6CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5HZe7zyh0jyWjyZL0I/oSPKQM2qs9VDNqoNyxa25C5F18HKoQK7moPzVH8YsjVAaJqjWPc9NjD+lynAmcFbqpxoTyiZ0hD2Lkkao/eli1Rm5sM6QhLGyTxqycH9PTGmkdRYFtjOiZqxXa3Pzv1ovNeG1P+UySQ1KtvwoTAUxMZnfTYZcITMis0CZ4nZXwsZUUWZsOiUbgrd68jq06zXP8n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzhvDjvzseyteDkM6fwR87nD57ZjVc=</latexit>

safe region for (x,y)

Learn

Verify

Applications 8
Learning forward kinematics of robotic arms [Xiang et al., 2018] 



Safety Verification of Neural Networks 

Canonical Problem

I Given
– Trained neural network described by f : Rnx ! Rny

– Bounded set X ⇢ Rnx of infinite number of inputs

– Set S ⇢ Rny on the output space

Y := f(X )
<latexit sha1_base64="d2gfe6oFuWGC7w4SQ5ibb/XEpII=">AAACBnicbVDLSsNAFL3xWesr6lKEYCvUTUnqQhGFghuXFexD2lAm00k7dDIJMxOhhK7c+CtuXCji1m9w5984aYNo64GBM+fcy733eBGjUtn2l7GwuLS8sppby69vbG5tmzu7DRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6w6vUb94TIWnIb9UoIm6A+pz6FCOlpa55UOwESA0wYsnd+PzSL/18W+PjYtcs2GV7AmueOBkpQIZa1/zs9EIcB4QrzJCUbceOlJsgoShmZJzvxJJECA9Rn7Q15Sgg0k0mZ4ytI630LD8U+nFlTdTfHQkKpBwFnq5Ml5SzXir+57Vj5Z+5CeVRrAjH00F+zCwVWmkmVo8KghUbaYKwoHpXCw+QQFjp5PI6BGf25HnSqJSdk7JzUylUL7I4crAPh1ACB06hCtdQgzpgeIAneIFX49F4Nt6M92npgpH17MEfGB/fORGYSw==</latexit>

X<latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit> f(.)
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S
<latexit sha1_base64="BtviJ89MRF38kIE7B/44/Itbhfw=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQQ8eSLx4xChIAhvSLV1oaLtr2yUhG36HFw8a49Uf481/Yxf2oOAkTSYz7+VNJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48ausoUYS2SMQj1QmwppxJ2jLMcNqJFcUi4PQxGN9k/uOEKs0i+WCmMfUFHkoWMoKNlfxqT2AzIpin97Nqv1xxa+4caJV4OalAjma//NUbRCQRVBrCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi2VWFDtp/PQM3RmlQEKI2WfNGiu/t5IsdB6KgI7mWXUy14m/ud1ExNe+SmTcWKoJItDYcKRiVDWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14l7XrNu6h5d/VK4zqvowgncArn4MElNOAWmtACAk/wDK/w5kycF+fd+ViMFpx85xj+wPn8AUeIkcA=</latexit>

I Goal:
– Check whether f(X ) ✓ S
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Safety Verification of Neural Networks 

Problem is NP complete

Exact (complete) verifiers
Inexact (incomplete) verifiers 
Survey: Liu, Arnon, Lazarus, Barrett, Kochenderfer arXiv:1903.06758

Our work: convex relaxation by adapting tools from robust control

Cf. Raghunathan, Steinhardt, Liang, NeurIPS 2018  [RSL]

ÞAllows direct analysis of NN in closed loop context 

Canonical Problem

I Given
– Trained neural network described by f : Rnx ! Rny

– Bounded set X ⇢ Rnx of infinite number of inputs

– Set S ⇢ Rny on the output space

Y := f(X )
<latexit sha1_base64="d2gfe6oFuWGC7w4SQ5ibb/XEpII=">AAACBnicbVDLSsNAFL3xWesr6lKEYCvUTUnqQhGFghuXFexD2lAm00k7dDIJMxOhhK7c+CtuXCji1m9w5984aYNo64GBM+fcy733eBGjUtn2l7GwuLS8sppby69vbG5tmzu7DRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6w6vUb94TIWnIb9UoIm6A+pz6FCOlpa55UOwESA0wYsnd+PzSL/18W+PjYtcs2GV7AmueOBkpQIZa1/zs9EIcB4QrzJCUbceOlJsgoShmZJzvxJJECA9Rn7Q15Sgg0k0mZ4ytI630LD8U+nFlTdTfHQkKpBwFnq5Ml5SzXir+57Vj5Z+5CeVRrAjH00F+zCwVWmkmVo8KghUbaYKwoHpXCw+QQFjp5PI6BGf25HnSqJSdk7JzUylUL7I4crAPh1ACB06hCtdQgzpgeIAneIFX49F4Nt6M92npgpH17MEfGB/fORGYSw==</latexit>

X<latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit><latexit sha1_base64="ZFVtFXEVoh0sae19xqdrq2baVwU=">AAAB9HicbVC7TgJBFL3rE/GFWtpMBBMrskujJdHGEhN5JLAhd4dZmDA7u87MkpAN32FjoTG2foydf+MsUCh4kklOzrk398wJEsG1cd1vZ2Nza3tnt7BX3D84PDounZy2dJwqypo0FrHqBKiZ4JI1DTeCdRLFMAoEawfju9xvT5jSPJaPZpowP8Kh5CGnaKzkV3oRmhFFkXVmlX6p7FbdOcg68ZakDEs0+qWv3iCmacSkoQK17npuYvwMleFUsFmxl2qWIB3jkHUtlRgx7Wfz0DNyaZUBCWNlnzRkrv7eyDDSehoFdjLPqFe9XPzP66YmvPEzLpPUMEkXh8JUEBOTvAEy4IpRI6aWIFXcZiV0hAqpsT0VbQne6pfXSatW9Sx/qJXrt8s6CnAOF3AFHlxDHe6hAU2g8ATP8ApvzsR5cd6dj8XohrPcOYM/cD5/AE/6kcg=</latexit> f(.)
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S
<latexit sha1_base64="BtviJ89MRF38kIE7B/44/Itbhfw=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQQ8eSLx4xChIAhvSLV1oaLtr2yUhG36HFw8a49Uf481/Yxf2oOAkTSYz7+VNJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48ausoUYS2SMQj1QmwppxJ2jLMcNqJFcUi4PQxGN9k/uOEKs0i+WCmMfUFHkoWMoKNlfxqT2AzIpin97Nqv1xxa+4caJV4OalAjma//NUbRCQRVBrCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi2VWFDtp/PQM3RmlQEKI2WfNGiu/t5IsdB6KgI7mWXUy14m/ud1ExNe+SmTcWKoJItDYcKRiVDWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX14l7XrNu6h5d/VK4zqvowgncArn4MElNOAWmtACAk/wDK/w5kycF+fd+ViMFpx85xj+wPn8AUeIkcA=</latexit>

I Goal:
– Check whether f(X ) ✓ S
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DARPA Project: Assured Autonomy
Unmanned Underwater Vehicle (UUV)

OceanServer

Iver is the first commercially developed family 
of low-cost Autonomous Underwater Vehicles 
(AUVs). They are ideal for coastal applications 
such as sensor development, general survey 
work, sub-surface security, research and 
environmental monitoring. These modern AUVs 
are single man-portable and feature simple 
point-and-click mission planning.

IVER3

Affordable Work Class Autonomous Underwater Vehicle (AUV)

Extended Operation Time. Wide Variety of High-Resolution Sonar Options.
Intuitive Mission Planner.

KEY BENEFITS

• State-of-the-art open system

• Reliable, efficient, simple to operate

• Launch and operate from shore, single person 
operation

• Affordable systems

• Mission planning in minutes, field rugged, 
compact design

STANDARD FEATURES

Dimensions Standard Length: 60 to 85 in.

Tube diameter 5.8 in.

Weight 59 to 85 lb. (standard vehicle)

Depth rating 100 meters

Endurance 8 to 14 hrs. at speed of 2.5 knots; confi guration dependent

Speed range 1 to 4 knots (0.5 to 2.0 m/s)

Communications Wireless 802.11n Ethernet standard (Iridium and Acomms optional)

Antenna mast Navigation lights with IR and visible LEDs (programmable strobe)

Tracking internal data log Programmable resolution

Navigation Surface: GPS (WAAS corrected)

Subsurface: RDI Doppler Velocity Log (DVL), 81 m range, depth sensor and corrected compass

Software Vector Map: Mission planning and data viewing 

Sonarmosaic: Creates GeoTIFF images of side-scan records and KMZ fi les for Google Earth™

Bathymosaic: Creates GeoTIFF images for bathymetry data

Underwater Vehicle Console (UVC): Operation, run mission, remote control

Energy 800 W hrs. of rechargeable Lithium-Ion batteries (Swappable section)

Onboard electronics Intel® Dual-Core 1.6 GHz N2600 processor with MS Windows® embedded; Up to 512 GB solid-
state drive for data storage

Propulsion system 48 V Servo Controlled DC Motor with three-blade cast bronze propeller

Control Four independent control planes (Pitch/Yaw Fins)

Charging 24 V External Connector with USB 2.0 Support

• Sonar data
• NN to locate pipeline on sea floor
• Steering control loop

Kothare, Morari, Automatica (1999)

Linear System

Neural 
Network

General Interconnection of Linear System and 
Quadratically-Constrained Nonlinearity



Big Picture of Our Result

I Key Idea: replace the activation functions by the “quadratic”constraints they impose on their
input-output pairs
,! Quadratically Constrained Linear Network (QCLN)

I Key Insight: any property (safety, robustness, Lipschitz continuity, etc.) that we can prove for
QCLN will hold for the original NN as well
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ReLU Function

I Precisely described by 3 constraints

y = max(0, x) �) y2 = xy y � 0 y � x
<latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit>

\
<latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit><latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit><latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit><latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit>

\
<latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit><latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit><latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit><latexit sha1_base64="LzWoZ6NMEx6yVIPwHqO3ZdZO5S8="></latexit>=<latexit sha1_base64="D5AzdP6dMhJLSx6HjzN9czX8LWU="></latexit><latexit sha1_base64="D5AzdP6dMhJLSx6HjzN9czX8LWU="></latexit><latexit sha1_base64="D5AzdP6dMhJLSx6HjzN9czX8LWU="></latexit><latexit sha1_base64="D5AzdP6dMhJLSx6HjzN9czX8LWU="></latexit>

y = max(0, x) �) y2 = xy y � 0 y � x
<latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit>
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<latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit>

y = max(0, x) �) y2 = xy y � 0 y � x
<latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit><latexit sha1_base64="eR6jUe4ODrkfaiYek93ukIMUXgw="></latexit>

I Relaxation: for any (�, ⌫, ⌘) 2 R ⇥ R+ ⇥ R+

�(y2
� xy) + ⌫(y � x) + ⌘y � 0

� = �10, ⌫ = 2, ⌘ = 1
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Quadratic Constraints Possible 
for Other Activation Functions

Activation Functions



Numerical Experiments

• CVX and Mosek in MATLAB 

• 4-core CPU with 16GB of RAM 

• Comparison with 

[RSL] Raghunathan, Steinhardt, Liang, NeurIPS 2018



E↵ect of Number of Layers

I Network: one-layer with architecture (2-100-...-100-2) with ` = 1, 2, 4, 6, 8, 10
layers.

I ReLU activation function

I Input set: `1-norm: X = {x : kx� x?k1  ✏} with x? = (0.5, 0.5) and
✏ = 0.1.
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Solve Time

I Comparison between the solve times2 of the SDP, and the SDR3 of
[Raghunathan et al., 2018b] for a varying number of neurons. The SDR
approach runs out of memory (OOM) for networks larger than 1600
neurons.

Number of neurons Solve time
SDP (this paper) SDR

200 3.2 2.7
400 11.3 20.4
800 78.6 149.1
1200 311.2 799.1
1600 1072.6 OOM
2000 1249.7 OOM
3000 3126.5 OOM

2CVX overhead included
3Semidefinite Relaxation
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Robustness Analysis of 
Learning Enabled Components (LECs)

1. Safety Verification and Robustness Analysis of Neural Networks via 
Quadratic Constraints and Semidefinite Programming

M. Fazlyab, M. Morari, G.J. Pappas        arXiv:1903.01287

2. Efficient and Accurate Estimation of Lipschitz Constants for Deep 
Neural Networks 

M. Fazlyab, A. Robey, H. Hassani , M. Morari, G.J. Pappas                              

NeurIPS – Spotlight (2019)                       arXiv:1906.04893



Lipschitz Constant for 
Robustness Analysis of Neural Networks 

Linear Linear Linear f(x)
<latexit sha1_base64="k7ufXGKAt77G/FaPA5tscWX9PSc=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0MKCxMYSE/lI4EL2lj1Y2du97O4ZyYX/YGOhMbb+Hzv/jQtcoeBLJnl5byYz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6Z+e1HqjST4t5MYupHeChYyAg2VmqVw8rTeblfLLlVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx45adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtGpV76Lq3dVK9essjjycwClUwINLqMMtNKAJBB7gGV7hzZHOi/PufCxac042cwx/4Hz+ACPVjig=</latexit>
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<latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit><latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit><latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit><latexit sha1_base64="j3AFkUraq/AuU1MJs5rROJBN+MY=">AAAB83icbZBNT8JAEIan+IX4hXr00ggmeCEtFz2SePGIiXwktJLtsoUN222zOzWShr/hxYPGePXPePPfuEAPCr7JJk/emcnMvkEiuEbH+bYKG5tb2zvF3dLe/sHhUfn4pKPjVFHWprGIVS8gmgkuWRs5CtZLFCNRIFg3mNzM691HpjSP5T1OE+ZHZCR5yClBY3nVsPb04Gkk6rI6KFecurOQvQ5uDhXI1RqUv7xhTNOISaSCaN13nQT9jCjkVLBZyUs1SwidkBHrG5QkYtrPFjfP7AvjDO0wVuZJtBfu74mMRFpPo8B0RgTHerU2N/+r9VMMr/2MyyRFJulyUZgKG2N7HoA95IpRFFMDhCpubrXpmChC0cRUMiG4q19eh06j7hq+a1SazTyOIpzBOdTAhStowi20oA0UEniGV3izUuvFerc+lq0FK585hT+yPn8Ay5mQ2Q==</latexit>x?

<latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit><latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit><latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit><latexit sha1_base64="1HSaP89i6ZNuxL6ngZHnK0kxsVM=">AAAB8HicbZA9T8MwEIYvfJbyVWBkiWiRmKqkC4yVWBiLRD9QGyrHdVqrthPZF0QV9VewMIAQKz+HjX+D22aAlley9Oi9O/nuDRPBDXret7O2vrG5tV3YKe7u7R8clo6OWyZONWVNGotYd0JimOCKNZGjYJ1EMyJDwdrh+HpWbz8ybXis7nCSsECSoeIRpwStdV95eugZJLrSL5W9qjeXuwp+DmXI1eiXvnqDmKaSKaSCGNP1vQSDjGjkVLBpsZcalhA6JkPWtaiIZCbI5gtP3XPrDNwo1vYpdOfu74mMSGMmMrSdkuDILNdm5n+1borRVZBxlaTIFF18FKXCxdidXe8OuGYUxcQCoZrbXV06IppQtBkVbQj+8smr0KpVfcu3tXK9nsdRgFM4gwvw4RLqcAMNaAIFCc/wCm+Odl6cd+dj0brm5DMn8EfO5w8+Z5AE</latexit>

kx� x?k2  ✏
<latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="p3GAkxepYK0/hd8vlF9v81bI25M=">AAAB/XicbZBLTwIxFIXv4AsRFd26sBFM3Ehm2OjSxI1LTOSRMEg65QINnc7YdgwEWLrxr7hxoTH+DXf+G8tjoeBJmnw5p83tPUEsuDau++2k1tY3NrfS25md7O7efu4gW9VRohhWWCQiVQ+oRsElVgw3AuuxQhoGAmtB/3qa1x5RaR7JOzOMsRnSruQdzqixVit3XPDHg/PBva8NVf64VSK+wAfiY6y5iGShlcu7RXcmsgreAvKwULmV+/LbEUtClIYJqnXDc2PTHFFlOBM4yfiJxpiyPu1iw6KkIermaLbIhJxap006kbJHGjJzf78Y0VDrYRjYmyE1Pb2cTc3/skZiOpfNEZdxYlCy+aBOIoiJyLQV0uYKmRFDC5Qpbv9KWI8qyoztLmNL8JZXXoVqqehZvnUhDUdwAmfgwQVcwQ2UoQIMnuAF3uDdeXZenY95XSln0dsh/JHz+QM32Je8</latexit><latexit sha1_base64="p3GAkxepYK0/hd8vlF9v81bI25M=">AAAB/XicbZBLTwIxFIXv4AsRFd26sBFM3Ehm2OjSxI1LTOSRMEg65QINnc7YdgwEWLrxr7hxoTH+DXf+G8tjoeBJmnw5p83tPUEsuDau++2k1tY3NrfS25md7O7efu4gW9VRohhWWCQiVQ+oRsElVgw3AuuxQhoGAmtB/3qa1x5RaR7JOzOMsRnSruQdzqixVit3XPDHg/PBva8NVf64VSK+wAfiY6y5iGShlcu7RXcmsgreAvKwULmV+/LbEUtClIYJqnXDc2PTHFFlOBM4yfiJxpiyPu1iw6KkIermaLbIhJxap006kbJHGjJzf78Y0VDrYRjYmyE1Pb2cTc3/skZiOpfNEZdxYlCy+aBOIoiJyLQV0uYKmRFDC5Qpbv9KWI8qyoztLmNL8JZXXoVqqehZvnUhDUdwAmfgwQVcwQ2UoQIMnuAF3uDdeXZenY95XSln0dsh/JHz+QM32Je8</latexit><latexit sha1_base64="PsaHGvPWV2KMb4TyqF9oOMdYXqg=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr5x8uXyPI4sOkIn6Ay56AKV0TWqoCqi6BE9o1f0Zj1ZL9a79TFrzVjzmUP0R9bnD8sVmSk=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit><latexit sha1_base64="DoHRRz7mM2yqCp0yK1NCedRVspQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJFYqFKusBYiYWxSPQiNSVy3NPWquME20Gt0o4svAoLAwix8ghsvA3uZYCWX7L06T/n6Pj8QcyZ0o7zbWVWVtfWN7Kbua3tnd09e/+gpqJEUqjSiEeyERAFnAmoaqY5NGIJJAw41IP+1aRefwCpWCRu9TCGVki6gnUYJdpYvn1c8EaD88GdpzSR3sgvYY/DPfYgVoxHouDbeafoTIWXwZ1DHs1V8e0vrx3RJAShKSdKNV0n1q2USM0oh3HOSxTEhPZJF5oGBQlBtdLpIWN8apw27kTSPKHx1P09kZJQqWEYmM6Q6J5arE3M/2rNRHcuWykTcaJB0NmiTsKxjvAkFdxmEqjmQwOESmb+immPSEK1yS5nQnAXT16GWqnoGr4p5cvleRxZdIRO0Bly0QUqo2tUQVVE0SN6Rq/ozXqyXqx362PWmrHmM4foj6zPH8u1mSs=</latexit> kf(x)� f(x?)k2  �

<latexit sha1_base64="kcW+Rnzd5H2LQ0zdmiQW/3R8W1g=">AAACDHicbVDLTgIxFO34RHyhLt00gokuJDO40CWJG5eYyCNhkHTKHWjsPGzvGAnwAW78FTcuNMatH+DOv7HALBQ8SZuTc85Ne48XS6HRtr+thcWl5ZXVzFp2fWNzazu3s1vTUaI4VHkkI9XwmAYpQqiiQAmNWAELPAl17/Zi7NfvQWkRhdfYj6EVsG4ofMEZGqmdyxfcoX/0cHxirhtXI1PH7rBdoq6EO+p2QCIrmJRdtCeg88RJSZ6kqLRzX24n4kkAIXLJtG46doytAVMouIRR1k00xIzfsi40DQ1ZALo1mCwzoodG6VA/UuaESCfq74kBC7TuB55JBgx7etYbi/95zQT989ZAhHGCEPLpQ34iKUZ03AztCAUcZd8QxpUwf6W8xxTjaPrLmhKc2ZXnSa1UdE6LzlUpXy6ndWTIPjkgR8QhZ6RMLkmFVAknj+SZvJI368l6sd6tj2l0wUpn9sgfWJ8/PGqZ1A==</latexit>

x
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Numerical Experiments

• Platform: MATLAB, CVX toolbox, and MOSEK on a 9-core CPU with 16GB of RAM

• LipSDP: Lipschitz constant estimation using semidefinite programming
• LipSDP-Network

• LipSDP-Neuron

• LipSDP-Layer

• CPLip: Combettes, Pesquet. "Lipschitz Certificates for Neural Network Structures 
Driven by Averaged Activation Operators." arXiv:1903.01014(2019).

• SeqLip: Virmaux, Scaman. "Lipschitz regularity of deep neural networks: analysis 
and efficient estimation." Advances in Neural Information Processing Systems. 
2018.



Tightness 
of Lipschitz bounds

(a) Comparison of the Lipschitz constant found by
various formulations for various five hidden-layer neu-
ral networks trained on the MNIST dataset with the
Adam optimizer. Each network had a test accuracy
above 97%.

(b) Lipschitz constants obtained by splitting a 100-
layer neural network into sub-networks. Each sub-
network had four hidden-layers, and the weights were
generated randomly by sampling from a standard nor-
mal distribution.

Figure 3: Comparison of our formulation to other methods that compute the Lipschitz constant.

3. LipSDP-Layer considers only one constraint per layer, resulting in ` decision variables. It
is the most scalable and most scalable method.

Parallel implementation by splitting. The Lipschitz constant of the composition of two or more
functions can be bounded by the product of the Lispchtiz constants of the individual functions. By
splitting a neural network up into small sub-networks, one can first bound the Lipschitz constant of
each sub-network and then multiply these constants together to obtain a Lipschitz constant for the
entire network. Because sub-networks do not share weights, it is possible to compute the Lipschitz
constants for each sub-network in parallel. This greatly improves the scalability of LipSDP with
respect to the total number of activation functions in the network.

3 Experiments

In this section, we describe several experiments that highlight the key aspects of this work. In
particular, we show empirically that our bounds are much tighter than any comparable method, we
demonstrate that the local robustness of neural networks is linked to the Lipschitz constant, and we
analyze the scalability of our proposed methods.

Experimental setup. For our experiments, we use MATLAB, the CVX toolbox [8] and MOSEK [1]
on a 9-core CPU with 16GB of RAM to solve the SDPs.

Throughout the experiments, we will often show comparisons to what we call the naive lower and
upper bounds. As has been shown in several previous works [3, 24], trivial lower and upper bounds
on the Lipschitz constant of a feed-forward neural network with ` hidden-layers are given by

Lf, lower =
����W `+1

W
` · · · W 1

����
2

and Lf, upper =
`+1Y

i=1

����W i
����

2
.

Comparison to other formulations. We are aware of only two methods that compute the Lipschitz
constant and can scale to networks with more than two hidden layers; these methods are [3], which we
will refer to as CPLip, and [24], which is called SeqLip. CPLip scales exponentially in `, meaning
that it scales well in the number of hidden units per layer, but very poorly in the number of layers. It
is less accurate than all three of the LipSDP methods we propose in this work. SeqLip scales with
N . It is less accurate than LipSDP-Neuron and is similar in efficiency to SeqLip-Neuron.

We offer comparisons of the Lipschitz constants obtained by LipSDP-Neuron, LipSDP-Layer,
CPLip, and SeqLip in Figure 3a. It is evident from this figure that the bounds from LipSDP-Neuron
are tighter than CPLip and SeqLip. Indeed, our results show that the true Lipschitz constants of the
three-layer networks shown above are very close to the naive lower bound.
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Numerical Experiments

• Training Methods: two robust and one standard training procedures

• Adam: Kingma, Ba. "Adam: A method for stochastic 
optimization." arXiv:1412.6980 (2014).

• LP-Train: Wong, Kolter. "Provable defenses against adversarial 
examples via the convex outer adversarial 
polytope." arXiv:1711.00851 (2017).

• PGD-Train: Madry et al. "Towards deep learning models resistant 
to adversarial attacks." arXiv:1706.06083 (2017).



Estimation of Input Perturbation є
leading to Misclassification

(a) Lipschitz bounds for a one-hidden-layer neural net-
works trained on the MNIST dataset with the Adam
optimizer and LP-Train and PGD-Train for two val-
ues of the robustness parameter ✏. Each network
reached an accuracy of 95% or higher.

(b) Histograms showing the local robustness (in `1
norm) around each correctly-classified test instance
from the MNIST dataset. The neural networks had
three hidden layers with 100, 50, 20 neurons, respec-
tively. All classifiers had a test accuracy of 97%.

Figure 3: Analysis of impact of robust training on the Lipschitz constant and the distance to misclassification
for networks trained on MNIST

Figure 4: Trade-off between accuracy and Lipschitz
constant for different values of the robustness parame-
ter used for LP-Train and PGD-Train. All networks
had one hidden layer with 50 hidden neurons.

Figure 5: Lipschitz constants for topologically identi-
cal three-hidden-layer networks with ReLU and leaky
ReLU activation functions. All classifiers were trained
until they reached 97% test accuracy.

50,000 hidden neurons; SDPLip-Neuron took approximately 12 minutes to find a Lipschitz bound,
and SDPLip-Layer took approximately 4 minutes.

To evaluate SDPLip-Network, we coupled random pairs of hidden neurons in a one-hidden-layer
network and plotted the computation time and Lipschitz bound found by SDPLip-Network as we
increased the number of paired neurons. Our results show that as the number of coupled neurons
increases, the computation time increases quadratically. This shows that while this method is the most
accurate of the three proposed LipSDP methods, it is intractable for even modestly large networks.

Impact of robust training. In Figure 3, we empirically demonstrate that the Lipschitz bound of a
neural network is directly related to the robustness of the corresponding classifier. This figure shows
that LP-train and PGD-Train networks achieve lower Lipschitz bounds than standard training
procedures. Figure 3a indicates that robust training procedures yield lower Lipschitz constants than
networks trained with standard training procedures such as the Adam optimizer. Figure 3b shows
the utility of sharply estimating the Lipschitz constant; a lower value of L2 guarantees that a neural
network is more locally robust to input perturbations; see Proposition 1 in the Appendix.

In the same vein, Figure 4 shows the impact of varying the robustness parameter ✏ used in LP-Train
and PGD-Train on the test accuracy of networks trained for a fixed number of epochs and the
corresponding Lipschitz constants. In essence, these results quantify how much robustness a fixed
classifier can handle before accuracy plummets. Interestingly, the drops in accuracy as ✏ increases
coincide with corresponding drops in the Lipschitz constant for both LP-Train and PGD-Train.
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Conclusions: Quadratic Constraints 
to bound activation functions in NN

• Tight Safety Analysis via SDP
• Analysis of more general properties with NN in closed loop
• Computation costly

• Tightest reported bounds on Lipschitz constant
• Demonstrated Lipschitz constant as effective robustness measure
• Powerful Real time monitoring for possible misclassification via 

Lipschitz constant
• Computation cheap



Some Research Directions

• MPC Approximation via Neural Networks

• Robustness Analysis of Learning Enabled Components 

• Gaussian-Process based Model Predictive Control



Prof. Melanie Zeilinger

Institute for Dynamic Systems and Control

ETH Zurich 

Gaussian-Process based Model Predictive Control



Challenge: Model Uncertainty
Performance & Safety Require Good Model

ẋ = f (x, u, t, d) Modeling challenged by complexity, variability, external disturbances 

ORCA platform @IfA, ETH Zurich. Courtesy of Alex Liniger

Example: Autonomous racing 
§ Difficult parameter tuning, in particular of 

tire models 
§ Properties of cars/track change over time

Goal: Data-driven model improvement

Dynamical 
System

Model learning

min objective
s.t. model 

constraints 



Challenge: Model Uncertainty
Performance & Safety Require Good Model

ẋ = f (x, u, t, d) Modeling challenged by complexity, variability, external disturbances 

Goal: Data-driven model improvement

Dynamical 
System

Model learning

min objective
s.t. GP model 

constraints 

Related work: Kocijan, Findeisen, Ostafew, Schöllig, Koller, Berkenkamp, Deisenroth, Borrelli, ...

Key: Residual 
model 

uncertainty

Model learning in MPC
• “Nominal” models

(e.g. neural networks)
• Robust models

(e.g. set-membership techniques) 
• Stochastic models

(e.g. Gaussian Processes)
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Race Car Modeling with Gaussian Processes (GPs)

Model mismatch: Tire 
forces are complex and vary  

Bicycle model with 
nonlinear tire forces

Uncertainty 
in velocity 

states

xk+1 = f (xk , uk) + Bdd(xk , uk)
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Fig. 1: Schematic of the car model.

III. RACE CAR MODELING

This section presents the race car setup and nominal
modeling of the car dynamics, which will serve as a base
model for the learning-based control approach. This is largely
based on material presented in [7], which provides a more
detailed exposition.

A. Car Dynamics
We consider the following model structure to describe the

dynamics of the miniature race cars

ẋ = fc(x, u) +Bd(gc(x, u) + w) , (6)

where fc(x, u) are the nominal system dynamics of the
car modeled from first principles, and gc(x, u) reflects un-
modeled dynamics. The considered nominal dynamics are
obtained from a bicycle model with nonlinear tire forces as
shown in Figure 1, resulting in

fc(x, u) =

2

6666666664

vx cos(�)� vy sin(�)
vx sin(�) + vy cos(�)
!
1
m

⇣
Fr,x(x, u)� Ff,y(x, u) sin � +mvy!
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1
m

⇣
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⌘

1
Iz

⇣
Ff,y(x, u)lf cos � � Fr,y(x, u)lr

⌘

3

7777777775

,

(7)

where x = [X;Y ;�; vx; vy;!] is the state of the system,
with position (X,Y ), orientation �, longitudinal and lateral
velocities vx and vy , and yaw rate !. The inputs to the
system are the motor duty cycle p and the steering angle �,
i.e., u = [p; �]. Furthermore, m is the mass, Iz the moment
of inertia and lr and lf are the distance of the center of
gravity from the rear and front tire, respectively. The most
difficult components to model are the tire forces Ff,y and
Fr,y and the drivetrain force Fr,x. The tires are modeled by
a simplified Pacejka tire model [19] and the drivetrain using
a DC motor model combined with a friction model. For the
exact formulations of the forces, we refer to [7].

In order to account for model mismatch due to inaccurate
parameter choices and limited fidelity of this simple model,
we integrate gc(x, u) capturing unmodeled dynamics, as well
as additive Gaussian white noise w. Due to the structure of
the nominal model, i.e. since the dynamics of the first three
states are given purely by kinematic relationships, we assume

that the model uncertainty, as well as the process noise w,
only affect the velocity states vx, vy and ! of the system,
that is Bd = [0; I3].

For the use in a discrete-time MPC formulation, we finally
discretize the system using the Euler forward scheme with a
sampling time of Ts, resulting in the following description,

x(k+1) = f(x(k), u(k))+Bd(g(x(k), u(k))+w(k)), (8)

where w(k) is i.i.d. normally distributed process noise with
w(k) ⇠ N (0,⌃w) and ⌃w = diag[�2

vx ;�
2
vy ;�

2
!], which,

together with the uncertain dynamics function g, will be
inferred from measurement data.

B. Race Track and Constraints
We consider a race track given by its centerline and a fixed

track width. The centerline is described by a piecewise cubic
spline polynomial, which is parametrized by the path length
⇥. Given a ⇥, we can evaluate the corresponding centerline
position (Xc(⇥), Yc(⇥)) and orientation �c(⇥). By letting
⇥̃ correspond to the projection of (X,Y ) on the centerline,
the constraint for the car to stay within the track boundaries
is expressed as

X (⇥̃) :=

8
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where r is half the track width.
Additionally, the system is subject to input constraints,

U =

(
u
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1

�max

�)
, (10)

i.e. the steering angle is limited to a maximal angle �max

and the duty cycle has to lie between zero and one.

IV. LEARNING-BASED CONTROLLER DESIGN

In the following, we first present the model learning
module that is subsequently used in a cautious NMPC
controller. We briefly state the contouring control formulation
[7], serving as the basis for the controller and integrate
the learning-based dynamics using a stochastic GP model.
Afterwards, we introduce suitable approximations to reduce
computational complexity and render the control approach
real-time feasible.

A. Model Learning
We apply Gaussian process regression [15] to infer the

vector-valued function g of the discrete-time system dynam-
ics (8) from previously collected measurement data of states
and inputs. Training data is generated as the deviation to the
nominal system model, i.e. for a specific data point:

yj = g(x(j), u(j)) + w(j) = B†
d

�
x(j+1)� f(x(j), u(j))

�
,

zj = [x(j);u(j)] ,

where † is the pseudoinverse. Note that this is in the form
of (1) and we can directly apply (3) to derive a GP model
d(xi, ui) from the data, resulting in the stochastic model

xi+1 = f(xi, ui) +Bd(d(xi, ui) + wi) . (11)

States: Position, orientation, 
longitudinal and lateral velocity, yaw rate

Inputs: Motor duty cycle, steering angle
Constraints: Track boundaries, input constraints

GP model:

Bicycle model:

Measured model error

GP prediction
with 2σ

confidence 
interval

[Hewing & Zeilinger, ECC 2018]



GP-based MPC for Autonomous Miniature Race Cars
Experimental Results with ORCA Platform (@ IfA, ETHZ)

Controllers implemented with FORCES Pro: A. Domahidi and J. Jerez, embotech AG

GP-based MPC (20 laps)

Laptime (mean): 9.6922s
Solvetime (mean): 17.4 ms, 96.57% <20ms

Nominal MPC (20 laps)

Laptime (mean): 10.1397s
Solvetime (mean): 17.8 ms, 96.87% <20ms



Learning-based Motion Planning for AMZ Driverless Race Car
With Online Learning

Dynamical 
System

control 
input

measurement
s

GPMPC

Real Time Control 
Loop

Data 
Selection

features

GP update

Not Real Time

Collaboration with Academic Motorsports Club Zurich (AMZ)
Lukas HewingJuraj Kabzan



AMZ Electric Race Car           

https://ieeexplore.ieee.org/document/8754713 https://www.youtube.com/watch?v=bjlT-6KVQ7U&t

https://ieeexplore.ieee.org/document/8754713
https://www.youtube.com/watch?v=bjlT-6KVQ7U&t


Conclusions

• In 50 years MPC has moved from PhD proposal to become the most 
widely used advanced high performance control method.

• The reasons for the success:
• Intuitive concept
• General applicability
• Full use of designer (model) information
• Complex specification guaranteed by design

• The remaining challenges:
• Computation for stochastic, uncertain and switched systems
• Learning and adaptation


