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Abstract

The goal of this thesis is to study the homotopy theory of algebras over operads in global unstable
homotopy theory, the homotopy theory of spaces which have simultaneous compatible actions
of all compact Lie groups. We first study orthogonal spaces which have an additional action by
a fixed group G. We define two classes of morphisms, the G-global equivalences and the G-flat
cofibrations, and prove some properties about them. The main result gives a model structure
on the category of algebras over any operad in orthogonal spaces, without the usual cofibrancy
condition. We also give a simple characterization of when a map of operads induces a Quillen
equivalence between those model structures, and a relevant example.
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Introduction

The goal of this thesis is to study the homotopy theory of algebras over operads in unstable
global homotopy theory. Equivariant homotopy theory is the study of spaces with G-actions for
a group G, and G-equivariant continuous maps between them. Interest in it has recently seen
an increase due to its connections to other areas of mathematics.

Global homotopy theory is the homotopy theory of spaces which have simultaneous compatible
actions by all compact lie groups. As a model for unstable global homotopy theory we use
the category of orthogonal spaces, which are continuous functors from the category of linear
isometries to Top, with the positive global model structure of |Sch18|. Each orthogonal space
has an underlying G-space for each compact lie group G, and a morphism of orthogonal spaces
induces a G-equivariant map between their underlying G-spaces. A global equivalence is a
morphism which induces G-weak homotopy equivalences between the underlying G-spaces.

An operad is a tool used to describe algebraic structures in various contexts. We can define
operads in any symmetric monoidal category. An operad O consists of a series of objects O,
which each represents a collection of of n-ary operations, and a composition law. An algebra
over a given operad is an object together with an interpretation of the operad as operations on
the object.

If € is a symmetric monoidal cofibrantly generated model category, and given an operad O in €,
one is often interested in lifting the model structure of % to a model structure on the algebras
over 0. In full generality this is possible if the operad is cofibrant and € satisfies the monoid
axiom (see [Spi0l]). The first main theorem of this thesis states that the situation is much
simpler in the case of orthogonal spaces.

Theorem 1. Let O be any operad in Spc the category of orthogonal spaces, with the positive
global model structure. Then there is a cofibrantly generated model category structure on Alg(QO)
the category of algebras over O, where the forgetful functor Ugagyo) creates the weak equivalences
and fibrations, and sends cofibrations in Alg(O) to h-cofibrations in Spc.

An operad is composed of objects O,, with an action by the symmetric group >,. Therefore to
prove the results of this thesis we need to study the homotopy theory of orthogonal spaces which
have an additional action by a fixed compact Lie group G, or G-orthogonal spaces. To this end
we will define two classes of morphisms between G-orthogonal spaces, the G-global equivalences
and the G-flat cofibrations.

We will not check that the G-global equivalences and the G-flat cofibrations are part of a model
structure on the category of G-orthogonal spaces, because we will not need such a model struc-
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ture. However the results that we prove are enough to obtain the structure of a cofibration
category, or category of cofibrant objects, on the category of G-orthogonal spaces.

The category of orthogonal spaces has a symmetric monoidal product, the box product, and this
box product is fully homotopical, that is the box product of two global equivalences is a global
equivalence. The box product of G-orthogonal spaces is similarly well behaved, since the box
product of a G-global equivalence and a K-global equivalence is a (G x K)-global equivalence.
This is the main result that allows us to omit the cofibrancy assumption from Theorem[[} Another
fact that makes Theorem [[ possible is that n-fold box products of generating orthogonal spaces
are Y,-free.

We also study morphisms of operads, and the functors they induce between the categories of
algebras. Any morphism of operads induces a Quillen adjunction, and in the second main
theorem of this thesis we give a simple necessary and sufficient condition for this adjunction to
be a Quillen equivalence.

Theorem II. Let g: O — P be a morphism of operads in Spc. Then we have that the pair
(91,9%) is a Quillen equivalence between their respective categories of algebras if and only if for
each n > 0 the morphism g,: On — Pp is a 3y-global equivalence.

This is related to the work of Blumberg and Hill in [BH15| on operads in G-spaces. The preferred
notion of weak equivalence between operads in G-spaces is that of a graph equivalence, where for
each continuous homomorphism ¢: G — X,,, the map g,, induces a weak homotopy equivalence on
points fixed by ¢. A ¥,-global equivalence is roughly a morphism that induces graph equivalences
between the underlying G x X,-spaces for each G. If we abstractly think of an operad in
orthogonal spaces as a collection of G-operads for each G, then a morphism of operads that
satisfies the conditions of Theorem [[I] would give graph equivalences between these G-operads.

Theorem [[1] also shows that the naive notion of what the analog of an E.-operad in orthogonal
spaces is (that each O, is globally contractible) is not the correct one. Instead we need to ask
that each O, is ¥,-globally contractible, and we call such operads global E..-operads.

By Theorem [[]] the category of algebras over a global Ex-operad O is Quillen equivalent to the
category of strictly associative and strictly commutative monoids in orthogonal spaces. This also
implies that any algebra X over O is connected to a strictly associative and strictly commutative
monoid via a zigzag of global equivalences of O-algebras, which implies certain things about the
homotopy of X, like the existance of transfers on homotopy sets.

Overview

The first chapter of this thesis deals with some preliminary theory required for the rest of the
document. We first develop the theory of operads and their algebras in a general symmetric
monoidal category, following |[Fre09|. We then state a result on lifting a model structure to the
category of algebras over a monad. After that we prove a refinement, Theorem for the case
where the monad comes from an operad, and we have a bigger class of cofibrations to work with.
We will later use this refinement to prove Theorem [I} using the h-cofibrations, or morphisms
with the homotopy extension property.

The main condition of Theorem [I.2.2] asks that cobase changes, in the category of algebras over
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the operad, of generating cofibrations are h-cofibrations, and that cobase changes of generating
acyclic cofibrations are global equivalences. Pushouts in the category of algebras over an op-
erad are not at all straightforward (the forgetful functor preserves filtered colimits and reflexive
coequalizers, but not all colimits) and this is what causes most of the work needed to apply

Theorem [[.2.2

After this we expose the basics of the theory of orthogonal spaces. The specific structure of the
generating (acyclic) cofibrations of the positive global model structure is important to prove the
results that we need, so we make it explicit.

The second chapter is devoted to G-orthogonal spaces, G-flat cofibrations, and G-global equiva-
lences. We define them and prove the results that we will need later. One of the things that we
need to do, is to determine some conditions under which taking ¥,-orbits of a ¥,,-global equiv-
alence yields a global equivalence. In [GG16] morphisms which yield weak equivalences when
taking Y,-orbits are considered in a general setting, but we have to construct the X,-global
equivalences to use that the box product is fully homotopical.

We denote by G-h-cofibrations the morphisms with the homotopy extension property in the cat-
egory of G-orthogonal spaces. We check that the relevant properties of preservation of G-global
equivalences along G-flat cofibrations also hold for G-h-cofibrations. This is helpful because we
can then work just with G-h-cofibrations, and the box product with any G-orthogonal space
preserves (G-h-cofibrations.

The third chapter deals first with checking that the main condition of Theorem [I.2.2]holds for any
operad in orthogonal spaces. This then gives the proof of Theorem [} We then study morphisms
of operads of orthogonal spaces and prove Theorem [[Il We also define global E-operads and
prove some facts about them.

In the last chapter we talk about an example of an operad O on orthogonal spaces derived from
the little-disks operad. We conjecture that this operad is a global F.-operad, that is, that the
category of algebras over this operad is Quillen equivalent to the category of strictly associative
and strictly commutative monoids in orthogonal spaces.

Notation and conventions

Throughout this document, whenever we talk about a space we will be referring to a compactly
generated weak Hausdorff topological space. We use Top to refer to the category of such spaces.
In the rare cases where we refer to a general topological space, we do so explicitly.

Let G be a topological group. A G-space is a space X with an associative and unital continuous
action G x X — X. We denote the category of G-spaces by GTop. For any set I’ of closed
subgroups of G, we say that a morphism f: X — Y of G-spaces is an F-equivalence (F-fibration)
if for any H € F the restriction of f to the H-fixed points f#: XH# — Y is a weak homotopy
equivalence (respectively a Serre fibration).

For each F' set of subgroups of G there is a cofibrantly generated model structure on GTop
with the F-equivalences as weak equivalences and the F-fibrations as fibrations (see [Schl8,
Proposition B.7]). We refer to the cofibrations of this model structure as F-cofibrations. If the
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set F' is the set of all closed subgroups of G we instead use G-weak homotopy equivalences,
G-fibrations and G-cofibrations to refer to these classes of morphisms.

By default, an inner product space refers to a real inner product space, and for a compact Lie
group G, when we mention a G-representation we always refer to an orthogonal G-representation
in an inner product space, finite dimensional unless stated otherwise. We write X, for the
symmetric group on n elements.

To talk about small objects in a category, we will follow the convention of [Hov07, Section 2.1.1],
which is not universal. For an ordinal X\, a A-sequence in a cocomplete category % is a colimit
preserving functor Y: A — %. We call the morphism Y (0) — colimgey Y (8) the transfinite
composition of Y. We say that a subcategory 2 C ¥ is closed under transfinite composition if,
for every A-sequence Y such that for each f € A the morphism Y (5) — Y (8 + 1) is in 2, the
transfinite composition of Y is in 2.

For any cardinal k, we say that an ordinal A is k-filtered if its cofinality is strictly bigger than k.

Given a cardinal k (and a subcategory 2 C € closed under transfinite composition), we say
that an object X € ¥ is k-small (relative to 2) if €' (X, —) preserves all colimits of A\-sequences
(with image in Z), with A\ a s-filtered ordinal. We say that X is small (relative to 2) if it is
k-small (relative to &) for some cardinal k. We say that X is finite (relative to 2) if it is k-small
(relative to 2) for some finite cardinal k.

By default, when we say that an object has an action by a group GG, we mean a left G-action.
The main exception is for operads and symmetric objects, where each O,, has a right X,,-action
by convention. We will often turn left actions into right actions and vice versa by precomposing
with the antihomomorphism (—)~!.

We will often use ; to refer to the boundary map D' — D' in Top, for each [ > 0. Similarly
we will use j; for the inclusion [0, 1] — [0, 1]* x [0,1] for [ > 0.
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Chapter 1

Preliminaries

1.1 Basics of operads

We now develop the theory of symmetric objects, operads and their algebras in a general setting,
following |Fre09].

Let ¥ denote a cocomplete symmetric monoidal category, where the tensor product preserves all
colimits in both variables.

Definition 1.1.1 (Symmetric objects). The category of symmetric objects in %, denoted by
¥,-%, has as objects sequences in € {M(n)},en where each M (n) has a right 3,,-action. Mor-
phisms in this category are sequences of morphisms in % that commute with the X,-actions.
Equivalently, 3,-% is also the functor category Fun(]], .y Xn, %), where ¥, is the groupoid
associated to X,,.

neN

We can define two different monoidal structures on ¥,-%, the first is the tensor product of
symmetric objects, which gives a symmetric monoidal structure. On level n it is

(MeN)n) = ] Swos,xs, (Mp)@ N(g)
pt+q=n

where the tensoring of € over Set is given by S ® C' = C®SI and we quotient by the diagonal
(X, x Xg)-action which is the inverse of the one on M (p) ® N(g) obtained from being symmetric
objects, and the one on X, obtained from the canonical embedding ¥, x ¥, — ¥, where a
permutation from ¥, acts on the first p elements and one from ¥, on the last g. On morphisms
it is also defined through this formula.

Proposition 1.1.2 (Tensor product symmetric monoidal structure on ¥,-%). The category of
symmetric objects X..-%€ is equipped with the structure of a symmetric monoidal category tensored
over €. The bifunctor is the tensor product previously defined, and the unit is 1y, 4 = 1, where
1(0) is 14 and 1(n) is the initial object O for each n > 1.

The details can be found in |[Fre09, 2.1.5 and 2.1.7].

We also have generating symmetric objects F, for each n € N. Fj,(n) is 3, ® 1, and F}, is ) on
all other levels. For these generating symmetric objects, we have that M (n) = Homy,,_«(F,, M)

1



1.1. BASICS OF OPERADS

[Fre09, Proposition 2.1.13]. We also denote F; by I, and we have that F, = I®".

The second monoidal structure on X,-% is the composition product, which is not symmetric. Its
unit is I. It is defined from the tensor product in X,-% as

MoN =[] M(n) @5, N®"
neN

where the tensoring of >,-% over % is just the tensor product on each level, and the ¥, -action
is the given one on M (n) and permuting the terms on N®".

Proposition 1.1.3 (Composition monoidal structure on X,-¢). The category of symmetric
objects Xx-€ is equipped with the structure of a monoidal category, where the bifunctor is the
composition product previously defined, and the unit is I.

The details can be found in [Fre09, 2.2.1 and 2.2.2].

Let 2 be a symmetric monoidal category tensored over ¥, where the tensor product over &
preserves all colimits in %" In our case & will usually be % itself. Then we can assign to each
symmetric object M on € a functor F(M): 2 — 2, by:

FM)(X) = [] M(n) @5, X" (1)
neN

Proposition 1.1.4. The previous construction yields a functor F: ¥,-¢ — Fun(2,9). Fur-
thermore, F(I) = Idy and F(M oN) = F(M)oF(N). This means that F is a strong monoidal
functor into Fun(Z, 2) with the monoidal structure given by composition of functors. Addition-
ally F preserves all colimits.

Proof. Functoriality comes from the functoriality of the tensor product and of colimits. For
F(MoN)=F(M)oF(N) see |[Fre09, Proposition 2.2.1]. Colimits in both X,-¢ and Fun(2, 2)
are computed in ¥ and Z respectively. Then commutativity of colimits and the fact that the
tensor product preserves all colimits in 4" imply that F preserves colimits. O

Note that when = 3,-¢, F(M)(N) = M oN. We can consider the full subcategory (X.-%)o C
Y,-% of objects M € ¥,-¢ with M(n) = () for n > 0. This is canonically isomorphic to ¢ by
sending and object X € € to the symmetric object ¢(X) which is X on level 0 and () otherwise.
Then o(F(M)(X)) = M ou(X) = F(M)(t(X)) (note that here the first F refers to the functor
associated to M on % and the second on X,-%).

Proposition 1.1.5. For each M € ¥.-€ the functor F(M): 9 — @ preserves filtered colimits
and reflexive coequalizers.

Proof. |Fre09, Proposition 2.4.1]. O]

That is, if we take F as a bifunctor X,-¢ x Z — 2, it preserves all colimits on the first variable,
but only filtered colimits and reflexive coequalizers on the second.
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1.2. MODEL CATEGORIES IN CATEGORIES OF ALGEBRAS

Definition 1.1.6 (Operad). An operad on % is a monoid object in the monoidal category
(X4-%,0,I). That is, a symmetric object in € O € ¥,-% together with morphisms of symmetric
objects u: O o O — O multiplication and n: I — O unit such that the following associativity
and unit diagrams commute:

To0 ™ 060 I 06T 00000 M 060

RN A

) 0o —" 0

Unraveling this definition to the level of €, we obtain that the multiplication morphism consists
of suitably equivariant maps:

(O 0 0)(n) = 11 O(k) ® O(n1) ® - - - ® O(ng) — O(n)
keENni+---+nip=n
The unit is an element 14 — O(1), and these maps have to make the equivalent associativity
and unit diagrams commute.

Given a category %, a monad is a monoid object in Fun(Z,Z). Explicitly this is a functor
F: % — ¥, and two natural transformations n: Id = F and p: F o F = F, such that the
associativity and unit diagrams similar to those for an operad commute.

Since F is strong monoidal, we have that if O is an operad in ¢, then F(O): ¥ — & is a monad
in 9.

Definition 1.1.7 (Left modules, right modules and algebras over an operad). We define left and
right modules on X,-% over an operad, using that an operad is a monoid object on (X,-%, 0, I).
An algebra on Z over the operad O is an algebra over the monad F(QO). Explicitly this is an
object A € 2 and a morphism (4: F(O)(A) — A in Z compatible with the multiplication and
unit of the operad, in the sense that (4 o F(n)(A) = Id4 and (4 0 F(O,{4) = (a0 F(u, A).

If 9 = €, then we can alternatively define an algebra as an object X € ¥ together with a left
module structure on ¢(X) over the operad O. These two definitions are equivalent since a map
Mo u(X) = o(F(M)(X)) — +(X) is the same as a map F(M)(X) — X, and the associativity
and unit diagrams required to commute are similarly equivalent.

We denote the category of algebras on 4" over an operad O by A4z(O), and the categories of left
and right modules by Lmod (O) and Rmod (O) respectively.

There are forgetful functors for each of these categories, respectively Ugy(o): Ag(0) — €,
Uimot(0): Lmod (O) — Xu-€ and Ugyeq(0): Rimod (O) — X,-%, and there are free functors left
adjoint to these Fayo): € — AG(O), Frugo): Xx-€ — Lmod(O) and Fguep0): Xu-C —
Rmod (O). Fay(0) is obtained from the functor associated to O, F(O), by Fag0)(X) = F(O)(X).
This is the same as the free algebra over the monad F(O).

1.2 Model categories in categories of algebras

From now on, let € be a cofibrantly generated model category which is also a symmetric monoidal
category, and such that the monoidal product preserves all colimits in each variable.



1.2. MODEL CATEGORIES IN CATEGORIES OF ALGEBRAS

We now deal with the conditions needed to lift the model structure on € through the forgetful
functor Ugagoy: Alg(O) — € to the category of algebras over a given operad. For categories of
algebras over monads on € we have the following result from [SS00, Lemma 2.3|:

Theorem 1.2.1. Let € be a cofibrantly generated model category with I and J sets of generating
coftbrations and acyclic cofibrations respectively, and T: € — € a monad in €. If T preserves
filtered colimits, then Aly(T) has all colimits. Then let Fayry denote the free T-algebra functor
and let It = Fag 1) (1), Jr = Fﬂ[g(T)(J). Let Iy -reg and Jr-reg denote the reqular It and Jr
cofibrations in Alg(T) respectively. Those are the transfinite compositions of cobase changes in
Alg(T) of morphisms in Ip and Jp respectively.

Then if the domains of morphisms in It and Jp are small with respect to It -reg and Jr-reg
respectively, and every morphism in Jp-reg is a weak equivalence in €, we obtain that Aly(T) is
a cofibrantly generated model category where Ugay(t) creates the weak equivalences and fibrations
and It and Jr are generating sets of cofibrations and trivial cofibrations.

Note that limits in Af(T) are computed in € since Uggyr) is a right adjoint. For colimits,
by [Bor94), Proposition 4.3.6] it is enough for T to commute with filtered colimits to have all
colimits in Afg(T), and since filtered colimits are preserved by T, they are also preserved by
Uay(ry by |Bor94, Proposition 4.3.2]. This is the reason why the previous theorem requires that
T preserves filtered colimits. In the case where T is obtained from an operad on € we have that
by Proposition T commutes with filtered colimits.

For O an operad, we will shorten the associated monad F(O) to also O when referring to things
like I 7oy and so on. The idea of the previous theorem is to define weak equivalences (fibrations)
in 4f7(O) to be those morphisms f such that Ugy)(f) is a weak equivalence (respectively
fibration) in %, and then define cofibrations to be the morphisms with the left lifting property
with respect to trivial fibrations. On the other hand we could also define the (trivial) cofibrations
in 47(O) to be the morphisms generated by I (respectively Jr). The last condition ensures
that the classes of weak equivalences, fibrations, and cofibrations defined by these two different
methods are actually the same, and then the proof of the theorem uses one of these two approaches
to check each of the model category axioms.

Note that usually, in a category with a model structure and a monoidal structure, two com-
patibility conditions between these two structures are required. These are the pushout product
axiom, and that the unit is cofibrant, and if they are satisfied we call the category a (symmetric)
monoidal (cofibrantly generated) model category. We don’t ask that they hold for &, in fact
in the positive global model structure on orthogonal spaces on which we focus the unit is not
cofibrant.

We have the following refinement of the previous theorem, which applies to operads in € if the
domains of the generating (acyclic) cofibrations I and J are small with respect to not just the
morphisms in Ip-reg and Jo -reg respectively, but also with respect to a more general class of
cofibrations, Hcof, which when we apply the result will be defined by having the homotopy
extension property. This refinement is inspired by and similar to [Fre09, Proposition 11.1.14].

Theorem 1.2.2. Let € be a symmetric monoidal category which is also a cofibrantly generated
model category with sets of generating cofibrations and acyclic cofibrations I and J, and such
that the monoidal product preserves all colimits in each variable. Also let Hcof be a class of

4



1.2. MODEL CATEGORIES IN CATEGORIES OF ALGEBRAS

morphisms in € which satisfies the following:
1. Hceof is closed under retracts and transfinite compositions.

2. The domains of the generating (acyclic) cofibrations I (J) of € are small with respect to
Hceof

3. Transfinite compositions of morphisms that are both in Hcof and weak equivalences are
weak equivalences

Then fix any operad O in €. Assume that for each pushout in Alg(O) of the form

Fay0)(i)
Fayo)(X) e Fago)(Y)

l ) l (2)

A—1 B

the following holds:
o Ifi e I then Ugyo)(f) is in Heof.
e Ifi € J then Ugyo)(f) is a weak equivalence.

Then the conditions of Theorem are satisfied, so that Alg(O) is a cofibrantly generated model
category where Ugy(y creales the weak equivalences and fibrations and Io and Jo are generating

sets of cofibrations and trivial cofibrations. Furthermore Uagy(oy sends cofibrations to morphisms
i Hceof.

Proof. The monad associated to an operad preserves filtered colimits, so we have left to check
that the domains of morphisms in Ip and Jp are small with respect to Ip-reg and Jp-reg
respectively, and every morphisms in Jo -reg is a weak equivalence in €.

Let X be the domain of a morphisms in I or J, A an ordinal, and V: A — 47(O) a A-sequence
which lands in I -reg or Jo -reg respectively. Remember that Ugg o) preserves filtered colimits.
Then we have that

cog\im Hom g0y (Fag(0)(X), V) = co&im Homey (X, Uggoyo V) —

Homy (X, co&im Uag(0) © V) 2 Homy (X, Uag(0) (co%\im V)) = Hom q5(0) (Fﬂ@(@) (X), co&im V)

assuming that Ugg(o) sends morphisms in Ip-reg and Jo-reg to Heof. So we will now prove
this.

Morphisms in Ip -reg are transfinite compositions of cobase changes of morphisms with the form
Fay(0)(7) like in Diagram . Uag (o) preserves transfinite compositions, so for g a morphisms
in Ip-reg, U ﬂ@(o)(g) is a transfinite composition of morphisms that by our assumptions are in
Hcof, and so their transfinite composition is also in Hcof.

Cofibrations in 4f5(Q) are defined as those morphisms with the left lifting property with respect
to morphisms which in € are both weak equivalences and fibrations. By adjointness, the mor-
phisms which in € are both weak equivalences and fibrations are precisely those that have the
right lifting property with respect to Ip, since I are the generating cofibrations of % .



1.3. UNSTABLE GLOBAL HOMOTOPY THEORY

Since Ugy (o) sends morphisms in I -reg to Hcof, the domains of Io are small with respect to
Ip -reg, so we can apply the small object argument to them. Let f be a cofibration in 4 (O).
The small object argument gives a factorization g o h such that h € In-reg and g has the right
lifting property against Ip. That means that f has the left lifting property against g, which
gives that f is a retract of h. Since Hcof is closed under retracts and Ugyo)(h) € Hceof,

U/q[g((g)(f) € HCOf.

So Usy(o) sends cofibrations in 4f(0) to Heof. Jo are cofibrations in 4y(O) by adjointness
again, and since the class of cofibrations is saturated, Jo -reg are also cofibrations, and they are
sent to Heof by Ugg o).

Lastly, every morphism in Jp -reg is a transfinite composition of cobase changes of morphisms
with the form F ﬂgj(o)(j) like in Diagram where j € J is a generating acyclic cofibration.
These cobase changes are by our hypothesis weak equivalences, and by the previous discussion
Fay0)(j) are cofibrations in 4y(O), therefore also f, and Ugyy(f) are in Heof. So since
Uay(o)(f) preserves transfinite compositions, Usy)(f)(Jo -reg) are transfinite compositions of
morphisms that are both in Hcof and weak equivalences, and so they are weak equivalences. [J

Note that indeed we didn’t require the pushout product axiom for the proof of this theorem.
However, the pushout product axiom or something similar will in general be required in order to
actually check the conditions of this theorem.

Remark 1.2.3. In [Spi01, Theorem 4] it is proven that in a general symmetric monoidal cofibrantly
generated model category which satisfies the monoid axiom, and for any cofibrant operad O, there
is a cofibrantly generated model structure on A4f(O) where the forgetful functor creates weak
equivalences and fibrations.

In contrast, we will use Theorem to obtain a model structure on 4 (O) for an operad on
orthogonal spaces, and due to the properties of orthogonal spaces as a model for unstable global
homotopy theory, we will obtain this model structure for any operad.

1.3 Unstable global homotopy theory

We now turn to the main goal of this thesis, which is to study the homotopy theory of the
algebras over any operad in unstable global homotopy theory. We will give a model structure
for the category of algebras over any such operad.

By unstable global homotopy theory we mean the homotopy theory of spaces which have simul-
taneous and compatible actions of all compact Lie groups. A model for this is the category of
orthogonal spaces. These are Top-enriched functors L — Top, where L denotes the Top-enriched
category where the objects are inner product spaces, and the morphisms are the linear isometric
embeddings. We use Spc to denote the Top-enriched category of orthogonal spaces (See [Schl8,
Definition 1.1.1]). Note the similarity of this definition to the definition of orthogonal spectra as
enriched functors.

For an inner product space V', evaluating an orthogonal space X on V yields an O(V)-space
X (V) with the action of ¢p € O(V) given by X (¢). So if we have a compact Lie group G, and
V is a G-representation, then X (V') similarly has a G-action. In this sense, orthogonal spaces
have actions by all compact Lie groups.

6
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For a compact Lie group G, let Ug be a complete G-universe (a countably infinite dimensional
orthogonal representation with non-zero fixed points, and such that for each finite dimensional
G-representation V', a countably infinite direct sum of copies of V' embeds G-equivariantly into
Ug). Let s(Uq) denote the poset of finite dimensional subrepresentations of Ug. Then we define
the underlying G-space of X as X (Ug) = colimy¢yyy,) X (V). Therefore fixing a complete G-
universe yields a functor Spc — GTop.

A global equivalence of orthogonal spaces is roughly a morphism which induces G-weak homotopy
equivalences, on the homotopy colimits over all G-representations, for each compact Lie group
G. If the orthogonal spaces are closed, this is equivalent to asking that the induced map on the
underlying G-spaces is a G-weak homotopy equivalence, see [Sch18, Definition 1.1.16] and [Sch18,
Proposition 1.1.17], or Lemma for the analogous result for G-global equivalences.

There is however a more explicit definition of global equivalence, which we proceed to moti-
vate. Given a map of spaces f: X — Y, [May99, 9.6 Lemma]| says that f is a weak homotopy
equivalence if and only if for each [ > 0 and pair of maps a: 9D' — X, 3: D' — Y such that
foi; = foa, there is a map A: D! — X such that A o4, = « and such that f o X is homotopic
relative OD! to f3.

In general for a similar setup of maps «, 8, we will refer to the following commutative diagram
as a lifting problem

oDt —— X
b

DLy

and we will say that any map A: D! — X such that A o4, = « and such that f o X is homotopic

to f relative OD! solves the lifting problem, and if there exists any such A we will say that the
lifting problem has a solution.

The more explicit definition of global equivalence given in [Sch18, Definition 1.1.2] is the following:

Definition 1.3.1 (Global equivalence of orthogonal spaces). A morphism f of Spc is a global
equivalence if for each K compact lie group and every K-representation V and ! > 0, the following
holds: For any lifting problem

oD! —2— X(V)K
j Jrx
Dt y(v)K

there is a K-equivariant linear isometric embedding ¢: V' — W into W a K-representation such
that there is a morphism A: D! — X (W) which solves the lifting problem (X (¢)% o, Y ()X o
B). This explicitly means that in the diagram

K
aD! — s X(V)K % X(W)K
j AT lf(W)K
-7 K
Dl = Y (V)R YO vy w)K
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the upper left triangle commutes, and the lower right triangle commutes up to homotopy relative
to 0D

On Spc there are two similar cofibrantly generated model structures whose weak equivalences
are precisely the global equivalences, the global model structure |Sch18, Theorem 1.2.21] and
the positive global model structure [Sch18, Theorem 1.2.23]|. We would like to lift these model
structures to Al (O) using Theorem . It will turn out that the positive global model structure
is the better choice.

Later on we will need to prove some things about the generating cofibrations and acyclic cofi-
brations of the positive global model structure on Spe, so we write them out explicitly now and
fix some notation.

Remark 1.3.2 (Semifree orthogonal spaces). For a compact Lie group G and a G-representation
V, the evaluation functor Spc — GTop has a left adjoint Lgy which for a G-space A when
evaluated at W is L(V, W) xg A. We denote the orthogonal space Lg y* by Lg,v.

Remark 1.3.3 (Generating (acyclic) cofibrations). The set of generating cofibrations of the posi-
tive global model structure I is a set of representatives of the isomorphism classes of morphisms
Lgyv x i, for G a compact Lie group, V' # 0 a faithful G-representation, and [ > 0, where the
map i; is 9D' — D'

The set of generating acyclic cofibrations of the positive global model structure is J U K, where
J is a set of representatives of the isomorphism classes of morphisms Lg X j; for G a compact
Lie group, V # 0 a faithful G-representation, and [ > 0, where the map j; is [0, 1]* — [0, 1]+

To describe the set K, we consider a compact Lie group G, and G-representations V and W,
then we have the morphism of representable orthogonal spaces pyw: L(V & W, —) — L(V, —)
given by restricting the embeddings to V. Denote the morphism

pvw/G: L(VeW,-)/G = Lgyvew — L(V,—-)/G = Lgv

by pav,w, and by ¢y w0 Lavew — Mg .y the inclusion into the mapping cylinder.

Let k be a set of representatives of isomorphism classes of triples (G,V, W) consisting of a
compact Lie group G, a faithful G-representation V # 0, and a G-representation W. Then the
set K is

K= |J {wevwDi:1>0}
(G, V,W)er

where ¢, . ,,,L5; denotes the pushout-product of the map of orthogonal spaces ¢y, ,.,,, and the
map of spaces i;.

The notation I, J and K for the sets of generating (acyclic) cofibrations of the positive global
model structure on Spc will be used throughout this document.

If we remove everywhere in the last remark the requirement that V' # 0 we obtain the generating
(acyclic) cofibrations for the global model structure.

We will later need to know that the sources of all generating (acyclic) cofibrations of the (positive)
global model structure are finite with respect to a class of maps bigger than the cofibrations.

The h-cofibrations of Spc are the maps that have the homotopy extension property.

8
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Lemma 1.3.4 (Small sources). In the positive global model structure on orthogonal spaces the
sources of all generating (acyclic) cofibrations are finite with respect to the class of maps that are
levelwise closed embeddings, and since h-cofibrations are levelwise closed embeddings, also with
respect to the class of h-cofibrations.

Proof. We first check that for any G compact Lie group, V a faithful G-representation and A
a compact space, the orthogonal space Lgy x A is finite with respect to morphisms which are
levelwise closed embeddings.

Colimits with the shape of a filtered poset and built out of closed embeddings of compactly gener-
ated weak Hausdorff spaces can be computed in the category of all topological spaces (see [Sch18,
Proposition A.14 (ii)]). Weak Hausdorff spaces are 11, so by [Hov07, Proposition 2.4.2] we have
that maps from compact spaces into the colimit of a A-sequence of closed embeddings (for A
a limit ordinal) factor through some stage 8 € A. Therefore compact spaces are finite in Top
relative closed embeddings. o

Taking G-fixed points commutes with filtered colimits along G-equivariant maps which are closed
embeddings (see [Sch18, Proposition B.11ii)|). Therefore by the semifreeness property of Lgy x A,
and since colimits in Spc are computed levelwise, we know that for each limit ordinal A and each
A-sequence {Xg}gey of levelwise closed embeddings, we have that

L A, colim X3) = Top(A., (colim X3)(V)%) = Top(A, colim(X5(V)%)) =
Spe(Lay x A, colim X) = Top(A, (colim Xg)(V)™) = Top(A, colim(Xs(V)™))

lim Top (A, (X5(V)%)) = coli L A X
Cgel}\nﬂ( (Xs(V)™)) Cgelgwpc( GV X 3)

So for a generating cofibration 7 € I, its source is of the form Lgy x D!, so it is finite relative
levelwise closed embeddings. Similarly the source of a generating acyclic cofibration j € J is
Ly x [0, l]l, so it is also finite relative levelwise closed embeddings.

For a generating acyclic cofibration k € K, fix a homeomorphism ¢: D' = (9D! x [0,1]) Uy Dix{1}
(D! x {1}). Then we have the following isomorphisms of orthogonal spaces, where the first one

is the source of k:
Layvew x D' ULevewxop! Mpg v X on'=  (3)
Layvew x ((0D" % [0,1]) Uppix 1y (D' x {1})) ULg vew xaD!x {0} La,v X oD

Loyvew x D' Uy, o xapt Lay x 0D (5)

I
—

=~
S~—

We first use the homeomorphism €, and then distribute the leftmost Lg v gw into the left pushout
and commute the two pushouts.

The orthogonal space is a finite colimit of objects that are finite relative the levelwise closed
embeddings. Therefore, using that in Set finite limits commute with limit-ordinal shaped colim-
its, we can see that the source of k is also finite.

h-cofibrations of orthogonal spaces are levelwise h-cofibrations of spaces, which are closed embed-
dings on the category of compactly generated weak Hausdorff spaces. Therefore h-cofibrations
are levelwise closed embeddings. O
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Chapter 2

(GG-orthogonal spaces

To study the homotopy theory of operads in Spc we have to consider objects O, in Spc which
have a right action by the symmetric group >,. Throughout the rest of this thesis let G be a
compact Lie group, and let G-Spc denote the category of Top-enriched G-objects in Spe, which
we call G-orthogonal spaces. o

To check that the conditions of Theorem hold on Spe for any operad, we will need to
construct three classes of morphisms in G-Spe, which we will refer to by G-global equivalences,
G-flat cofibrations, and G-h-cofibrations. We will need some facts about these classes, although
note that we will not prove that these form the cofibrations and weak equivalences of any model
structure.

2.1 (G-flat cofibrations

Let G be a compact Lie group. Consider the isomorphism of Top-enriched categories:

Fun(L x G, Top) = Fun(G, Fun(L, Top)) = G-Spc

We will construct a level model structure on this Top-enriched functor category using the results
of the appendix C of [Sch18|. In this section we will first give the mentioned model structure,
and then state the properties of G-flat cofibrations that will be relevant later, and prove them if

necessary.

We have that 2 = L x G is a skeletally small symmetric monoidal Top-enriched category. On
2 we have a dimension function |—| on the objects given by the dimension of the inner product
space of L. This function satisfies that if |V| < |[W| then 2(V,W) = 0 and if |V| = |[W]| then
V and W are isomorphic on . We fix an object of each dimension, R™ for each m > 0. Then
by [Sch18, Construction C.13] we obtain a skeleton filtration for each object of Fun(L x G, Top),
similar to the one for Spc. -

Let 9<,, C 2 be the full subcategory of inner product spaces of dimension less than or
equal to m. Let [, denote the left adjoint to the restriction functor for Spc. Similarly let
17: Fun(P<,,, Top) — Fun(Z,Top) denote the left adjoint to the restriction in the case of
G-orthogonal spaces. o

11



2.1. G-FLAT COFIBRATIONS

Lemma 2.1.1. For each Z: 9<,, — Top, Z?L(Z) 1s naturally isomorphic as a G-orthogonal space
to lm(Z) with the inherited G-action.

Proof. Colimits in Fun(Z, Top) can be computed in Top. For a functor Z: <, — Top and an
inner product space V, the G-orthogonal space I7(Z)(V) is given by the coequalizer

[T L®"V)xGxL®,R¥) xGxz2®)= [] LR,V)xG x Z(RY)

0<j<k<m 0<i<m

where the first arrow is given by (¢, g,%,¢’,2) — (¢ o, gg’, z) and the second one is given by
(0,9,0,9",2) = (0,9, Z(¥,9')(2)).

We have the following diagram, where each row and column is a coequalizer diagram. The
vertical columns are just the split coequalizer diagrams for X xo G =2 X for X a G-space. The
bottom row is precisely the coequalizer diagram that describes l,,(Z)(V).

&
[I LR, V) x LIRRY) x Gx Gx Z®R) T [ L(R,V)xGx G x Z(R) —2= 1,(2)(V) x G x
0<j<k<m oL " o<ism
e
lle o e
3?0 }}
II LM®R* V) x LR, R x G x Z(RI) ]_[ LR, V) x G x Z(RY) ——— 1.(2)(V)
0<j<k<m oL 0<i<m
) oo
oL ey
I LRNV) LB x Z(®) ——— 3 [ LE.V)xZ®&) —— L.(2)(V)
0<j<k<m oL 0<i<m

The 60L arrows are composition in L, the 88; arrows are multiplication in G, and the 9f and
(91G arrows are the action of either L or G respectively. The diagram commutes in the sense that
if we remove all the arrows labeled with 0; it commutes, the same holds for dy. The arrow e
inserts the unit of G in the second copy of G, so that 86; oe =1id and 81G oe=1id.

We are interested in checking that the diagonal diagram is also a coequalizer diagram. Given a
map
fo ] LR, V) xGx ZR) - X

0<i<m

such that f ody = f o J1, we have that
fodf=fodfodfoe=fodfodf ce=[odf
Thus
fodSodk=fodf odl=Ffodlodl =Ffodlod’ =fod"od}

and since 9} is surjective, there is an unique f’:  [[ L(R% V)x Z(R?) — X such that f'oa = f.
0<i<m

Then
flodfoa=foaodl=foacdl=fodloa

so f' o0k = f o OF and there is an unique f”: [,,(Z)(V) — X such that f” ob = f’. Therefore
the diagonal diagram is also a coequalizer diagram. O
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The m-skeleton of X a G-orthogonal space is then sk’ X =[Z(X<™). The mth latching object
of X is £Z(X) = sk? | X(R™). By the previous result, these are exactly the skeletons and
latching objects of X as a plain orthogonal space, with the induced G-action.

Definition 2.1.2 (G-flat cofibrations). A morphism f: X — Y of G-Spc is a G-flat cofibration
if the latching morphisms vy, f: X (R™) U, (x) Lm(Y) = Y(R™) are (O(m) x G)-cofibrations for
each m > 0.

We say that X € G-Spc is G-flat if x — X is a G-flat cofibration.

Next, as input to obtain the G-level model structure we fix the usual model structures for each
m > 0 on the categories of spaces with an action by Z(R™,R™) = O(m) x G. We need
to check the consistency condition of [Sch18, Definition C.22|. Let m,n > 0 and let i be an
O(m) x G-acyclic cofibration. Then we need to check that (L(R™,R™*") x G) Xo(m)xq i is a
weak equivalence in the model structure of (O(m + n) x G)-spaces.

Lemma 2.1.3 (Consistency condition). For each m,n > 0 and each acyclic cofibration i in
(O(m) x G)Top, the morphism (L(R™, R™*") x G) Xo(m)xq i is an O(m +n) x G-acyclic cofi-
bration.

Proof. The functor (L(R™,R™™") x G) Xomyxa — 18 a left adjoint to the functor given by
Map(L(R™, R™t") x G, —)Om+m)xG - Therefore we only need to check that it sends the gener-
ating acyclic cofibrations to acyclic cofibrations.

The generating acyclic cofibrations of (O(m) x G)Top are of the form ((O(m) x G)/H) x j;, for
a closed subgroup H < O(m) x G and [ > 0. Then the functor takes this generating acyclic
cofibration to ((L(R™,R™") x G)/H) X j.

Then we consider L(R™, R™*") x G as an (O(m+n)x G xO(m) x G)-space, where the component
O(m+n) x G acts on the left, and O(m) x G originally acts on the right so we precompose with
(—)~! to obtain a left action. L(R™, R™*") x G is homeomorphic to a Stiefel manifold, and the
action is smooth. Illman’s theorem [II83, p. 7.2] provides a (O(m +n) x G x O(m) x G)-CW-
structure, so L(R™, R™*") x G is cofibrant.

Then by [Sch18, B.14 (i)] and [Sch18, B.14 (iii)], (L(R™,R™*") x G)/H is (O(m + n) x G)-
cofibrant, and so ((L(R™,R™*") x G)/H) x j; is an acyclic (O(m + n) x G)-cofibration. O

Since the consistency condition is satisfied, we obtain a level model structure on G-Spe.

Theorem 2.1.4 (G-level model structure). There is a topological cofibrantly generated model
structure on the category G-Spc of orthogonal spaces with an action by the compact Lie group
G, which we call the G-level model structure. The cofibrations are the G-flat cofibrations. The
weak equivalences (respectively the fibrations) are those morphisms f such that for each m > 0
and each closed subgroup H < O(m) x G, the map f(R™)H is a weak homotopy equivalence
(respectively a Serre fibration).

Proof. Such a model structure with the G-flat cofibrations as cofibrations exists by [Sch18, Propo-
sition C.23 (i)|. It is cofibrantly generated by [Sch18, Proposition C.23 (iii)| because each of the
model structures on (O(m) x G)Top is cofibrantly generated.
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The functor G-Spc — (O(m) x G)Top given by evaluation at R™ has a left adjoint, which we
denote by Fj,, and it is given by A = (L(R™, —) x G) Xo(m)xc A. The generating cofibrations
obtained from [Sch18, Proposition C.23 (iii)| are those of the form F, (i) where i is a generating
cofibration of (O(m) x G)Top, which are of the form ((O(m) x G)/H) x i; for a closed subgroup
H < O(m) x G and [ > 0.

Therefore these generating cofibrations have the form ((L(R™,—) x G)/H) x 4; for a closed
subgroup H < O(m)xG and [ > 0. We denote by I this set of generating cofibrations. Similarly
the set of generating acyclic cofibrations of the G-level model structure is { ((L(R™, —) xG)/H) x
Ji:m,l>0,H<O(m)xG}.

Each G-orthogonal space of the form (L(R™, —) x G)/H is G-flat because Fy,,(((O(m) x G)/H) x
ip) is a generating cofibration. Then by [Sch18| Proposition B.5| with ¢ = { (L(R™, —-) xG)/H :
m>0,H < O(m) x G} and Z = ) we have that this model structure is topological. O

Corollary 2.1.4.1. The class of G-flat cofibrations is closed under coproducts, transfinite com-
position, cobase change and retracts.

Remark 2.1.5. In Spe the box product is constructed as a Day convolution product on Fun(L, Top).
On L x G however there is no clear analogous monoidal structure, so we cannot construct a Day
convolution product on Fun(L x G, Top). However the symmetric monoidal structure on Spc gives
a pointwise symmetric monoidal structure on Fun(G, Fun(L, Top)), the pointwise box product.
This symmetric monoidal structure is additionally closed because the box product on orthogonal
spaces is closed.

In this way we can also define the box product of a G-orthogonal space and a K-orthogonal
space as the (G x K)-orthogonal space given by the pointwise box product.

Lemma 2.1.6. For a continuous homomorphism between compact Lie groups a: K — G and a
G-flat cofibration f: X — Y, then «*(f) the restriction along o of f is a K-flat cofibration

Proof. By Lemma o (sky, (X)) and sk, (a*(X)) are naturally isomorphic as K-orthogonal
spaces. Therefore for the latching morphism v, (f) we have that vy, (a*(f)) = a*(vm(f)), and
by [Sch18, Proposition B.14 (i)| vy, (a*(f)) is an (O(m) x K)-cofibration. O

Remark 2.1.7. The G-orthogonal spaces 2(V,—)/H = (L(V,—) x G)/H, which we will denote
Ly yv.q, for an inner product space V' and a closed subgroup H < O(V') x G, are special. They
have a certain "freeness" condition, namely they are the representing objects for the functors
(=)(V)H given by evaluating at V and then taking H-fixed points of the (O(V) x G)-action.
We will sometimes refer to them as the semifree G-orthogonal spaces, since they have the same
property as the semifree orthogonal spaces Ly y .

Explicitly the natural isomorphism of the functors G-Spe(Ly v.c, —), (=) (V) : G-Spc — Top is
given by, in one direction f ~ f(V)([idy, e]). For the other direction, given a point yo € Y (V)
there is a morphism of G-orthogonal spaces f given by:

(L(V,W) xG)/H =Y (W)
[, 9] =Y (¥)(gy0)

14
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Analogously to the case of the semifree orthogonal spaces, the box product of a semifree G-
orthogonal space and a semifree K-orthogonal space has a nice structure, as a (G x K )-orthogonal
space it is isomorphic to a semifree (G x K)-orthogonal space. Note however that the box product
of two G-orthogonal spaces with the G-action given by restriction along the diagonal will not be
a semifree G-orthogonal space in general.

Proposition 2.1.8. For compact Lie groups G and K, inner product spaces V,V' and closed
subgroups H < O(V) x G and H' < O(V') x K we have that Ly v.¢ ® Ly vr.i is isomorphic as
a (G x K)-orthogonal space to Lyxm' vav: axK-

Proof. We will define inverse (G x K)-equivariant morphisms using on one hand the universal
property of the box product, and on the other hand the freeness of Ly’ vav.axk, just like
the case for G, K trivial of [Sch18, Example 1.3.3].

The universal bimorphism evaluated at V.V’ iy : (L(V,V) x G)/H x (L(V',V') x K)/H" —
(Lave XL yvi.g) (Ve V')is (O(V) x G x O(V') x K)-equivariant when considering the left
action. It is (O(V) x O(V’))-equivariant because i is a bimorphism of orthogonal spaces, and
(G x K)-equivariant because we set the box product of G-orthogonal spaces as the pointwise
box product. Then since the point [idy,eq] X [idy/, ek] is fixed by H x H' it gives a point on
(LH,V;G&LH@V/;K)(VEBV’)HXH,, and by freeness we obtain a morphism o: Lyx g vovi.axkx —
Lay,e ™ Ly yk-

The inverse is obtained from the bimorphism given by, for each W, W' inner product spaces:

(L(V,W)x G)/H x (L(V',W) x K)/H = (L(VaeV WaeW)xGxK)/(HxH)
[, 9] x [, k] = [ @9, g, K]

These (O(W) x G x O(W') x K)-equivariant maps induce a morphism of (G x K)-orthogonal
spaces B: Lgyv.c WLy vk = Luxa vev:oxk-

For each W and W, if we precompose o o (W & W') with iy, we obtain a map that

sends [, g] x [¢/, k] to (L v.c W Ly vr.i) (W &) (9, k)iww ([idv, eq] x [idy, ek])), which is
just iy ([¢, g] % [¢', k]) since i w is (G x K)-equivariant and ¢ is a bimorphism. Therefore
ao (W @ W')oiww =iww and so ao [ is the identity.

B o« is a morphism out of a semifree (G x K)-orthogonal space, associated to the point (o
a(Vae V) (lidvev,eaxk]) in Luxu vaviexx(V & V’)HXH/. Then we have:
Boa(Ve V) (lidvey, eaxk]) =
BV eV ) ((Luv,e W Ly v k) (idvev)(eaxxivy ([idv, eg]  [idy, ek]))) =
,B(V b V’)(ivy/([idv, eg] X [Z'dvl, 6[(])) = [idv @ idyr, eq X BK] = [idv@vl, eGXK]
The penultimate equality is due to 3oy being precisely the bimorphism used to construct j.

Then o (W) sends [¢, (¢9,k)] € (L(V @& V', W) x G x K)/(H x H') to
LHXH’,VGBV’;GXG(w)((ga k)[idv@vl, eGXK]) = [1/), (g, k)] and therefore ﬁ o« is the identity. O

Proposition 2.1.9. The pushout product of a G-flat cofibration and a K-flat cofibration is a
(G x K)-flat cofibration.
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Proof. Given a generating G-flat cofibration f = Ly rm.q x4 and a generating K-flat cofibration
g = Ly grn.x X i, then their pushout product is by Proposition (G x K)-isomorphic
to Ly pr gmin.cgxx X (40ig). Additionally 4;00i;, is homeomorphic to 4,1y, and so fOg is a
generating (G x K)-flat cofibration.

Therefore since the box product of orthogonal spaces is closed, [Hov07, Lemma 4.2.4] implies that
the pushout product of a G-flat cofibration and a K-flat cofibration is a GG x K-flat cofibration. [

Corollary 2.1.9.1. The pushout product of two G-flat cofibrations is a G-flat cofibration.

Proof. By the previous proposition, it is a (G x G)-flat cofibration, and by Lemma itis a
G-flat cofibration. ]

Corollary 2.1.9.2. The pushout product with respect to x of a G-flat cofibration and a G-
cofibration of G-spaces is a G-flat cofibration.

Proof. Let f = G/H x iy be a generating G-cofibration, then as a morphism of constant or-
thogonal spaces it is a generating G-flat cofibration with V' = 0. Therefore a G-cofibration of
G-spaces is a G-flat cofibration, and by the previous corollary we have this corollary. O

Since the category G-Spe is tensored with Top, we can define a homotopy of morphisms of G-
orthogonal spaces f and g to be a morphism H: X x [0,1] — Y in G-Spc such that H(—,0) = f
and H(—,1) = g. Thus we can also define what a G-homotopy equivalence of orthogonal spaces
is.

We can also consider the class of h-cofibrations, the morphisms which have the homotopy exten-
sion property. The map f: X — Y has the homotopy extension property if and only if there is a
retraction in G-Spe for the induced morphism X x [0,1]Ux Y — Y x [0, 1]. In G-Spc all objects
are fibrant so by [Sch18| Corollary A.30 (iii)] each G-flat cofibration is an h-cofibration of G-Spc.
We will refer to the h-cofibrations in G-Spc as G-h-cofibrations.

Remark 2.1.10. On G-Spc the G-h-cofibrations can be equivalently defined as those morphisms
that have the left lifting property with respect to evg: X1 — X for all X € G-Spe. This
implies that the class of G-h-cofibrations is closed under coproducts, transfinite composition,
cobase change and retracts.

Lemma 2.1.11. Let G be a compact Lie group and H < G a closed normal subgroup. For
a G-flat cofibration (respectively a G-h-cofibration) of orthogonal spaces f: X — Y, the mor-
phism f/H: X/H — Y/H is a (G/H)-flat cofibration (respectively a (G/H)-h-cofibration) of

orthogonal spaces.

Proof. sk™(X) is a left Kan extension along L., C L of X <" s0 it preserves colimits and since
X=m/H = (X/H)=™, we have that sk,,, X/H = sk,,(X/H) are naturally and G/ H-equivariantly
isomorphic.

Then under this isomorphism the latching map of f/H corresponds to taking H orbits of the
latching map of f, and since the latter is an (O(m) x G)-cofibration, the latching map of f/H
is an (O(m) x G/H)-cofibration by [Sch18, Proposition B.14 (iii)], and so f/H is a (G/H)-flat
cofibration.
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Suppose that we have a retraction in G-Spe r: Y x [0,1] - X x [0,1]Ux Y. Then r/H is a
retraction Y/H x [0,1] — X/H x [0,1] Ux,y Y/H, and so f/H is an G /H-h-cofibration. O

2.2 (G-global equivalences

Given two compact Lie groups G and K, a space X with a (K x G)-action, a closed subgroup
L < K, and a continuous homomorphism ¢: L — G, we denote by X¢ the space of points of X
fixed by the graph subgroup ¢ = { (k,¢(k)) : k € L'} < K x G. We will also refer to the L action
on X obtained by restricting the (K x G)-action through (L < K, ¢) as the twisted L-action.

We denote the set of graph subgroups of K x G, for continuous homomorphisms ¢: L — G
with L < K a closed subgroup, by .#(K,G). These graph subgroups are precisely the closed
subgroups I' < K x G such that I' N {ex } x G = {exxa}-

Definition 2.2.1 (G-global equivalence). For a compact Lie group G, a morphism f of G-Spc is
a G-global equivalence if for each compact lie groupK, continuous homomorphism ¢: K — G,
orthogonal K-representation V' and [ > 0, the following holds: For any lifting problem

oD! —%— X (V)¢

j Jrme

Dl y(vye

there is a K-equivariant linear isometric embedding v: V' — W into a K-representation W such
that there is a morphism A: D' — X (W)? which solves the lifting problem (X (1))?oa, Y (1)?0f3).
This explicitly means that in the diagram

[
oD 2y X(V)? % X (W)
j A lf(W)d’
7 é
D= Y (V)Y YOy (wye

the upper left triangle commutes, and the lower right triangle commutes up to homotopy relative

to OD.

The previous definition is the most concrete one (Note the similarity to the definition of global
equivalence Definition . However, morally the definition of a G-global equivalence, just
as in the case of global equivalences, is meant to capture that for each compact lie group K,
the map induced between the homotopy colimits over all K-representations is an .% (K, G)-weak
homotopy equivalence. The following lemma analogous to [Sch18| Proposition 1.1.7] makes this
explicit.

For a compact Lie group K, we say that a nested sequence of K-representations
VocVic---CV,C...
is exhaustive if each K-representation isometrically embeds into some V,.

17
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Lemma 2.2.2. A morphism f: X — Y in G-Spc is a G-global equivalence if and only if for
each compact Lie group K and each exhaustive sequence of K -representations {V;}ien, the map
induced on the mapping telescopes of the sequences of (K x G)-spaces and (K x G)-equivariant
maps X (Vi) and Y (V;)

teli f(‘/z) : teli X(V;) — teli Y(‘/z)

is an F (K, G)-weak homotopy equivalence of K X G-spaces.

Proof. First we assume that for each compact Lie group K and each exhaustive sequence of
orthogonal K-representations, the map induced on the mapping telescopes is an .7 (K, G)-weak
homotopy equivalence of (K x G)-spaces. Any compact Lie group K has an exhaustive sequence
of representations {V; };en, so for any K-representation V', continuous homomorphism ¢: K — G
and lifting problem (a, ), since {V;}ien is exhaustive, we can embed V' into some V;,, and so we
assume that V =1V,,.

Denote by cx  the (K x G)-equivariant canonical map X (V;,) — tel; X(V;). Also let teljg ,,) X (V;)
denote the truncated mapping telescope, mx, the (K x G)-equivariant canonical projection
teljp,n) X (Vi) — X(V3,), and by abuse of notation let cx ,, also denote the canonical map X (V;,) —
teljg ) X (Vi). For n < m, let cxpm denote the inclusion of truncated mapping telescopes
teljpn) X (Vi) = teljg ) X (Vi), and cx 00 the inclusion tely ) X (Vi) — tel; X (V;).

Taking fixed points commutes with the construction of the mapping telescopes, so (tel; X (V;))? =2
tel; X (V;)?. Since tel; f(V;)? is a weak homotopy equivalence, by [May99, 9.6 Lemma] there is a

solution A to the lifting problem (cﬁ’( , 00, c‘;}n o f3).

c®
OD! —% X(V,)? —2 tel; X (V;)?

-y
ln AT lteliﬂviw

D! T> Y(Va)? —— tel; Y(Vi)?

Y,n

Both A and the relative homotopy H that witnesses that c?ﬁn o and tel; f(V;)® o A are ho-
motopic have compact domains, and since the mapping telescopes are colimits along the closed
inclusions c?(n m» both A and H factor through some stage m > n with ¢: V;, — V;,,, X' D! —

telpy ) X (V;)? and H': D! x [0,1] — teljg ,y Y (V;)?. Then 7%, oX and 7%, o H' give a solution
to the lifting problem (X (1)? o o, X (¢0)? 0 8), so that f is a G-global equivalence.

Now assume that f is a G-global equivalence. Fix a compact Lie group K, a closed subgroup
L < K, a continuous homomorphism ¢: L — G, and a exhaustive sequence of K-representations
{Vi}ien. We have to check that tel; f(V;)? is a weak homotopy equivalence.

For a lifting problem (a, 3) for tel; f(V;)?, since 9D' and D' are compact, a and 3 factor through
some stage n, as o’ : 9D' — teljg ) X(V;)? and ' D' — tely ,,) Y (V5)?.

For each n, there is a homotopy from the identity on teljg ,,; X (Vi) to ex nomx n, which is (K x G)-
equivariant and natural on X. By [Sch18, Lemma 1.1.5] this means that there is a solution of the
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2.2. G-GLOBAL EQUIVALENCES

lifting problem (¢, 8’) if there is a solution to the lifting problem (c?{ e ﬂ_‘f} Lo, c‘;}n o ﬂ@n of).
o 71-?2 n C?( m
D" —— telg o X (V)¢ — X (V)¢ — telp,,) X (Vi)?

lil ltel[(),n] f(Vi)? if(Vm)"’ ltel[o,n] fF(vi)®

D! — telpn) Y (Vi) —— Y (Vo)? —— telp ) Y (V;)?
Y,n cY,m

This lifting problem, after evaluating at some larger m > n with embedding ¥ : V,, — V,;,, has as

solution c_‘;n o\, where ) is a solution to the lifting problem (X ()% o W}?n oo, Y (1))%0 ﬂgﬁ,n of").

This A exists because f is a G-global equivalence and the sequence of underlying L-representations

{Vi}ien is an exhaustive sequence of L-representations by [BD85| III Theorem 4.5].

Explicitly, c?( ,0A is a solution of the lifting problem (c?( noX(z/;)%ﬂ?( L0, c?ﬁnoY(w)‘z’oﬂinoﬁ’),

: @ ® _ (RS : @ ¢ é 19
and since Ty, ocy . = X(¢)? o7y, it is also a solution of (¢ ,omy  ock ,  od’ cy, o

7r$ m © c‘;} m ©0'), and so by the previously mentioned homotopy, (cd’ o/, op ) has a

X,n,m Y,n,m
solution \.
Note that we didn’t obtain a solution to (/, '), but since C?(,m,oo o c}’;mm = C?(,n,ow the map
c?(’m’oo o X' is a solution of the original lifting problem («, 3) = (Cgb(,m,oo ) c?(m’m o o/,c‘;},m,oo )
S 0 B). O

An orthogonal space X is said to be closed if for each linear isometric embedding ) we have that
X () is a closed embedding. For closed orthogonal spaces, there is a simpler characterization
of G-global equivalences. For each compact Lie group K we fix a complete K universe Uy, and
denote by s(Ux) the poset of finite dimensional subrepresentations of Uy .

For each G-orthogonal space X we can consider the (K x G)-space X (Ux) = colimy ¢,q,0) X (V).
We will usually refer to this as the underlying (K x G)-space of the G-orthogonal space X. Then
we have the analogue of [Sch18, Proposition 1.1.17] for G-orthogonal spaces:

Lemma 2.2.3. A morphism f: X =Y in G-Spc between closed orthogonal spaces is a G-global
equivalence if and only if for each K compact Lie group the map induced on underlying (K x G)-
spaces

fUr): X(Ux) = Y (Uk)
is an F (K, G)-weak homotopy equivalence of (K x G)-spaces.

Proof. The colimit colimy ¢y,) X (V') can be written as a sequential colimit colim;eny X (V;) for
a nested sequence of finite dimensional subrepresentations {V;};en of U which cover all of Uk .
This is a colimit of (K x G)-spaces along closed embeddings because X and Y are closed.

Then for each ¢ € Z(K,G) taking ¢-fixed points commutes with this colimit along closed
embeddings.

Since additionally D! and D' are compact, a lifting problem for (colim;ey f(V;))? factors
through some stage n of the sequential colimit. Then it can be seen that if f is a G-global
equivalence the map (colimey f(V;))? is a weak homotopy equivalence. We are using that if
L < K is a closed subgroup, the underlying L-representation of Uy is a complete L-universe.
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If f(Ux)? is a weak homotopy equivalence for each such K and ¢, then any K representation
V embeds into some V; by 1: V — V; and therefore for any lifting problem for f(V;)? there is
some j > ¢ and a solution for the associated lifting problem on f (V})¢, and so f is a G-global
equivalence. O

Now we proceed with a technical lemma which we will use to prove two propositions that deal
with what happens to G-global equivalences when taking orbits or inducing from a subgroup.
The nice thing is that for finite groups no cofibrancy is required anywhere, although freeness of
the G-action on both source and target is required in the orbits case.

Lemma 2.2.4. Let H be a finite group and K and G compact Lie groups. Assume that we have
equivariant maps of (K x G x H)-spaces f: X — Y and g: Y — Z such that Z is Hausdorff
and H-free. Then we have that f/H: X/H — Y/H is an Z# (K, G)-weak homotopy equivalence
if and only if f is an F(K,G x H)-weak homotopy equivalence.

Proof. First note that since Z is H-free, so are X and Y. For any closed subgroup L < K and
continuous homomorphism ¢: L — G, [Sch18, Proposition B.17| gives a natural homeomorphism
for X, Y and Z:

[T xv/cw) - (x/H)?
(9]

The disjoint union on the left is indexed by the conjugacy classes of continuous homomorphisms
Y:I'(¢p) — H. C(3) denotes the centralizer of the image of ¢ on H. Here we write I'(¢) for the
graph subgroup of ¢ for clarity.

Fix an homomorphism ¢: L — G. An homomorphism ¢ : I'(¢) — H, as a subgroup of K xG x H,
has elements (k, ¢(k),¥(k,¢(k)) for k € L, so ¢ € .Z(K,G x H). In the other direction, for
a1 e F(K,Gx H), let ¢ be the homomorphism 7 o ¢: L — G where ng: G x H — G
is the projection. Then I'(¢)) is a graph subgroup of I'(¢) x H, so that ¢ can be seen as a
homomorphism I'(¢) — H.

We know that a disjoint union of maps is a weak homotopy equivalence if and only each of
the maps is a weak homotopy equivalence. Therefore we have that f/H is an % (K, G)-weak
homotopy equivalence if and only if for each v € .#(K,G x H) the map f¥/C(¢) is a weak
homotopy equivalence.

For each ¢ € .Z(K,G x H), the centralizer of the image of ¥, C(¢) < H, is finite and Z¥ is
C(¢))-free and a closed subspace of Z so Hausdorff. Therefore the C(v))-action on Z¥ is properly
discontinuous, and since f¥ and g% are C(¢)-equivariant, the C(1))-actions on X¥ and YV are
also properly discontinuous.

This means that X¥ — X¥/C(¢)) and Y¥ — Y¥/C (1)) are covering maps, and since f¥ is C(¢))-
equivariant, it induces a map of coverings. Then we consider the long exact sequence of homotopy
groups for these covering maps. We have that f¥/C(¢) is a weak homotopy equivalence if and
only if f¥ is a weak homotopy equivalence, which can be seen by using the five lemma and
checking explicitly on my and 7.

Thus we finally obtain that f/H is an .# (K, G)-weak homotopy equivalence if and only if f is
an .7 (K, G x H)-weak homotopy equivalence. O
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This next proposition is similar to [SS12, Lemma 8.1].

Proposition 2.2.5. Let H be a finite group and G a compact Lie group. Consider two (G x H)-
equivariant morphisms of orthogonal spaces f: X =Y and g: Y — Z, where for Z we know that
for each inner product space V' the space Z(V') is Hausdorff and H-free. Then f/H: X/H —
Y/H is a G-global equivalence if and only if f is a (G x H)-global equivalence.

Proof. By Lemma f/H: X/H — Y/H is a G-global equivalence if and only if for each
compact Lie group K and exhaustive sequence of K-representations {V;};en the map

tel; f/H(V:): tel; X/H(V;) - tel; Y/H(V,)

is an .Z (K, G)-weak homotopy equivalence.

Taking H-orbits commutes with colimits and — x [0, 1], so it commutes with taking mapping
telescopes, therefore tel; f/H(V;) = tel; f(V;)/H. Now f and g induce (K x G x H)-equivariant
maps on mapping telescopes:

tels X (V) 'S el v (v) LN e, Z (Vi)

Since each Z(V') is Hausdorff and H-free, so is tel; Z(V;). Additionally by Lemma fisa
(G x H)-global equivalence if and only if tel; f(V;) is an .# (K, G x H)-weak homotopy equivalence
for each K and {V;};en. By Lemma[2.2.4]tel; f(V;)/H is an .7 (K, G)-weak homotopy equivalence
if and only if tel; f(V;) is an .# (K, Gx H )-weak homotopy equivalence, which yields the result. [

Proposition 2.2.6. Given a compact Lie group G, a finite subgroup H < G, and an H-global
equivalence f: X — Y, we have that the morphism G xg f is a G-global equivalence.

Proof. We first need to check that G x f is a (G x H)-global equivalence, for the action where
G acts on the left on the G factor, and H acts both on the right on the G factor and on the left
on the f factor.

Consider a compact Lie group K and a exhaustive sequence of K-representations {V;};en. G X —
commutes with colimits and — x [0, 1], so it commutes with taking mapping telescopes, therefore
it suffices to check that G x tel; f(V;) is an .# (K, G x H)-weak homotopy equivalence.

For any continuous homomorphism ¢: K — G x H, the image of the graph subgroup under the
projection mgxg: K x G x H — K x H is the graph subgroup of g o ¢, for my the projection
G x H — H. Therefore (tel; f(V;))? = (tel; £(V;))™#°?, and the latter is a weak homotopy
equivalence since tel; f(V;) is an .# (K, H)-weak homotopy equivalence. Then (G x tel; f(V;))? =
G? x tel; f(V;)? is also a weak homotopy equivalence.

Lastly, the projection G XY — G is a (G x H)-equivariant map, where again G acts on G on the
left and H acts on the right. With this action G is H-free and Hausdorff, so by Proposition [2.2.5]
G xp f is a G-global equivalence. O
We now check some general properties about G-global equivalences.

Lemma 2.2.7. For compact Lie groups G, H, and a continuous homomorphism ¢: H — G, we

have the following properties:
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i) (2-out-of-6) For three composable morphisms of G-orthogonal spaces f: X =Y, qg: Y — Z

and h: Z — W, such that g o f and h o g are G-global equivalences, we have that f,g,h
and hogo f are G-global equivalences.

it) If f: X — Y is a G-global equivalence and g is homotopic to f through G-equivariant

morphisms of orthogonal spaces, then g is a G-global equivalence.

ii1) For a G-orthogonal space X, and an H-global equivalence f:Y — Z, the morphism X x f

is a (G x H)-global equivalence.

iv) For a G-global equivalence f: X — Y and an H-global equivalence f': X' — Y', the

morphism f x [’ is a (G x K)-global equivalence.

v) For a G-global equivalence f: X —'Y the restriction ¢*f is a K-global equivalence.

Proof. i) For each compact Lie group K and exhaustive sequence of K-representations {V; }ien

ii)

iii)

we have that by Lemma teli(g o f)(Vi) = tel; g(Vi) o tel; f(V;) and tel;(h o g)(V;) =
tel; h(V;) o tel; g(V;) are .Z (K, G)-weak homotopy equivalences, and since the class of
F (K, G)-weak homotopy equivalences satisfies the 2-out-of-6 property, tel; f(V;), tel; g(V;),
tel; h(V;) and tel;(h o g o f)(V;) are also .7 (K, G)-weak homotopy equivalences and so by
Lemma, again f,g,h and ho go f are G-global equivalences.

If H: X x [0,1] — Y is a homotopy through G-equivariant morphisms of orthogonal
spaces it induces a homotopy through (K x G)-equivariant maps on mapping telescopes
for each compact Lie group K and each exhaustive sequence of representations. Then
by Lemma and because a map (K x G)-homotopic to an # (K, G)-weak homotopy
equivalence is an # (K, G)-weak homotopy equivalence, we see that g is also a G-global
equivalence.

Consider any compact Lie group K and continuous homomorphism ¢: K — G x H, an
orthogonal K-representation V, and a lifting problem a: dD' — ((X x Y)(V))? and
B: D' = (X x Z)(V))?. Since (X x Y)(V) = X (V) x Y/(V), if we consider the trivial H-
action on X (V) and the trivial G-action on Y (V) and Z(V'), we have that (X x Y)(V)? =
X(V)? x Y(V)?, and similarly (X x Z)(V)? = X(V)? x Z(V)?.

We have that o = (a1, a9) and 8 = (B1, f2), and since f is an H-global equivalence there
is a K-equivariant linear isometric embedding n: V' — W and A a solution to the lifting
problem asz, 2. That is Y (1)? o as = Ao i; and f(W)? o A is homotopic relative D! to
Z(W)? o 3. Then on the original lifting problem, after postcomposing by 7, we have a
solution (X (n)? o 1, ), and so X x f is a (G x H)-global equivalence.

iv) fx ff= (Y x f)o(f x X') and each of these is a (G x H)-global equivalence by the

22

v)

previous point.

Given any compact Lie group K and continuous homomorphism ¢: K — H, an orthogonal
K-representation V, and a lifting problem a:: D! — (1*X (V))? and 3: D! — (¢*Y(V))?,
we have that (*X (V))? = X(V)¥°?, and the same thing is true for Y. Then since f is
a G-global equivalence the lifting problem has a solution after possibly embedding V in
some bigger K-representation W. 0l
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We now turn to the box product of orthogonal spaces, to check that it works well with G-global
equivalences. Specifically that it is fully homotopical with no cofibrancy assumptions required,
just like with respect to the global equivalences.

Lemma 2.2.8. Given F': L — L a continuous endofunctor, a natural transformationn: Id = F,
and a G-orthogonal space X, then the morphism X on: X — X o F' is a G-global equivalence.

Proof. We will use the fact that for each compact Lie group K and each K-representation V'
the two embeddings F(nv),npvy: F(V) — F(F(V)) are homotopic relative to ny: V' — F(V)
through K-equivariant linear isometric embeddings. This is proven in the proof of the equivalent
result where X is just an orthogonal space on [Sch18, Theorem 1.1.10].

Then given a compact Lie group K, an K-representation V', a continuous homomorphism ¢: K —
G and a lifting problem (a, 3) like in the following diagram, we can see that the linear isometric
embedding 7,, and the map [ provide a solution, since first the upper left triangle commutes by

construction.

oD —* 5 X(V)K Xw)®, X(F(V)X

l“ | /

D' ( ) Fary EEV))E

X(np))¥

For the lower right triangle, F'(ny) and 1p() are homotopic through K-equivariant linear iso-
metric embeddings, therefore X (F'(ny)) and X (ng(y) are homotopic through K-equivariant
maps when considered with the twisted K-action, and X (F(ny))¥ and X (nF(V))K are homo-

topic. Since the original homotopy was relative to ny, and foi = X (nv)K o «, the obtained
homotopy between X (F(ny)) o 8 and X (ng)¥ o 8 is relative 4. Thus X (1) is a G-global
equivalence. O

Given a G-orthogonal space X and a K-orthogonal space Y, we can construct a bimorphism
(X,Y) = X xY via:

X(Ll)XY(Lg)

X (V) x Y/(W) X(VeW)xY(VaW)=(XxY)VaWw)

This bimorphism yields a morphism of orthogonal spaces:

,OX,y:XgY*)XXY

[Sch18| Theorem 1.3.2 (i)] states that this is a global equivalence of underlying orthogonal spaces.
We will now rewrite that proof to check that it is additionally a (G x K)-global equivalence.

Proposition 2.2.9. Given a G-orthogonal space X and a K-orthogonal space Y, the morphism
of orthogonal spaces pxy is a (G x K)-global equivalence.

Proof. Consider the endofunctor sh: L. — L that sends V to V & V. We have two natural
transformations ¢1, to: Id = sh given by the embeddings into the first and second factor respec-

tively. We also denote by sh the functor of orthogonal spaces given by precomposing with sh,
sh(X) = X osh.

23



2.3. INTERPLAY OF G-GLOBAL EQUIVALENCES WITH G-H-COFIBRATIONS

The universal bimorphism ¢ that exhibits X XY as the box product of X and Y gives a morphism
of orthogonal spaces A\: X xY — sh(XXY') through the maps iyy: X(V)xY (V) = (XKY)(V®
V) = (sh(XXY))(V). In the following diagram we will check that Ao pxy and sh(pxy)o A are
(G x K)-global equivalences and then use the 2-out-of-6 property i) to obtain that pxy is
a (G x K)-global equivalence.

PX,)Y (PX y)

XY 225 X xy 25 sh(X ®Y) 225 sh(X x V)

We have that sh(pxy) o A evaluated at V is the same as the bimorphism associated to pxy
on level V|V, by the constructions of A and pxy. That is X (¢1)(V) x Y (12)(V), where each is
respectively a G-global equivalence or a K-global equivalence by Lemma [2:2.8 and then their
product is a (G x K)-global equivalence by Lemma iv).

Next we use that Ao px y is homotopic through (G x K)-equivariant morphisms to (X XY)(¢1).
The homotopy given in the proof of [Sch18, Theorem 1.3.2 (i)] is through (G x K)-equivariant
morphisms, and (X KY')(:1) is a (G x K)-global equivalence by Lemma so by Lemma[2.2.7]
ii) Ao pxy is a (G x K)-global equivalence. O

Corollary 2.2.9.1. For a G-global equivalence f: X —Y and a K-global equivalence f': X' —
Y, the morphism f X f" is a (G x K)-global equivalence. If K = G then fX f' is a G-global
equivalence. Therefore for any X € G-Spe, the functor X X — preserves G-global equivalences.

Proof. pyyro (f® f") = (f x f') o px x/, and pyy+ and px x’ are (G x K)-global equivalences
by Proposition and f x f’ is one by Lemma iv).

If K = G by restricting along the diagonal homomorphism A: G — G x G and using Lemma
v) we have that f K f’ is a G-global equivalence and X X — preserves G-global equivalences. [J

2.3 Interplay of GG-global equivalences with G-h-cofibrations

We will refer to the following result as the gluing lemma for G-global equivalences.

Lemma 2.3.1 (Gluing lemma). For a compact Lie group G, and a commutative diagram of
G-orthogonal spaces

I x_9.,7
| (I
fl XI g/ Z/

where o, B, v are G-global equivalences, and f and f' are G-h-cofibrations, then the morphism
induced on the pushouts Y Ux Z — Y' Ux: Z' is a G-global equivalence.

Proof. Consider a compact Lie group K and an exhaustive sequence of K-representations {V; };en.
We have the following diagram of equivariant morphisms of K x G-spaces:

tel; f(Vi) tel; g(V;)

tel; Y (Vi) Y bl x (i) 0 el Z(v)
tel; B(V2) tel; (Vi) ltewvi)
tel; Y/ (V) e e, x0 (v ML S e, 21 ()
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Here by Lemma tel; a(V;), tel; B(V;) and tel; v(V;) are .7 (K, G)-weak homotopy equiva-
lences, and the formation of mapping telescopes commutes with pushouts, retracts and — x [0, 1],
so tel; f(V;) and tel; f'(V;) are h-cofibrations of (K x G)-spaces. Therefore by the Gluing lemma
for .7 (K, G)-weak homotopy equivalences (see for example |[Sch18, Proposition B.6]) the in-
duced map on the pushouts of the mapping telescopes is also an % (K, G)-weak homotopy
equivalence. Since again taking mapping telescopes commutes with pushouts, this means that
Y Ux Z —Y'Ux Z' is a G-global equivalence. O

Corollary 2.3.1.1. For a compact Lie group G, and a pushout diagram of G-orthogonal spaces

x .y

b

x Ly
where f is a G-global equivalence and either [ or g is a G-h-cofibration, then [’ is a G-global
equivalence.

Proof. Apply the previous proposition to the diagram:

X —Xx %, X

N

vyl x_ 9., x

O

With this last corollary we can check that with the G-h-cofibrations and the G-global equiva-
lences, G-Spc forms a cofibration category.

Proposition 2.3.2. G-Spc, together with the G-h-cofibrations and the G-global equivalences,
forms a cofibration category, also called a category of cofibrant objects.

Proof. We check the axioms as listed on [Sch13|. By the characterization of G-h-cofibrations of
Remark they include the isomorphisms, are closed under composition and cobase change,
and any morphism from the initial object is one. Then the rest of (C1) is straightforward. For
(C2), we checked that G-global equivalences satisfy the 2-out-of-3 property on Lemma i).
For (C3), G-Spc is cocomplete and we just checked on Corollarythat G-global equivalences

are preserved by cobase changes of G-h-cofibrations.

Lastly, we can use the G-level model structure on G-Spe of Theorem [2.1.4] to factor any morphism
into a G-flat cofibration (which is therefore a G-h-cofibration) and a morphism f such that
for each m > 0 and closed subgroup H < O(m) x G the map f(R™)# is a weak homotopy
equivalence.

For any compact Lie group K and any K-representation V there is a linear isometry ¢: V" — R™.
Then for any graph subgroup ¢ < K x G, conjugation by v induces a continuous homomorphism
a: K — O(m), and we also have an induced natural (on the orthogonal space) homeomorphism
X(V)? = X(R™)(@xG)®) Then we obtain that any lifting problem for f has a solution after
applying ¢, and so f is a G-global equivalence. O
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Note that the G-flat cofibrations and the G-global equivalences do not make G-Spc a cofibration
category, since not every G-orthogonal space is G-flat. If we restrict to the full subcategory of
G-flat orthogonal spaces however we do obtain a cofibration category by the same argument as
before.

Corollary 2.3.2.1. For morphisms of G-orthogonal spaces f: X1 — Y1 and g: Xo — Yo such
that f is a G-global equivalence and a G-h-cofibration, their pushout product fUg is a G-global
equivalence.

Stmilarly, if f: X1 — Y1 is a morphism of G-orthogonal spaces and g: Xo — Yo is a map of G-
spaces, and either f is a G-global equivalence and a G-h-cofibration, or g is a G-weak homotopy
equivalence and a G-h-cofibration, their pushout product flg is a G-global equivalence.

Proof. By Lemma iii) we have that fX X5 and fXY5 are G-global equivalences. Since fX.X5
is also a G-h-cofibration, by Corollary [2.3.1.1| the morphism « is also a G-global equivalence, so
by the 2-out-of-3 property so is fUg.

X, KX, 2 ¥ KY,

fIZlXQl . \La FRYs
ViRX, — P

“~._ fOg

~
~

A
Y1 XY,
Y1Xg

The same is true if g is a map of G-spaces, since the product of an orthogonal space with a
space is the same as the box product with the associated constant orthogonal space, and a G-
weak homotopy equivalence between constant orthogonal spaces is a G-global equivalence, and
similarly a G-h-cofibration of spaces is a G-h-cofibration between constant orthogonal spaces. [J

Proposition 2.3.3. For a compact Lie group G, and A a limit ordinal, consider two \-sequences
in G-Spe, which are colimit preserving functors X: A — G-Spc and Y : A — G-Spc, and a natural
transformation f between them. Then if for each B € X\ the morphisms gg: Xg — X1 and
hg: Yg — Y1 are G-h-cofibrations and the morphism fg: Xg — Y3 is a G-global equivalence,
the morphism induced on the colimits colimgey fg: colimgey Xg — colimgey Y is a G-global
equivalence.

Proof. By Lemma [2:2.2it is enough to check that for each compact Lie group K and exhaustive
sequence of K-representations {V;};cs the map tel;(colimgey f5)(V;) is an F (K, G)-weak homo-
topy equivalence. The construction of the mapping telescopes commutes with taking colimits,
so this map is isomorphic to colimgey (tel; f53(V;)).

For each 8 € X the map tel; fg(V;) is an .Z (K, G)-weak equivalence, and the maps tel; gg(V;) and
tel; hg(V;) are h-cofibrations of K x G-spaces, and so in particular h-cofibrations of underlying
compactly generated weak Hausdorff spaces, and therefore closed embeddings.

For each ¢ € % (K,G) taking ¢-fixed points commutes with filtered colimits along closed em-
beddings. Colimits with the shape of a filtered poset and built out of closed embeddings of
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compactly generated weak Hausdorff spaces can be computed in the category of all topological
spaces (see |Sch18, Proposition A.14 (ii)]). Weak Hausdorff spaces are T3, so by [Hov07, Propo-
sition 2.4.2] we have that maps from compact spaces (9D’ and D' in this case) into the colimit
of a A-sequence of closed embeddings (for A a limit ordinal) factor through some stage 8 € A.
Therefore compact spaces are finite in Top relative closed embeddings.

This implies that, for the A-sequences given by (tel; g5(Vi))? and (tel; h(V;))?, which consist of
closed embeddings, and the natural transformation between them given by the maps (tel; f5(V;))?
which are weak homotopy equivalences, the map induced on the colimits colimge, (tel; f5(V;))? =
(colimgen (tel; f5(V;)))? is a weak homotopy equivalence. Therefore tel;(colimgey f3)(V;) is an
F (K, G)-weak homotopy equivalence. O]

Corollary 2.3.3.1. A transfinite composition of morphisms in G-Spe that are G-h-cofibrations
and G-global equivalences is a G-global equivalence.

Proof. We check this via transfinite induction on the ordinal A. Let Y: A\ — G-Spc be a A-
sequence such that for each 8 € A the morphism hg: Yg — Yziq is a G-h-cofibration and a
G-global equivalence. The base case and the case where A is a successor ordinal hold because
composition of two G-global equivalences is a G-global equivalence.

If A\ is a limit ordinal, set X : A — G-Spc as the constant functor Xg = Y. Define a natural trans-
formation f: X = Y by letting fg be the morphism Yy — Y. This is the transfinite composition
of Y restricted to 84 1. Then by the induction hypothesis fz is a G-global equivalence for each
B € A. Then we use Proposition to obtain that colimgey fg is a G-global equivalence, but
this morphism is precisely the transfinite composition of Y. O
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Chapter 3

Homotopy of algebras over a global
operad

3.1 Model structure on the category of algebras

Our goal now is to finally check the conditions of Theorem on cobase changes in 47(O) of
what will be the generating (acyclic) cofibrations of Alz(O), for operads in Spc. We focus now
first on the generating cofibrations. Throughout this section let O denote an operad on Spe, with
no further conditions assumed.

We first check an auxiliary lemma.

Lemma 3.1.1. Fori: X — Y a cofibration (injective morphism) of simplicial sets, and a finite
group G such that X and Y are equipped with a G-action and the morphism i is G-equivariant,
the map |i|: | X| — |Y| is a G-cofibration between G-cofibrant objects.

Proof. | X| and |Y| are CW complexes with the typical CW structure associated to the geometric
realization functor for simplicial sets, and |i| is a relative CW complex. To check that each | X|
and |Y| are G-CW complexes and |i] is a relative G-CW complex, we need to check that for each
g € G and open cell v of Y], either gy N~y = 0, or the g action restricted to + is the identity.

Cells in |Y'| come from non-degenerate simplices of Y. If g € G sends a non-degenerate y € Yy, to
a different simplex, which also has to be non-degenerate because the G action commutes with the
degeneracy maps, then the two associated cells of the same dimension are different. If gy = y, the
G action on Y}, pqg X AF is the identity when restricted to {y} x A¥, so the action of g restricted
to the cell associated to y is the identity. O

Corollary 3.1.1.1. For i: X — Y a cofibration (injective morphism) of simplicial sets, the
n-fold product |i|*™ and the n-fold pushout product |i|=" of |i| are ¥,-cofibrations between X, -
coftbrant spaces.

Proof. The geometric realization functor preserves products and pushouts, and the ¥, action on
|Y'|*™ is the same as the one obtained from the ¥,-action on Y *™ by applying the geometric

realization functor. Therefore |i|*" = |i*"| and |i|”""® = |i{""| are geometric realizations of %,
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equivariant cofibrations of simplicial sets, and by Lemma they are ¥.,,-cofibrations between
Y.,-cofibrant spaces. O

Then we check the condition of Theorem for the generating (acyclic) cofibrations in I and
J.

Proposition 3.1.2. Given a generating cofibration of the positive global model structure of the
form i € I, and a pushout in Alg(O) of the form

Fago) (%)

Fay0)(X) — Fay0)(Y)

! -

A—71 B
the morphism Uay(o)(f) is an h-cofibration of orthogonal spaces.

Proof. Consider the filtration of |[SS12, Proposition A.16] with k = 0, where U = Uay(0)-
i = Lg,v X 11, so for each j > 1, we have the following pushout in Spe:

o} i U AR 1\Xj
US(A) By, Q) (i) -~ UP(A) By, (Ley x DY

| -

f.
P;_1U§(B) - » PUS (B)

We have that i = L‘(Z;jv X ile . The map ile is a ¥ ;-cofibration of spaces by Corollary|3.1.1.1f (so
it is also a Xj-h-cofibration). Thus the same is true for U (A) @L%fv X ile, and so U]O(A) Xy, it
is an h-cofibration of orthogonal spaces by Lemma [2.1.11} Then so is f;, and then Uggy(o)(f) is
an infinite composition of h-cofibrations, and therefore an h-cofibration. O

Proposition 3.1.3. Given a generating acyclic cofibration of the positive global model structure
of the form j € J, and a pushout in Alg(O) of the form

Fago)(J)
Fago)(X) ey Fago)(Y)

| .

A—7L B
the morphism Uggoy(f) is a global equivalence.

Proof. Consider again the filtration of [SS12, Proposition A.16] with k£ = 0, where Uéo = Uag(0)-
Jj = La,v x ji, so for each i > 1, we have the following pushout in Spe:

, UP (A)Ry; j0 ’
U9 (4) B, Qi (j) "Ly YO (A) By, (Law x [0, 1)

1

! -

P U (B) L » BUS(B)
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We have that j& = L%fv X lei. The map jFi is a Y;-cofibration of spaces by Corollary
(so it is also a X;-h-cofibration) and a ¥;-homotopy equivalence. Thus the same is true for
UP(A) K L%fv x j and so UP(A) Ky, j7 is an h-cofibration and homotopy equivalence of
orthogonal spaces by Lemma [2.1.11] and therefore also a global equivalence. Then so is f;,
and then Uﬂ[g(o)( f) is an infinite composition of morphisms which are h-cofibrations and global
equivalences, so it is a global equivalence. O

We now consider the generating acyclic cofibrations in K. First we have a result that, for
a morphism f, reduces the task of checking that f=" is a X,-global equivalence for all n to
checking that f®" is one for all n, assuming that the morphisms f=" are %,,-h-cofibrations.

Proposition 3.1.4. Let f: X — Y be a morphism of orthogonal spaces such that for eachn > 1
the morphism =" is a ¥,-global equivalence, and such that for each n > 1 the morphism f=" is
a Sp-h-cofibration. Then for each n > 1 the morphism f=" is a ¥,-global equivalence.

Proof. We will proceed by strong induction. For the base case, fF' = f¥! = f which is a
>1-global equivalence, that is, a global equivalence.

Assuming the result holds for all i < n, we decompose f*" using the filtration of [SS12, Lemma
A8] with Xo = X2 =X and X1 =Y.

fDn

X5 =Qp(f) —— Q1(f) y Qo1 (f) —— Qu(f) =Y™"

The last step of the filtration is precisely f=".

For each step 1 < i < n there is a ¥,-equivariant pushout diagram of orthogonal spaces:

> XZn_iXZiX&n_i‘X’fDi

Yo Xs,_xs, XEITRQE L (f) Sn Xx,_oxx, XK y R

| |

" (f) Q)

By Corollary and the induction hypothesis we have that X®¥~' K fJ is a (3, ; x
¥;)-global equivalence. Then by Proposition m Yp X%, x5, XBn—i g fUi g g 3,-global
equivalence. Additionally the functor ¥, x5, x5, XZ"~* K — preserves colimits and — x [0, 1],
so applying it to the 3;-equivariant retraction that witnesses that f=% is a 3;-h-cofibration yields
that ¥, Xy, x5, XMn—i g Ui i o 3,,-h-cofibration.

By Corollary [2.3.1.1] this means that Q' ;(f) — Q(f) is a X,-global equivalence for each
1 < i < n. Since so is f&", by the 2-out-of-6 property for ¥,-global equivalences fO" is a
Yn-global equivalence. O

Proposition 3.1.5. For each compact Lie group G, faithful G-representation V' # 0, each G-
representation W, and each n > 1 let vy, ., be the morphism given in Remark @ Then we

have that LEZ;’V’W s a Y -flat cofibration.
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Proof. We use Lemma to decompose (" into

PG, V,W

Qz—l(LPG,V,W) = Kn771(’0G7V7W) - Knyo(pG7V7W) o Kn’n(pG’V7W) = (MpG,V,W)‘gn

Then we have that for each 0 < j < n the morphism K, j_1(pg,v,w) = Knj(pavw) is a Ep-
equivariant cobase change of ¥, x5« (L%nv_ IR (L vaw xi1)™7, where we use the convention
)DO

that (Lgyew X 41)-" is the unique morphism () — * from the initial object to the monoidal

unit.

For each 0 < j < n, (Lgvew X i) = Lgi vigws X ij, where Lg; yvigws is Xj-flat because it
is isomorphic to (L(VI @ W, —) x 3;)/H, where H < O(VJ @ W) x ¥, given by

H:{(((glv'-'agj)OU)@((917-~-;,9]')OU),0'_1) (g15--4,95) eGj,aeEj}

and since i; is a Xj;-cofibration of spaces, by Corollary [2.1.9.2 (Lg,vew X il)Dj is a Xj;-flat
cofibration.

Similarly, L%”V_j & Lgn-j yn— is also ¥y, j-flat, so that L%”V_]@(LG,V@W xip)Hisa (X, x%;)-
flat cofibration. By Lemma |2.1.11} the morphism ¥, X5, _;x5; (Lg?‘;j X(Lg vew X i1)Y is a %,,-
flat cofibration, and therefore for each 0 < j < n the morphism K, j_1(pa,v,w) = Knj(pc,v,w)
is also a >,-flat cofibration.

Then we have that LEC?’V’W is a ¥,,-flat cofibration. O

Lemma 3.1.6. For f: X — Y a homotopy equivalence between orthogonal spaces and n > 1,
B is a $,-homotopy equivalence of orthogonal spaces, and therefore a ¥,-global equivalence.

Proof. Let g: Y — X be an homotopy inverse to f, H an homotopy between fog and Idx and H’
an homotopy between go f and Idy. Then for each n > 1, H¥": X¥7 x[0,1]" = (X x [0, 1])%¥" —
YH®" is a 3, equivariant map of orthogonal spaces, and so H="o(X™" x A): X¥"x[0,1] — Y®" is
a ¥, equivariant homotopy between (f og)¥" and Id5", where A: [0, 1] — [0, 1]" is the diagonal.
Same thing applies to H'. O

Proposition 3.1.7. For a compact Lie group G, a faithful G-representation V. # 0, a G-
representation W, and for each n > 0, the ¥, -equivariant morphism p%”vwz L%”V@W — L%"V
18 @ 2p-global equivalence.

Proof. By [Sch18, Example 1.3.3] the orthogonal space L%nVEBW is closed and isomorphic to
Lgn (vew)n and similarly L%"V is isomorphic to Lgn yn.
V™ is a faithful (3, ! G)-representation, so for each compact Lie group K by |Schl8, Proposi-
tion 1.1.26 (ii)| the restriction map

pvrwn(Ui): L((V & W)™, Uk) — L(V", Uk)

is a (K x (¥, ! G))-homotopy equivalence. Using that L(V",Ux) = colimyrcyqy,e) L(V™, V')
and since —/G™ preserves colimits we have that p%?MW(LlK) = pynwn (Ui )/G" is a (K x 3y)-
homotopy equivalence, therefore an .7 (K, 3, )-weak homotopy equivalence, and so p%fluw is a
Yn-global equivalence. O
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Proposition 3.1.8. For each compact Lie group G, faithful G-representation V' # 0, each G-
representation W, and each n > 1, the morphism LEC?,V,W s a Yip-global equivalence.

Proof. 1t we let mp 0 Mcpe vy — La,v denote the projection of the mapping cylinder onto
the target, then 7, .\ © tps v = pG,v,w. The morphism 7, is an homotopy equivalence,
so by Lemma 3.1.6| the morphism W?C?,V’W is a Xj,-global equivalence. By Proposition E so is
p%’fww, so that by the 2-out-of-3 property L%CT;V’W

is a Xj,-global equivalence.

Then by Proposition [3.1.5] we can use Proposition [3.1.4] to obtain that for each n > 1 the

morphism LE;V,W is a YX,-global equivalence. O

We can now put together all the previous results to check that:

Proposition 3.1.9. Given a generating acyclic cofibration of type k € K, and a pushout in
Alg(O) of the form

the morphism Ugago)(f) is a global equivalence.

Proof. The generating acyclic cofibration k € K is of the form ¢, .00y for a compact lie
group G, a faithful G-representation V' # 0, a G-representation W, and [ > 0. We also use
X = (Lgyvew x DY) ULe.vewxaDt (Mpg yvw % dD") and Y = M, x D' for the source and
target of k.

Consider again the filtration of [SS12, Proposition A.16|, where Uég = Ugsy(o). For each i > 1,
we have the following pushout in Spe:

) U9 (AR . kDi )
UO(4) By, Qi (k) 0 0 () Ry, (V)

| o

P U(B) J: , PUS(B)

For each i > 1, by Proposition the morphism LEé w18 a Yj-global equivalence, and by

Proposition it is a ¥;-flat cofibration. Then kY = (H Dz’lDi is a X;-flat cofibration by
2.1.9.1

PG, V,W
Corollary and Corollary [3.1.1.1] It is also a ¥;-global equivalence by Corollary [2.3.2.1

Then UP(A) K kM is a X;-h-cofibration and so UP(A) K, k™ is an h-cofibration of orthogonal
spaces by Lemma [2.1.11]

Since k7 is a ¥;-global equivalence by Corollary [2.2.9.1| the morphism UZO(A) X kY is also a
>;-global equivalence. Consider the Y;-orthogonal space Lfv = Lgiyi. For each inner product

space U the group G* acts freely (since V is faithful), smoothly and properly (since G* is compact)
on L(V*,U), as long as [U| > |[V|*. Therefore Lgiyi(U) = L(V*,U)/G" is Hausdorff, and since
V' is a faithful ¥;-representation, Lgi y:(U) is also ¥-free.

If [W| < |V[', L(V*, W) is empty, so in particular L yi(W) is still Hausdorff and Yj-free.
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Now we denote by 7 the projection of the mapping cylinder M, .., — Lg v, then X T2 %
x: UP(A)X (Mpg ) (DI — % &L%fv X * = Lgi yi is a X-equivariant map of orthogonal

spaces, and so by Proposition we have that UZ-O(A) Ny, kM is a global equivalence.

Therefore each f; is also an h-cofibration and a global equivalence, and then Ugyo)(f) is an
infinite composition of morphisms which are h-cofibrations and global equivalences, so it is a
global equivalence. O

All the previous results come together to give a model structure on A (0O).

Theorem 3.1.10 (Theorem . If O is any operad in Spc the category of orthogonal spaces, with
the positive global model structure, then there is a cofibrantly generated model structure on Alg(O)
the category of algebras over O, where the forgetful functor Ugagoy creates the weak equivalences
and fibrations, and sends cofibrations in Alg(O) to h-cofibrations in Spc.

Proof. We want to apply Theorem [1.2.2] Let Hcof be the class of h-cofibrations of orthogonal
spaces. Then by Remark [2.1.10|with G = e the class Hcof is closed under retracts and transfinite
compositions, by Lemma [1.3.4] condition 2. is satisfied, and by Corollary with G = e
condition 3. is satisfied.

Then consider a pushout in A (O) of the form:

Fago) (%)

Fay0)(X) —= Fago)(Y)

| -

A—1 B

If ¢+ € I is a generating cofibration of the positive global model structure we checked on Propo-
sition that Uﬂ[g(@)(f) is in Heof. If ¢ € J is a generating acyclic cofibration, then on
Proposition we checked that Usqy(0)(f) is a global equivalence, and lastly if i € K is a gen-
erating acyclic cofibration then on Proposition we checked that also U ﬂ@(o)( f) is a global
equivalence.

Thus all the conditions of Theorem [1.2.2] are satisfied, which means that then the conditions
of Theorem are satisfied. Then 4fz(O) is a cofibrantly generated model category, where
Uag(o) creates the weak equivalences and fibrations, the generating cofibrations are the maps
Fay(0)(i) for i € I, the generating acyclic cofibrations are Fago)(j) where j € J U K, and by
Theorem the forgetful functor Ugagy (o) sends cofibrations to h-cofibrations. O

Remark 3.1.11. Let OP-% denote the category of operads on &. Then there is an adjunction be-
tween symmetric objects and operads (Fyp, Uyp), Where Fpp,: 34-¢ — OP-% and U,,: OP-€ —
Y.-%. The operad Fi,(M) is called the free operad associated with M.

A semi model structure (or J-semi model structue) is a slightly weaker notion than that of a
model structure, see the definition in [Spi0l, Definition 1]. Then for any symmetric monoidal
cofibrantly generated model category %, in |[Spi0l, Theorem 3| it is checked that OP-% has
the structure of a cofibrantly generated semi model structure. The fibrations and the weak
equivalences are the morphisms of operads g: @ — P such that for each n > 0 the morphism
gn: O, — P, is a fibration or a weak equivalence respectively.
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In [Spi01, Theorem 4] it is proven that in a symmetric monoidal cofibrantly generated model
category which satisfies the monoid axiom (in orthogonal spaces it is satisfied, see [Sch18| Propo-
sition 1.4.13]), and for any cofibrant operad O, there is a cofibrantly generated model structure
on Alg(O) where the forgetful functor creates weak equivalences and fibrations.

In contrast, the previous theorem proves that in the case of orthogonal spaces no such cofibrancy
condition is required.

Cofibrant operads in OP-% are generally built out of cells of the form F,,(3, ® i), for i a
generating cofibration of ¥. This implies additionally that a cofibrant operad O in Spc would be
such that each O, is X,-free. That O is cofibrant is quite restrictive, in fact in other contexts,
usually if one wants to study most examples of operads and the homotopy of its algebras, one
has to first take a cofibrant replacement in OP-%.

A morphism of cofibrant operads g which is a weak equivalence on OP-% will induce a Quillen
equivalence between their categories of algebras (see for example [Fre09, Theorem 12.5.A]). We
will see in the following section that for arbitrary operads in orthogonal spaces there is a necessary
and sufficient condition for g to induce a Quillen equivalence. This will also show why it is not
enough to simply take a cofibrant replacement of an operad in orthogonal spaces O to obtain
the correct homotopy theory of 447 (O).

3.2 Morphisms of operads which induce Quillen equivalences

We return now temporarily to the general setting of a symmetric monoidal category (€, ®, *),
where the tensor product preserves all colimits on both variables. We want to consider a map of
operads g: O — P, that is a morphism of monoids on (X.-%,0, 1), or equivalently a morphisms
of symmetric objects in ¥ which respects the multiplication and unit.

Such a morphism of operads induces an adjoint pair of functors between their respective categories
of algebras. The restriction functor ¢*: Al (P) — Alz(O) is the right adjoint, and the extension
functor gi: alF(O) — aly(P) its left adjoint. See |[Fre09, Section 3.3.5] for the details.

We are interested in determining, for operads in orthogonal spaces, under which conditions on
g this adjoint pair is a Quillen equivalence between the model structures on the categories of
algebras constructed on Theorem [3.1.10

The restriction functor is very straightforward. For an algebra X over P, then X is an algebra
over the monad F(P) with structure map (x: F(P)(X) — X. The morphism of operads g
induces a natural transformation §: 7(O) = F(P), and then X is a P-algebra with structure
map Cx o 6(X). The explicit structure of the extension functor will not be relevant, only that it
is left adjoint to the restriction functor.

In this section, we will need to consider in more detail the functors U,? from [SS12, Proposi-
tion 10.1], for k > 0, where U§ = Uag (o). The functor U goes from alz(O) to Lj-Spe.

Remark 3.2.1. Let O, P be two operads, and let g be a morphism of operads g: O — P. For
a general O-algebra X, a P-algebra Y, and a map of O-algebras v: X — ¢*(Y), we would like
to construct a map g ~: UP(X) — UF(Y) in Sg-Spe, in a way that is natural on v, and in a
way that preserves filtered colimits. It is important to note that the morphism gy - will not in

35



3.2. MORPHISMS OF OPERADS WHICH INDUCE QUILLEN EQUIVALENCES

general be U,?(fy). In fact U,? o g* is generally not the same as U,f, so they won’t have the same
target. Only for k = 0 will go, and U (7) be actually equal.

Consider the construction of the functors O(—, k): Spc — Xp-Spec in [SS12, Section A.9], for an
operad O and k > 0:
O(X, k) = [[ O(n + k) Rx, X"
neN

Note that O(—,0) = F(O). The morphism of operads g induces natural transformations
0 : O(—, /ﬂ) = P(—,k), with 6y = 6.

That v: X — ¢*(Y) is a map of O-algebras precisely means that the following diagram commutes:

O(X,0) —X  x

l@(%o) 4 (6)

o, 0) 2 py,0) Sy

Then also consider the construction of the functors US in [SS12, Definition A.10], as the following
coequalizer:

0(0(X,0),k) % O(X, k) —— UP(X)

~ induces Yp-equivariant maps between the coequalizer diagrams that define U k,O (X) and UL (Y),
these are P(v,k) o 0x(X) = 0x(Y) o O(v,k): O(X,k) — P(Y,k), and the similar one from
0(0(X,0),k) to P(P(Y,0),k). Then they commute with the morphism 0; of the coequalizer,
which is induced by the structure map (, because of the commutativity of Diagram @ and the
naturality of ;. They commute with Jy because Jy is natural and because g is a map of operads,
so it preserves their multiplication and unit, which are used to construct dy. Then the induced
map on the coequalizers is gy .

This construction preserves filtered colimits because the functors of type O(—, k) preserve them,
which is the case because tensor powers preserve filtered colimits.

We now go back to the case of Spc, the category of orthogonal spaces with the positive global
model structure.

Lemma 3.2.2. For any morphism g: O — P of operads in Spe, and considering the model
structures on Alg(O) and Alg(P) obtained on Theorem|3.1.10, the restriction functor g* preserves
and reflects fibrations and weak equivalences. Thus the pair (g1, g*) is a Quillen adjunction.

Proof. The restriction functor is the identity on the underlying objects of the algebras, that is
Uago) © g° = Uggep). Since on Alg(O) the fibrations and the weak equivalences are precisely
those morphisms f such that Ugyo)(f) is a fibration (respectively a weak equivalence), we have
that ¢g* preserves and reflects fibrations, acyclic fibrations and weak equivalences.

That the right adjoint g* preserves fibrations and acyclic fibrations is one of the possible char-
acterizations of Quillen adjunctions. O
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Lemma 3.2.3. Let F: ¢ = 2 :G be a Quillen adjunction, such that the right adjoint G pre-
serves and creates weak equivalences. Then the pair (F,G) is a Quillen equivalence if and only if
for each for each cofibrant A € € the adjunction unit na is a weak equivalence.

Proof. The pair (F,G) is a Quillen equivalence if and only if for each cofibrant A € ¢ and
fibrant B € 2, a morphism of & of the form v: A — G(B) is a weak equivalence if and only if
its adjoint morphism F(A) — B is one. We can decompose v as A — G(F(A)) — G(B). G
preserves and reflects weak equivalences, so if 14 is a weak equivalence then by the 2-out-of-3
property v: A — G(B) is a weak equivalence if and only if its adjoint morphism F(A) — B is
one.

In the other direction, Let A € € be cofibrant, and let B be a fibrant replacement of F'(A) in
2, given by §: F(A) — B. We have that 0 is a weak equivalence, so if the pair (F,G) is a
Quillen equivalence then A — G(B) the adjoint morphism of ¢ is also a weak equivalence. Since
G preserves weak equivalences, the unit n4: A — G(F(A)) is a weak equivalence. O

Note that since the composition of left adjoints is again a left adjoint, and as we saw in the proof
of Lemma Uag0)°9" = Uag(p), we have that g o Fay (o) is naturally isomorphic to Fagp).

Now we give the characterization of when a morphism of operads in Spc gives a Quillen equivalence
between their respective categories of algebras.

Theorem 3.2.4 (Theorem . Let g: O — P be a morphism of operads in Spc. Then we
have that the pair (g1, g*) is a Quillen equivalence between their respective categories of algebras
if and only if for each n > 0 the morphism gn: On — Py is a Xpn-global equivalence.

Proof. We first check that if the condition is satisfied then for each cofibrant A € 4f7(O) the unit
na: A — g*(g1(A)) is a weak equivalence in 4f(QO), that is, a global equivalence of underlying
orthogonal spaces.

First assume that A is the colimit of a A-sequence of morphisms {fg}gecx, where each fz is a
cobase change of a morphism of the form Fqy(0)(ig) for ig € I, ig: X3 — Y a generating flat
cofibration of orthogonal spaces. We want to check that Ugy(o)(n4) is a global equivalence.

If we evaluate the unit of the adjunction n on the A-sequence that gives rise to A we obtain the
following diagram:

Ap = Oy fo 4, ho, . y Ag s, .. >
NAg NAq nAB

" “(9(fo)) 4 “(9(f1))) " “(9:(fp))

g (91(A0)) 2 g (gAY g (g An)E

We apply Uggo) to the whole diagram. By Proposition for each § € A, the mor-
phism Ugy0)(fp) is an h-cofibration. gy preserves pushouts, so gi(fs) is a cobase change of
9/(Fag(o)(ig)) which is isomorphic to Fagp)(ig). Since Uggo) © g° = Ugy(p), We know that
Uay(o)(9*(9:(fs))) is an h-cofibration by applying Proposition now in Al (P).

If each of the Uy 0y(na,) is a global equivalence, since Uy () preserves filtered colimits, we have

that Ugag0)(n4) is colimger Usy(0)(n4,), then by Proposition with G = e the morphism
Uagy(o)(na) is a global equivalence, and we are done.
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To check that each Uqy(o)(n4,)is a global equivalence we follow the proof of the similar state-
ment [SS12, Lemma 9.13]. We will check this by induction, but we in fact need to work
with a stronger property. For each 8 and each & > 0, let g g be the morphism gy, 4, COD-

structed on Remark [3.2.1] We will check by induction on 3 that for each k > 0 the morphism
gep: UP(Ag) — UF (91(Ap)) is a Si-global equivalence. For k = 0 this reduces to our desired
result.

For the base case, remember that the initial object of Af(O) is Oy, since it is Fay(0)(0). Take
Ag = Og = Fag0)(0). Then by [SS12, Lemma A.13] the Sj-orthogonal space US (Fag0)()) is
isomorphic to O(0, k), and O(, k) equals Of. Similarly gi(Fag(0)(0) is isomorphic to Fagp(0),
and then UJ'(Faypy(0)) = P(D,k) = Pk, and under these identifications, the morphism gy g
corresponds to g, which is a ¥i-global equivalence.

Remarkably, no conditions on the morphism of operads g are required anywhere else on the proof.

Then we check the induction step, for a successor ordinal 84 1. For this we will use the filtration
of [SS12, Proposition A.16], in the same way that it is used in the proof of [SS12, Lemma 9.13|.
Assume that for each k > 0 the morphism g, g is a Xj-global equivalence.

U (Ap) = FoUR (Ap1) ———— FUZ (A1) y C?gRTIHFjUI?(ABJrl) = Uy (Ap+1)

|- ] o

UL (9(Ap)) = FoUL (91(Apy1)) —— FUL (9(Apya)) —— . —— C%ilglesz(g!(Aﬂﬂ)) = Ul (9(Aps1))

. (M
Each horizontal map is a cobase change of Uﬁrk(Ag) Ky, ig] or Uﬁrk(g!(A/g)) Xy, z'g], since
fg: Ap — Apy1 is a cobase change of Fqy(0)(ig). Therefore each horizontal map is then a ¥-
h-cofibration since the j-fold pushout product of ig is a Xj-h-cofibration, and these are closed
under cobase changes.

Each vertical map is obtained from the previous by the following morphism of pushout diagrams:

Fj1UP(Agy1) «—— U (Ap) By, Q) (i) ——— US, . (Ap) Ry, (Yp)™

l I !

Fi 2 UP (91(Agi1)) «—— UL (a1(Ag)) By, Q1 (ig) —— UL, (91(Ap)) Ry, (V5)™

The right horizontal maps are ¥;-h-cofibrations. By the induction hypothesis g, 3: Uak(Aﬁ) —

Uﬁrk(g;(Ag)) is a X, -global equivalence. By Proposition and Corollary [2.2.9.1] and us-

ing the same arguments as in the proof of Proposition we can then check that the two
rightmost vertical maps are Yj-global equivalences.

Then we can use induction on j and the Gluing Lemma to check that each vertical map of
is also a Yj-global equivalence. Since each horizontal map of Diagram is a X-h-cofibration,
by Proposition we have that gi g1 is a Xj-global equivalence.

If 8 is a limit ordinal, we just need to use Proposition and that g g is the map induced
on the colimits colimyeg gr. since its construction preserves filtered colimits.
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Then we have proven that gy g is a Yj-global equivalence for each k and 3. Setting & = 0 we
have our original intended result, and therefore Ugy0)(n4) is a global equivalence.

If A€ aly(0) is cofibrant, then it is a retract of an algebra A’ of the kind we were considering
before, and the unit n4 is a retract of n4/. Since retracts preserve weak equivalences, n4 is a
weak equivalence in 4f7(0O).

We now prove that if (g1, ¢*) is a Quillen equivalence then for each n > 0 the morphism g,
is a X,-global equivalence. Consider the free orthogonal space L(R,—), which is positively
flat. Then Fap)(L(R,—)) is cofibrant in Af(0). Since (g1, g*) is a Quillen equivalence the
unit g, o wLE-))  Fago) (LR, =) = g"(91(Fago) (LR, —)))) is a weak equivalence, so its
underlying morphism of orthogonal spaces is a global equivalence.

The P-algebra gi(Fay(0)(L(R, —))) is naturally isomorphic to Fayp)(L(R, —)). After composing
with g* of this isomorphism, the unit is Fiag ) (L(R, —)) = g* (Fayp)(L(R, —))), and its underly-
ing morphism of orthogonal spaces is precisely 0(L(R, —)): Fay(0)(L(R, —)) = Fagp) (L(R, —)).

So we know that [],,cn 9n®s, L(R, —)®" is a global equivalence. Therefore each g, Xy, L(R, —)*"

is a global equivalence. If n = 0 we obtain that gg is a global equivalence. For each n > 1,
L(R,—)®¥" =~ L(R", ), and the orthogonal space L(R",—) is ¥,-free and Hausdorff on each
inner product space V. Thus by Proposition the morphism g, X L(R", —) is a ¥,-global

equivalence for each n > 1.

The morphisms po,, @n,—) and pp, @&n,—) are Xy,-global equivalences by Proposition @ and
Lemma m v). By the 2-out-of-3 property of ¥,-global equivalences we obtain that g, x
L(R™, —) is a ¥,-global equivalence.

0, RLER", 5 2E D g LR, -)

PO L(R™,—) PP L(R™,—)

O x LR, J 5%, L(rn, -)

We want to check that g, is a ¥,-global equivalence. Consider a compact Lie group K, a K-
representation V', and a continuous homomorphism ¢: K — %,,. Let (a: D' — 0, (V)?,5: D! —
Pn(V)?) be a lifting problem.

R"™ is an orthogonal >,,-representation, where o € 3, acts by permuting the canonical basis. The
action of o € ¥, that permutes the factors on L(R, —)*" =2 L(R", —) is precisely precomposition
with 0~!. We pull back the 3,-action on R™ through ¢ to turn R” into a K-representation, and
let ¢y be the K-equivariant summand embedding V' — V @& R™.

Then we have that L(R", V@&R")? is non-empty, since the summand embedding 1, : R® — VOR"
is fixed by ¢. Thus the map v, : * — L(R", V @ R")? gives the following lifting problem:

& On(VOR™)® x4y,

¢
oD' —2 0, V)y* "o (v & R On(V ®R™M® x L(R™, V @ R")
ill gn(V)% gn(wv)d)l lgn(ll)v)‘f’ xL(R™,V@R™)?

[ n\¢
i) ’pn(v)¢>7>M> ’pn(v @Rn)¢> Pr(VER™)? X9y, N ,Pn(v @ Rn)¢ « L(Rn; 174 @R”)d)

Since g, K L(R™, —) is a X,-global equivalence, after embedding V @& R™ into some bigger K-
representation W, this lifting problem has a solution A: D! — O, (W)? x L(R", W)?. This means
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that postcomposing A with the projection O, (W)? x L(R", W)? — O,,(W)® gives a solution of
the lifting problem. Therefore g, is a X,,-global equivalence. O

Remark 3.2.5. This previous theorem generalizes, in the setting of orthogonal spaces, the general
result that between cofibrant operads, a morphism of operads ¢ induces a Quillen equivalence if
the underlying morphism of each g, is a weak equivalence (see |[Fre09, 12.5.A]). For orthogonal
spaces, and a morphism g between operads which are not necessarily cofibrant, we require the
stronger condition that each g, is not just a global equivalence, but also a 3,-global equivalence.

Given an operad in orthogonal spaces O, we could take a cofibrant replacement of it in the
semi model category OP-Spe. This would be a cofibrant operad O’ and a morphism of operads
g: O" — O such that each g, is a global equivalence. But as we just saw, this g will not induce a
Quillen equivalence between the categories of algebras of O and (', unless each g, is additionally
a X,-global equivalence. This means that simply taking a cofibrant replacementO’ in OP-Spc
of an operad O and considering the model structure given on 4f7(O’) by general results doesn’t
give the correct homotopy theory of the algebras over O.

Additionally, we can see that we cannot have a better cofibrant replacement functor F¢: OP-Spc —
OP-Spc, with a natural transformation n: F'° = Idop_g, such that each 7(0), is a X,-global
equivalence. Assume that this were the case, then consider a morphism of operads g: O — O’
which satisfies that each g, is a global equivalence, but doesn’t satisfy that each g, is a X,-
global equivalence. We have that each F¢(g), is a global equivalence by the 2-out-of-3 property,
so F°(g) induces a Quillen equivalence between Af7(F°¢(0)) and A(F°(O')) because F¢(O)
and F¢(0') are cofibrant operads. The morphisms of operads n(O) and n(O’) would also induce
Quillen equivalences by Theorem [3.2.4] But this would imply that ¢ induces a Quillen equivalence
between the categories of algebras, which contradicts the only if part of Theorem [3.2.4]

This means that in order to study the genuine homotopy theory of global operads, we cannot
restrict ourselves to looking only at cofibrant operads.

3.3 Global E -operads

Let * be the terminal symmetric object on Spc. Explicitly each *, is * the constant one point
orthogonal space. * is also an operad in a trivial way, and it is in fact the terminal operad.
Algebras over * are precisely the commutative monoids on Spc with respect to the box product,
which are called commutative orthogonal monoid spaces or ultracommutative monoids on [Sch18,
Definition 1.4.14|. Note that if you expand the unit and multiplication maps, you obtain that a
commutative monoid on Spc is precisely a lax symmetric monoidal functor (L, ®) — (Top, x).

Definition 3.3.1. A global E-operad is an operad O on Spc such that each O,, is ¥,-globally
equivalent to * with the trivial X,-action.

By Theorem of the previous section, if O is a global E-operad and g is the morphism of
operads O — x, then the induced Quillen adjunction (g, g*) is a Quillen equivalence between
Al (O) and Alg(*), the category of ultracommutative monoids.

Lemma 3.3.2. If O is a global Ex-operad and A is an algebra over O, then there is a zigzag
natural in A of morphisms of O-algebras from A to an ultracommutative monoid B, such that
the underlying morphisms of orthogonal spaces are global equivalences.
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Proof. Let g: O — *, and let a: A’ — A be a cofibrant replacement of A on 4 (O0). Then
Uay(o)(a) is a global equivalence, and the adjunction unit for A, na: A" — g*(g(A')), is a
global equivalence on Spc by the proof of Theorem

This is natural because factorizations in Af(O) are functorial since they are obtained from the
small object argument. O

This lemma lets us say some things about algebras over global F.-operads. For each orthogonal
space X, one can define the G-equivariant homotopy set 7T0G (X) for each compact Lie group G
(see [Sch18, Definition 1.5.5]). These equivariant homotopy sets are contravariantly functorial

on (i, each continuous homomorphism «: K — G induces a restriction map a*: 7T0G — W([)( .

We also have that the equivariant homotopy sets of an ultracommutative monoid R have certain
additional operations, namely for each G a commutative binary operation 7163 (R) x 77(? (R) —
7§ (R) induced by the multiplication map, which turns 7§ (R) into a commutative monoid, and

such that the restriction maps are monoid homomorphisms.

Additionally we also have power operations [m]: 7§ (R) — 7r§ ™G (R) (see [Sch18, Construction

2.2.3|) which turn 7T(_)(R) into a global power monoid ([Sch18, Definition 2.2.8]). These power
operations then induce ([Sch18, Construction 2.2.29]) transfer maps tr%: 7{(R) — #§(R) for
each finite index closed subgroup H < G.

A global equivalence induces natural bijections on the equivariant homotopy sets. Thus by
Lemma we have the following proposition:

Proposition 3.3.3. If O is a global Ex-operad and A is an algebra over O, then for each
compact Lie group G, the homotopy set Woc(A) 1s a commutative monoid. Additionally for each
G and each m > 1 there are power operations [m]: 7§ (A) — W()EmZG(A) that turn ﬂ(()_)(A) into a
global power monoid, and which induce transfer maps tr$ : 71 (A) — 7§ (A) for each finite index
closed subgroup H < G.
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Chapter 4

An example

4.1 A global operad

We now give an example of an operad O in Spe, derived from the little disks operad. The
little k-disks operad is the operad of rectilinear embeddings of k-dimensional disks into another
k-dimensional disk. The limit of these operads is an FE.-operad in spaces.

Construction 4.1.1. For the operad O, each O, is on an inner product space V the space of
rectilinear embeddings of n copies of the open unit disk D(V') into the unit disk itself. This is
given by n points on D(V) and n positive radiuses less than or equal to 1, that is, O, (V) is the
following, with the subspace topology:

On(V)y=A{(v1,...,0n,71,...,74) € D(V)™ x (0,1]™ :
the map € D(V); = v; + rjz is an embedding [[;"; D(V); — D(V) }

We have the following equivalent condition for the points and radiuses (v1,...,Vn,71,...,7) to
give an embedding:

Vu,0" € D(V),1 <i# j <n, it holds that v; + r;v # vj + r;v" and |v;| +7r; <1 (8)
Or also equivalently:
V1 <i#j<mn, it holds that |v; — vj| > r; +rj and |v;| +7; <1 9)
The structure map for ¢»: V — W a linear isometric embedding is given by

(V15 ey Uny 1y ey ) = (V(01), oy (0n), 71y ey )

which is a map O, (V) — O, (W), because 1 is a linear isometric embedding and because of the
third condition @D Functoriality is straightforward, so O, is an orthogonal space. Furthermore,
it is closed because each O, (¢)): O, (V) — O, (W) is the restriction of a closed embedding. Oy
is just =, the constant one point orthogonal space. Given an element ¢ € X, the o-action
is given by the map O,(V) — O,(V) that permutes both the centers and the radiuses by o,
sending a tuple (v1,...,0,71,...,7n) t0 (Vg(1),--+sVs(n)s To(1) - - > To(n)). Lhis is the same as
precomposing by o if we understand points in O, (V) as maps {1,...,n} — D(V) x (0,1].
Therefore we have a right ¥,,-action on each O,, so O is a symmetric object in Spc.
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Now we construct the operadic structure. The unit is an element of O; and it is given by a map
from the monoidal unit n: * — Oj, which on level V is given by * — (0,1) € D(V) x (0, 1],
representing the identity idpy).

For each £ > 0 and ny,...,ng > 0, let m = ny + --- 4+ ng. Composition is given by maps
0: Oy X0, K---KO,, — O, obtained from multimorphisms given on levels Vp, ..., V} by:

((/Uo,la ---500,E,70,15 - - - 7T0,k)7 ) (Uk,h’ c oy Ukng Tk 1y - - - 7Tk,nk)) H(UO) ce ey Um,T0, - - - 7Tm)

where for each i =nj_1 +pweset v; € Vo @ --- @ Vj as v; = (v9,4,0,...,0,7r0,v;p,0,...,0) and
let Ty =T70,5T4,p-

This is indeed an element of Oy, 4...qn, (Vo & - - - & Vi), which can be checked using the second

condition .

This is a multimorphism of orthogonal spaces since the actions of embeddings ¢;: V; — Vj’ are
on both sides given by applying each embedding to the respective v; ;.

In fact, note that we have a little disks operad for each V inner product space, whose spaces are
precisely the O, (V'), with composition oy, and these are natural on V. To obtain the composition
maps o of O we are simply first applying the maps given by Op(Vy — Vo @ --- @ Vj) and
O, (V; = Vo @ --- @ Vj), and then and then applying the composition oyg..qv;, -

More geometrically, we are considering the k disks in Vo®- - -®V}, given by the centers(vo1, ..., vo %)
in Vp, with radiuses (70,1,...,70%), and then inside the jth disk, we are taking the subdisks like
in the usual V@ - - - @ Vj-disks operad given by (vj1, ... s VjingsTjls -+ Tjn; ), along the direction
of Vj.

Therefore associativity follows from the naturality of oy on V, and the associativity of each
composition oy.

The obtained map is Xj-equivariant since on the left hand side ¥ acts on the vg1,...,vo,
70,15 - > 70,k> and permutes the blocks (vj1,...,Vjn;,7j1,---,7jn;) Dy acting on j, which on the
right hand side v;, 7; gives exactly the action of the shuffle of the k blocks in ¥,,, 4.4, . Similarly
it is Mp, x -+ x ¥y, -equivariant because on both sides it acts as if permuting now the index p
in the assignments v; = (v ;,0,...,0jp,...,0), and r; = 19 7} p.

For the unit axiom, the composite * X O, — O1 X O, — O, given by 1 X Id and then o, is
on levels Vp, Vi exactly O (Vi = Vo @ V1): * xOp (V1) — On(Vo ® V1), which is the canonical
isomorphism * X O,, — O,,, and the same holds for 0, K +*" — 0, K (9?" — Oy,

The little disks operad is an E..-operad in spaces. With a similar reasoning we can prove that
for the operad O that we just constructed, each O, is globally contractible.

Proposition 4.1.2. Fach O, is globally contractible.

Proof. To check that O,, — * is a global equivalence, we need to for each compact lie group G,
orthogonal G-representation V and [ > 0, find a solution for each lifting problem:
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oD! —2— 0,(V)¢

]

Dl ———

Set ¢ as the embedding V — V @ R*2, with trivial G-action on R“2. Since V& is a subspace of
V, we have that O, (V)% = 0, (V) because the fixed tuples (v1,...,v,,71,...,7,) are precisely
those where every v; lies on V¢, and similarly O,(V @ R*)¢ = 0, (VS @ R*2). Furthermore,
after fixing an isomorphism V¢ @ RI*2 = R'VGH'HQ, 0, (VG @ R*?) is weakly homotopically
equivalent to the ordered configuration space Conf,, (D(RIVH++2)) by the following Lemma m
Conf, (DRIVHH2)) is ([VE| + 1 + 2 — 2)-connected by [FN62|, so we have a solution to the
lifting problem:

G
oD! —2 s 0,(VE) 293 0, (v & R*?) —= Conf, (D(RIVEI++2))

Therefore each O, is globally equivalent to *. O

Lemma 4.1.3. For each n,m > 1, the map 7: O,(R™) — Conf,(D(R™)) obtained from re-
stricting the projection p: D(R™)™ x (0,1]" — D(R™)™ to On(R™) is a Serre fibration and a
weak homotopy equivalence.

Proof. First construct a map ¢: Conf,(D(R™)) — (0,2]"" by (vj) = (tj0) with t; 5 = |v; —vy|
if j # 5/ and t;; = 2 — 2Jvj|. We denote the projection of O, (R™) — (0,1]" onto the radiuses
by r, and by X the subset:

X ={(tjjr,rj) € (0,2 x (0,1]":V1<j,j' <n rj+ry <tjy}
m: X C (0,2 x (0,1]" — (0,2]"" is the projection onto the first factor.

2

mo: X C (0,2]™ x (0,1]" — (0,1]™ is the projection onto the second factor.

Then since 71 o ((cop) X r) = co p, the following diagram commutes.

(cop)xr

O (R™) X

Jp I

Conf,(D(R™)) —— (0,2]"

It is also a pullback, which can be seen on the point set level. We want to check that m; here
is a Serre fibration and has contractible fibers. For the second part, we see that the fiber at
(tjj) is a convex subset of (0,1]". The map s: (0,2]"* — X given by (tjjr) = (tjjr,s5) where

. tiry . . . .
s; = minj<jr<, {4} is a section of 7y, so each fibre is contractible.
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To check that m; is a Serre fibration, consider the following lifting diagram:

{0} x [0,1]! Lj? X

l P l
//’ st

[07 1] X [07 l]l i> (072]n2
Let m o f = m, and set u: [0,1] x [0,1]! = R,, to be

Mj(t’ x) = min{mj<07$)7 1mir<l {mj(owr) - 1/2‘9(()’ x)j,j’ - g(t,$)j,j/|}}

<j'<n

=7

Then for each 1 < j,7' <n, (t,z) € [0,1] x [0,1]!, we have that
Mj(ta 1‘) + Mj’(ta x) < mj(oﬁ x) + mj'(07 .%') - |g(07 x)j,j' - g<t7 x)j,j/| <

9(0,2);50 = 90, )50 — g(t, x);50| < g(t, @)
so u satisfies the bounds, and p(0,z) = m(0, x).

The problem is that p; can be negative. But since [0, 1]' is compact we can find an e > 0 such
that mo(1([0, €] x [0,1]))) C (Rsg)", and then if we call 6: [0,1] — [0, 1] the function given by
5(t) =t/e on [0,¢] and 1 on [e, 1], then \(¢,z) = (1 — 6(¢))[g(t,x) x p(t,z)] + 6(t)s(g(t,x)) is a
lift of the diagram. O

4.2 A candidate for a global E,-operad.

We conjecture that the operad that we constructed in the previous section is actually a global
FE-operad. To check this we would need to prove that for each n the morphism O, — * is a
Yn-global equivalence, not just a global equivalence like we already proved. O has some useful
properties, like how each O, is ¥,-free, and this result would let us rectify algebras over O,
which might be a more general class, into ultracommutative monoids in Spc.

Given K a compact Lie group, V a K-representation, and ¢: K — X, we want to consider
O, (V)?, and check that any map 9D' — O,(V)? is nullhomotopic possibly after embedding V/
into some bigger representation V' — W. Tuples in O, (V)? have to consist of points in Ve,
and the K-action on V restricts to a K-action on V*'® which factors through Im¢ < 3,,.

Then we have O, (V)? = O, (V*r$)Imé where Im ¢ acts both by the X,-action on O,, and the
(Im ¢)-action on V¥°®. As in the previous section, this is weakly equivalent to Conf,, (D (V)ker®)ime

where again Im ¢ acts both by the ¥,,-action that permutes the points and the (Im ¢)-action on
Vkerd)_

We can further write Conf, (D(V)kr®)Im¢ as a product of orbit configuration spaces. Orbit
configuration spaces are configuration spaces of m points on a space X with a free action by the
group G where the points are not allowed to share an orbit. We use the notation Conf& (X) for
these orbit configuration spaces.

Proposition 4.2.1. For each compact Lie group K, each K -representation V', each n > 1, and
each continuous homomorphism ¢: K — %, the space Conf, (D (V)X ) mé s naturally (on

46



4.2. A CANDIDATE FOR A GLOBAL E,-OPERAD.

V) homeomorphic to [] cp Conf%mW)/v((D(V)ke”ﬁ)y) where I' is a set of representatives of

conjugacy classes of subgroups of Im ¢, (D(V)kew)7 is the subspace of points whose stabilizer is
v, and my = |1 <i < n: (Ime); € [7]| where (Im ¢); is the stabilizer of i in the action of Im¢
on {1,...,n}.

The proof of this proposition is long and very technical, so it has been omitted.

To check that O is a global E.-operad we would need to check that each map from dD' into
Confn(Vker¢)Im¢ is nullhomotopic after possibly embedding V' in some bigger K-representation.

The terminal operad * itself is already a global E.,-operad, but one of the benefits of having more
examples would be to be able to check that orthogonal spaces which are not ultracommutative
monoids are still algebras over a non-trivial global E.,-operad.
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Appendices

A Iterated pushout products of mapping cylinder inclusions

Let (¢,®,1¢) be a closed cocomplete symmetric monoidal category which is tensored over
Top. For a morphism f: X — Y, we want to obtain a filtration, similar to the one of [SS12,
Lemma A.8|, that decomposes L?", the n-fold pushout product of the inclusion ¢y: X — My into
the mapping cylinder. Let Q, X and P be respectively the finite categories/posets:

0 ——4 0——1 1
2 —3 2 —— 3
We can write My as the K-shaped colimit of the functor Z: X — ¢ given by the diagram:

Lf

X XUY ——— M

idXHfT - T (1)

XHXWXX[O,I]

As mentioned in [SS12, Lemma A.7|, the n-fold pushout product of ¢ty can be identified with

n_(ef) = M}@”, where Q7 (tf) is the colimit colimaeqr | Zoy ® -+ ® Zy,,, and Q,' ; is the
full subcategory of Q*™ of objects (aq,...,a,) which have at least one component equal to 0,
and Z() =X and Z4 = Mf.

For each 0 < j <4 < n, let K} C K*™ denote the full subcategory of those objects a =
(o, ..., ay) such that either (at least one component is 0 and at most ¢ components are 3) or
(at most j components are 3). For j = —1 and 0 < i < n let Kl"] C K*™ be those such that
at least one component is 0 and at most ¢ components are 3, and let X _; = () be the empty
subcategory.

We write K; j(Z) for the colimit colimaexr. Za, ® -+ @ Za,,. Note that for -1 <j <i<n-—1,
K N K = K and Ky ;U K7y = Ky ;1 as subcategories, not just as subsets of
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objects, which implies that the following square diagram is a pushout diagram:

Kij(Z) — Kij+1(2)

| -

Ki1,j(Z) — Kiy1,+1(2)

Note also that for each —1 < j <n—1 K, ; = K7';. This all fits together into the following
commutative diagram:

Ko 1(Z)=0

T

KO’,l(Z) e Koy()(Z)

hd r ~ \

Kl,fl(Z) —_—> K170(Z) _— Kl,l

(2)
NG N i \ .

Kn—l,—l(Z) E— Kn—l,O(Z) — Kn—l,l(Z) Kn—l,n—l(Z)
Ky, _1(Z) —— Kpo(Z) — K,1(2) Yy Knn-1(Z) —— Kpn(Z)

(2)

Since the monoidal product preserves colimits on each variable, we can see that K,,(Z) =

coliMpegn Zoy ® -+ ® Zy,, = (colimg Z)®™ = (My)®™. We now check that K, _1(Z) is precisely
n_1(¢f) and the composition of all of the morphisms in the bottom row is precisely c?".

K, _1 is the full subcategory of those objects where at least one component is 0. For each

UG {l,...,n} let Xy denote the full subcategory given by { a € X™: a; = 0Vi ¢ U }. Then the

Ky cover X' as subcategories, and by the universal property that defines the colimit there is a
natural isomorphism colimaegn | Zoy ® -+ ® Zy,, = colimyc gy, py(colimacsy Zoy @ -+ ® Za,, ).
Since ® preserves colimits, for each U ¢ {1,...,n}, colimpex, Za, @ -+ ® Z,,, is isomorphic
to Z%U®~-®Zﬁ where 7Y = 0if i ¢ U and 7Y =4 ifi € U, and Zy = X and Zy = My.
Therefore we obtain that K, _1(Z) = coling{L__.m}(Zﬂj ® - ® Zyw) = Qp_q(tf). Since the
n-fold pushout product is the unique morphism obtained from the universal property of the
colimits, it is also the composition of the bottom row of Diagram .

We can now put all of this together in the following lemma:

Lemma A.1. Let € be a cocomplete symmetric monoidal category where the monoidal product
preserves all colimits in both variables, which is tensored over Top. For a morphism f: X =Y,
let vp: X — My denote the inclusion of X into the mapping cylinder of f.

Then there is a filtration Q7'_,(vf) = Kn—1(f) = Kno(f) = -+ = Kpn(f) = (Mp)®" that
decomposes L?”, the n-fold pushout product of vy, such that for each 0 < i < n the morphism
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Kni-1(f) = Kni(f) is a X -equivariant cobase change of Xy x5, x5, Y @ (X x i1)™, where
we use the convention that (X x i1)7° is the unique morphism () — * from the initial object to
the monotdal unait.

Proof. The only thing left to check is that K, ;—1(f) — K, (f) is a cobase change of said map.

The sequence given by the diagonal of Diagram is precisely the sequence P*(X x iy, idx I f)
of [SS12, Lemma A.8|] applied to the pushout square of Diagram . For each ¢ > 0, X} is the
full subcategory of X*" of objects where at most ¢ components are 3. We write ®" for the full
subcategory of P*™ of objects where at most i components are 3. If we regard P as a full sub-
category of X, then 2" C & is a terminal subcategory in the sense of [Hir03, Definition 14.2.1].
By [Hir03, Theorem 14.2.5] this means that the canonical morphism colimaepr Za, @ - ® Za,, —
COlimaeyqi Zoy &+ @ Zy, is an isomorphism.

This means that by [SS12, Lemma A.8| for each i > 1 the morphism K;_1,-1(Z) — K;;(Z) is
a Yp-equivariant cobase change of ¥,, Xy _.x%, (X II Y)®(”_i) ® (X x i)

Since ® preserves colimits, (X I1Y)® = [[4c91y: Bg, @ -+ @ Bs, = (U peqoyi p,..1) Bar @
@B )Y @+ ®Y =Q!_1(tx) IY®", where By = X and B; =Y, and ¢x is the inclusion
X — X1IY. Note that K7 has a termina} object, (1,...,1), so Ko (Z) is precisely (X 1Y )®™,
and with this identification Ko,—1(Z) is Qj_;(¢tx) = Hpeqo11i p21,..1) Bo ® - © Bg,.

We can decompose (Q"~¢_,(1x) ® (X x i)Y I Y®" ¥ @ (X x i1)7 into [(Q""'_,(1x) ® (X x

n—i—1 n—i—1
[0, 1)®) YOt (X xi1) o [(QF ! (1x)®(X xi1)T)TY " ®Q:_, (X xi1)], and we obtain
that the morphism K;; 1(Z) — K;;(Z) is a cobase change of ¥, Xy, x5, YOl @ (X xip)
By Diagram Kpi-1(Z) = K, i(Z) is also a cobase change of ¥, X5, ,xx, YEr—i® (X xip)

If we adopt the convention that ¢™° = () — * for any ¢ then it also holds for i = 0. O
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Remark A.2. An illustration of the case n = 3. Each "point" of the cube is a copy of the product
given by its color, so for example each point in the vertex, face and two edges colored green is a
copyof X @Y ® X.

YEXEY
r

E XEXBX YRXaY
—_—

o
l
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List of Notation

14 - Unit of the monoidal category %.

Alg(O) - The category of algebras over the operad O

X - The box product

Conf,, - The configuration space of n points.

Confg - The orbit configuration space of n points in a free G-space.

F(—) - The functor associated to a symmetric object .

Fa5(0) - The free algebra functor ¢ — 4ly(O).

F (K, Q) - The set of graph subgroups given by homomorphisms K — G Section

Fun(—, —) - The functor category between two ordinary categories, or the enriched functor
category between two enriched categories.

(91,9%) - The Quillen adjunction associated to a morphism of operads ¢
G - One-object-groupoid representing a group G.
I - Unit of ¥,-% with the composition monoidal structure [1.1.3]
tf - The inclusion of the mapping cylinder of f: X — Y, 1p: X — Mjy.
i; - The canonical inclusion 9D! — D!
1 - The canonical inclusion [0,1]" — [0, 1) x [0, 1]
L - Category of real inner product spaces and linear isometric embeddings.
La,v - A semifree orthogonal space [I.3.2}
Lpv,c - A semifree G-orthogonal space 2.1.7]
My - Mapping cylinder of f.
" (f) - The source of the n-fold pushout product of f f=" [SS12, Lemma A.7].
pa,v,w - The restriction morphism Lgyvew — La,v [1.3.3]
Set - Category of sets.
Y.-€ - The category of symmetric sequences in a symmetric monoidal category ¢ [L.1.1]
tel; - The mapping telescope of a sequence of maps.
Top - Category of compactly generated weak Hausdorff topological spaces.
Uay(O) - The forgetful functor Al (0) — €.

U,? - See

¥n 1 G - The wreath product of ¥, and G. Note that we mean ¥, ¢ . ) G and not
Yn s, dG.

®, o - In X4-%, the tensor product and the composition product [L.1.3]

[0 - the pushout product of two morphisms.
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