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In the fall of 1986, Tohru Eguchi and | were working
on conformal field theories on Riemann surfaces.

Eguchi was spending his sabbatical in Paris, and
we communicated by snail mails and telex.
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Then, ... | receive this letter from Eguchi dated on 25 November:
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, last weekend, [Bernard] Julia received a preprint
from Utrecht, where chiral bosonization of spin %
and ghost fields are discussed using Fay’s identity.
| think we should finish writing our paper soon. ...”
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We were scooped.

“..., last weekend, [Bernard] Julia received a preprint
from Utrecht, where chiral bosonization of spin %
and ghost fields are discussed using Fay’s identity.

| think we should finish writing our paper soon. ...”
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Hartle-Hawking Wave-Function for Flux
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Abstract. We argue that the topological string partition function, which has been known to
correspond to a wave-function, can be interpreted as an exact “wave-function of the uni-
verse” in the mini-superspace sector of physical superstring theory. This realizes the idea
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Black Hole Entanglement

and

Quantum Error Correction
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“... one can reconstruct local effective field theory observables
that probe the black hole interior, ... The reconstruction makes
use of the formalism of quantum error correcting codes, ...”

Precursor to:

* Papadodimas, Raju: 1310.6335

* Almheiri, Dong, Harlow: 1411.7041

* Harlow: 1607.03901

e Akers, Engelhardt, Harlow, Penington, Vardhan: to appear
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d =2
and holographic
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Asymptotic Density of States in High Energy
with Global Symmetry

The probability P, of a randomly chosen state of
CFT, with global symmetry G at high temperature T
to be in an irreducible unitary representation R is:

_ (dimR)?
A G|

, when G is a finite group.
Harlow + H.O.: 2111.04725

dim G /2
. _ A1 c>(R)
P, = (dimR)? (b Td‘1> exp [— —rai|

when G is a compact Lie group. Kang, Lee + H.0.: 2111.04725
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CFT, at High Temperature

Tr[e‘ﬁH] ~ exp(a Ta-1 ) (a=Z(c, +cp)ford = 2)

6

If CFT,4 has global symmetry G:

Tr[ U(g) e PH ] ~ 6(g,1) X ( T-dependent factor )

Harlow and | showed this when CFT is holographic and G
is a finite group. First, | am going to review the derivation.

| will then present a general argument which works for any
unitary CFT and for any compact groups including Lie groups.
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If CFT is holographic,

U(g)
Tr[ U(g) e PH ] = | Black Hole at high temperature.

For any representation R:

@U(g) | QU(g)
Nt
/]

// [

i Utg) U(g) | U(g)
@] = DR(g)é{ I — DR(Q){ Q
J
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If CFT is holographic,

U(g)
Tr[ U(g) e PH ] = | Black Hole at high temperature.

For any representation R:

| | U(g)
(5{ — DR(g){) Black Hole ~ ()

Therefore,

Tr[ U(g) e BH ] ~ 6(g,1) X ( T-dependent factor )
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U(g) | U(g)

W U@ U(g) | U(g)
J = Dr(9)f — DR(g){

* This argument does not apply when G is a Lie group
since the gauge flux may be non-zero.

It would also be nice to generalize this to non-holographic
theories.
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High-Temperature Effective Field Theory

* Thanks to David Simmons-Duffin for discussion

Consider a background gauge field coupled to G on S& X Xg_1-

At high temperature, we can write down a low energy effective
action by dimensionally reducing on S[%,

Seff = \/ydxd_l(Td_lV(ei‘P) + ) ,

Zd-1
where e'®? € G is the holonomy around Sé.

The kinetic terms such as (D¢)? and F? are suppressed by 1/T.

By diffeomorphism invariance, the potential V(ei¢) at high
temperature is independent of the geometry of X ;_1.
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High-Temperature Effective Field Theory

Seff = \/ded‘l(Td‘jLV(eiqb) + )

Xd-1

By setting ¢ to be constant,
Tr[ U(g = e®) e PH | ~ o T" " volEa-)V(e™) 5 Ty[ ¢=BH ]

By choosing 244 = St X X,_,, exchanging Sﬁl and S1, and
rescaling the whole spacetime Sﬁl XS1xX2;_,byT,

we can identify:
V(g) = tension of the domain wall

implementing the twist by g.
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High-Temperature Effective Field Theory

Tr[ U(g = e®) e PH | ~ o T" " volEa-1)V(e") 5 Ty ¢=BH ]

— S1 After the rescaling, we can interpret:
U(g) ; P
— T x (T2 vol(Z4-2)) X V(9)
1
58

Circumference Volume of Domain wall
X Zd—Z of rescaled S* rescaled 24_, tension

Since it costs energy to twist,
the tension V(g) has the global minimum at g = 1.
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High-Temperature Effective Field Theory

Since IV (g) has the global minimumat g =1,

exp (— Ta-1 Vol(Zd_l)V(g)) o« §(g,1) athigh temperature.

Therefore,

Tr[ U(g) e‘BH] ~ 6(g,1) X ( T-dependent factor ) .

If G is a finite group, §(g,1) = X dilréllR)(R(g) .

The density of high energy states pp(E) transforming in R is then,

(dim R)?
pr(E) === p(E) .
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High-Temperature Effective Field Theory

If G is a compact Lie group,

Vol(Zd_l)V(eid’) =a-— %(gb, ¢)+ -+, forsomeb = 0, and

Tr|U(g = e'?) e P | = exp (a Ta-1 — %Td_l(cp,cp) + )

: _ba-
Since T(d-1 dim 6/2, =37 Hb.8) 1o 5 solution to the heat equation
on the group manifold G with t = 1/T%~1 as the time variable,

Tr| U(g) e P! | N < 41t

c>(R)
Tr[ e FH ] b Td-1 2 )

dim G /2
) ER: dimR - yz(g) exp (— a1
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High-Temperature Effective Field Theory

If G is a compact Lie group,

Tr| U(g) e PH g \ MG/ | ¢y (R)
[Tr[ o] ] ~ (b Td—l) 2 dimR - xg(g) exp (_ b ?d—l)
R

The probability P, of a randomly chosen state of
at high temperature T to be in a representation R is:

dim G /2
P, = (dim R)* ( i ) exp (— CZ(R))

b Td—l
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Examples

We have verified

Tr[U(g =€) e ]~ exp (a T4 = 27972, ¢) + -

for free field theories and holographic CFTs, and computed the
coefficients a and b.

o For free massless scalars with G = U(1),
* a=2{(d)and b =4{(d — 2) ford = 4.

o For free Weyl spinors with ¢ = U(1),

* a=3{(3),b=16log2 ford =3
e a={12)=n?/6,b=1 ford =2
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Examples

In holographic CFTs with non-abelian G,
there are two types of bulk geometries relevant to

Tr[ U(g) e PH ] above the Hawking-Page transition:

1. The Reissner—Nordstrom solution with a commutative
gauge field in the non-abelian theory by U(1)"%k¢ € G

2. The genuinely non-abelian solution (i.e., with non-
abelian hair)

Their relative stability has been an outstanding question.

Reviews: Volkov, Galt’sov: 9810070
Winstanley: 0801.0527
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Examples

In holographic CFTs with non-abelian G,
there are two types of bulk geometries relevant to

Tr[ U(g) e PH ] above the Hawking-Page transition:

* Our task is simplified since the two solutions converge
at high temperature.

* We found that the solution with non-abelian hair is
more stable if we take 1/T effects into account.

(47‘[)d_1 wy_ 471 , <4n)d_2 4(d — 2)wy_£471
a=|— , =

d 4dGy d e?

G : Newton constant, e: gauge coupling, £: AdS radius, w,;_;: area of the unit sphere
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Asymptotic Density of States in High Energy
with Global Symmetry

The probability P, of a randomly chosen state of
at high temperature T to be in a representation R is:

dim R)? L
o = ( ) , when G is a finite group.
|G| Harlow + H.0.: 2111.04725

dim G /2
. . 4t c2(R)
P, = (dim R)? (b Td—l) exp [— —rasi|

when G is a compact Lie group. Kang, Lee + H.0.: 2111.04725
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| wish you many more
adventures and discoveries.
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