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ALGEBRAIC K-THEORY &

TRACE METHODS

K-THEORY WHY ?

How ? ~

EXAMPLES v

Initially taken for granted
-do you want/need

CYCUC HOMOLOGY WHY ? anything about this ?

How ? ~

EXAMPLES ~

PREMISE : K-theory is interesting
&

we badly want to calculate it.

when

trace methods

PROBLEM : Very hard to calculate - essentially only
enter

finit fields

IDEA : Approximate K-theory
$[ex]

by a functor $

sy
- $[

, x)
-

you can calculate Tr- S

O
- which allows you / F

Lto extend the calculations

you do have to fut
~

Tp -> #p[π,
x]

enough neighborhoods
to capture interesting stuff,
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ANALOGY (Li groups) - fre
?

are
projector

dealdestin
a

Kot = noc fig . proj t-mod/n
K

,
A E 6LA/EA = H

,
BGLA .

~
can we do Gams ?

HiKA = It ; 64 A is o

um

Think of this
as a Lie group.

Trace methods indeed start from
"Chern classes/GLA".

e
- locally an isomorphin

GLA
-
glt

· I

Y

↳
4

known in many
coaly sta on He ofyears cases

is f ↓
kiA @= Prim HiKAiR) = PrimHi)GLAiA

Prim H: (A ; Q) = ?



Y

Trygan Today Quite learly 80's (

Prim Hi(gAiR) = "HCi-1A & Oh
.

"

1

/
important features :

there's an invariant theory story

En : En glt

A "free" action is peeled away having (more precisely?
only cyclis actions L

- cyclic homology/ Connes
- Morita invariance - removes the matricesy

orbits of the cyclic action

Cf. differential forms/Chern classes

= Kahler differentials
= 12's Es = AEda3/dab)=ad,

----

K ,
A S I'

↑ Y

GL
, A zg 1 < dlogg = day
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In thesmooth case

&E HHA Counes' B - operator#

52
d

~
-

differential I
A

= H
,
A
( cylic structure*+ 1

k curvature)

Homology = de Rham Homology = cyclic hourology

2T

Prim HageA ; a) = HC- ,
A Q.

GOAL :
Realize this idea : get a theoryT like

A - the targetspace or even better

HER - knows also about

curvature

(why?: So that it isn't

only a linews approxuniation

k -> T which is an

equivalence locally



What does K-theorymeasure ?

it-ring Pe fin you paig
N

......

0 + p = P- P"-swij -
↑

voice P

DE POP" ↳pl↓

L ~

Idea : O pl ↓

functoutly

k-Theory i the universal terie "forgetting" this choice.

in the sense that

#Gustsequese) Koune) x K(target)

NOTE : even

equivalence I
if SES's do not split,1K-theory should still
split them

las driven home by Waldhansen's S-construction :

q-simplies are flags of higher coherencies

Por + P+ ps .. if Poq i < j < h
03

↓ b ↓ st
. Pijz1 Pin

13 19

3

& Piz7) (7) -- .. If D I[g]1 ↓ ↓ SES
.

Pa - P Bin
23 29

↓

: D

P23
Pos 2

Back til her.
Poz Pi

O I

Pol
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RIGHT Ko

Kole : = To RS = +
, St

P
pl pl-p + p"

Pl SES

= free gp (obG)/~
I became PER-O SES.

= free gp (isod [/r

E because Pop"= P"OP'

= EEidE3/[P(p"] - [P]



G

ADDITIVITY

Ko See
E
Kot Koz iconaphim

[P'-p + p"] 1 , (IP's , [P")

[P' + Pop"-> PYs 1 -

Pf
↳ in

- is is because of the SES in Sale

9 99
0 - P = p + 0 = 0

↓

& -> pl - 3D" > O : [P' + P - P"] = [P'= p+0] +
↓ ↓ 11

O- & - pu pu ->& [0 - P"P"]&

↓ ↓

· & &

only depends on [P'J & [P"J.

D.
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Thum (Walh) ↳ Em permute simpl direction

McCarthy

R1 , St is a "positive symmetric spectrum"

G : ESS &'s' " ~ 205E

as category,
SRIfe = ding G25], #S

,
3

, 23 StE has all maps
->

Isof's satisfy a Reedy-type condition)

SS2E ~ Saxsh

↳ induction

"bar construction"
SSq2

-

52 **

↳

2 -> &SE
v

& SSE
N

S ebgen
-

Sin E Sh
11

k1 , 'E is a "positively fibrant"Sque Shee
um symmetric spectrum.

KE

SinceKC is cornutived

20kh * &Sh

we can choose whether we want

to work stably a unstably

according to what's convenient.
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On uniquences I
unstath &

(1992)

-exact category version [McCarthy's insight : "mix F & S" 3.

of Tabarada etal ~ 13

K-theory is initial/t among
"additive functors under the core"

In the sense that given

t

i1) & is F Ex -> Spe

2) Rise F2 & isl

2

↓ 0 dS "Additive
Rissa : RFSE = Xe 2454exse

A

L

3)
↓

il

~

E "under the core" FL ~ rese
Rish ( F2

Xe

↑

Ris & commutes .

245a
3

WithSpectral enrichment & equivalences
S

Ex
sa

-

x Risse , afse
(as opposed to isomorphisms

2

one simply localizes the above. C
S

Fle
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Weak equivalences

Waldharse sets up the theory for

"categories /colibrations & weak equivalences"
Axions ? down ["Walhausen cats"]

&

Note When I has a notion of weak eg.

ol las opposed toive only)
tha we localize along these.

One way to do this is to replace E

by thesimpl at N*E : = &[IN Fur1], WE Fun 1293,813.

(inhouiting whatever enrishment I may have)

"revereat of pricritus
"

& setting
-

RG := KN2 = b ,, SING = "Wgg"

It is also possible to locative so that the weak equivalence

are actually replaced by isomorphisms - an advantage when theory applied
To more "fragile" functors.

of DGM 35.



12 hearna
.
[3

. 1 .
4

. 17.
-

K-theory of split radial extensions
we only do

I N E-algs now

a "radical extension" is a map B- A of 1) - algbars
It V/Fm sit 6LmB-> GLA is cartesians

↓ - ↓
MnB MmA

-n
= 1

[For singe this is eg . to the usual def &] includes Hensel
, inpotent --

Nakayama ME f.gB-mod & MI = M => M = 0

I for connective $-ay it is eq to ToB+ Not being radical)

Assume Fis spit radical ext of rings B = ADI-sA [huEGLmA@l) + GLuA] I= I +

MrI)MATAF)
KB = Em , gmp3

· never along somorphisions

~
= Sm , 11 Hom(m ,

m@F)
mes'wPa

a connectedspace !

& KB/KA = (m1 L B Hom (m
, mo = )3

mes'wPa

(note : Howi (m
,m@I) is a gp i composition

fig : m -> m@AI

f · g = (1+ f)(l+g) - 1 = f +y + fog
f]

fog : m
S

, mel + mEnFEI m @Al

When I = 0 we get

8 .

g = f +gd
BAmod(m

, MAI) EA-mod(m , MEABI) !



"K-theory ofiplitsquare zero extensions

When I = 0 we get

8 .

g = f +gd
BAmod(m

, MAI) EA-mod(m , MEABI) !

Lemma For I am A-bimodule
,
let

AQI -> A

be the sy,
zero extension

Then
KAOI)

= Sus Hom (m
, m BI(3

.KA
mes'pa

M

Say someth also

"Endomashing ? "

y each of these
-

are just
KA[2]/q2

= SKEndA spaces !KA
ISA th 200 endos
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Recap & start constructing the trace
-

Ko exact is ab

K : cutw. ofs & are
.

> Spt

initial among functors sot.

z -under
Free Abgp is E > Koh

Free Spf we > Kl
20

KoSzh * KoEx Koh

K Sel
~ KExkh

- Morith invariances & preservation of
fittered colimits.

a more precise statement is

given by Blumberg, Tabunda & Gepuer
(2013)

So to find invariants for K-thory we should look for

functore F satisfying

1) 20 wh · Fl

2) F3
,
E ~*xFh

+ Morita invariance & preservation of filtered colimits.

- Develop :

2) essentiallylays FSE Eth.

"I is stabilial by 5
U
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= THH ATHE TRACE-OUTLINE HH(A) = HHAIS)

but MMA) HHillE]
is it for is I because

x 1 (xik) End (c)
[ Itr I

core E HHE

HHSPA = HHPA + HHPA . ()) Additivity

HH Pa E HH FA Cofinality

HH FA E HHA. Morita invariance

N

KA = cosSP 1 HHSPa HHPA [ HHA
,

Additivity Morita
4 t

bispectrum cof .



"For F = HH
,
these conditions are entisfied

Additivity
tot, So of,

HHoG = O Ende ? # E( , 2010 (4)
ceoble

fito Co, 4

First do HHOSPE HHoPa HHoPa

Al SES' in Pa Split, so

(HHoGc@EndcE4 ,El
pl P

End ( i S
pl
!
do ~ d,

Note -

go · (4)")Hou
So "dinyount" die & ScPa <PaxPe
induce so on HHy

for >o extend n. explicit imp . homotopy

p = p
8'

, p = p

↓
Plp" i

f pop
= ii, pr = b

"fa= (108] : (8)
- ...

- (% )

(0 % ] ( . 00 (0)

-x .. (80)



Morita Invariance full
sbut

8.g free A-mod rh1
E F = HHo = [AS = A

HHoFac HHA induced by FLA,
A = Muxmt

cofinal fittered colim.
↓ N rk=

Pa = Fa ... .. E= F = A

HHT X HH
,

A

-trace !
a a +d

A
A = A A > A

+ c + ~ ↓ T

A M A AEndomorphisms A I
only depend

on their trace [ I

~

J

& ~ 0 as before

a
a
=xhd ~ 2/ ①

enclos A - A A A A A =A
depend
atheir S + +

- t Y

support.
A A A A

·

·
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Cofinality
F = P

ip
- Pep = F(p) & 3 C

F(P Ed
~ πp

p

2
.9
Fr = Pa

.

HH HHO

On HHo : p
ipfiip ↑ Ip

Pf , p - =p - F(p) P
S

F(P)
#P

, P
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Even better in terms of BGT 13 bartauda
1 . 12

This E : Get Set Additive Lo-cat formulation)
Y

small state
A-certs- of BGT 13

&
2

exact functors Dep F : A+ Bect is
↑

presen fin · Sims & colis a 'Moritaeq . if

Then Mod A -> Mod B eg.

-comp.

Map (K , E) = ElSpEY) ↳ Spet.

E is 'Additive if it inverts
L

Morita equivalences
preserves filtered colimits in tit ic compl

In part. split exact seq. Eat.
Enat' Endos K-> HHY/ = HHo $ = E.

in Cats
acitive (split) ex . Es idcompl. is

Y I

Dennis trace 2 1

doesn't processe filt colims (but TC/p does CMM
!)

-

TC is not an additive invariant
,

but it is approximated by such BGT 10 . 11

THH .

TC = holim &- TC" -> TCV" - -> TC'3

↑ Y -

additive

So a K -> TC consists of a system of compatible

k -> TC"'s - class. by TC" ($)

& so by TC$ = him TC"$ -

,
$-ECP-

& hunce after completion at p EKTC3/ = To TC$ = Ep.

I
cytr Is It Ep TC doesn't preserve

filt colims because it badly present

involves bac limits
,

like
US!-

him & him(fixedpt!

The extraordinary thing is that

yelo
- finit fixpets of THE does

- mod p it does. Cun
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IS

D, KIAIP) = THH(A
, [P) Stable K-theory is THH

"

se
zeer.

"derivative

KLAE"P) - K() - atA in

D, K(A)(P) : = hi
En

2 the direction of P"

154 + &

(a'-) I
& K(AP)/KA

(ab gp vald)
/ ept

= room, c P (Hom(BP
ESPA

.

bisp. 12

&
n+

@ Hom(c , ( * P)

Claim :

Hom( , c * P) = THH) SP ,
Home

= THH (A
,
P)

So that "KS = THH" :

D
,
K(A)(P) = ETHH(A

,
P)

(KS (A, P) : = 2"D
, K(A)(P))



so
7

Hom E Spt.

Theorem (Stable K-theory is THH] Everything stabilized, so ⑦ = V

① = 1

so - HH = THH

Must prove

D, KA)(P) HH(A
,
BP)

know -> 12 12 C s (Since HH is aditur
, Morihinvariant

, ofoh (

⑦ Hom (c
, (BP) · Sc · ⑦ Hom(

, GBP @ Hami
, < ,
1) = HH(SPPA

,
BP

Cesop Co...., Ca
A

↑ ESPA .

stabilised! -
day

> FqFo C

face deg(2) = 200
... is

face (400x, 00xq) = do :-

Xq
: q+ Cq * BP

face dez = i

Must proce The originalpf was performed in an

↓ environment where it made seve to chase elements

That degface ~id is seen as follows : I = BP & so we'll present it as such

See next page.

define A
,
B : Eq 1 EgS2

A
OOI < q = q =

Eq Note= O

20 q S
① I < Coro it \(q, 1)

C + Cq2 = Cqytq q

&i①I di
2, C

,
L -q-, q

dA = doB =0 d
,
A = d

,
B

,

B, Cg@Ic40dg = q--
Il 99 IL 4

, +) W

CQI ,
o to

Co + Cq1 [ qu+(1 FySe
d

,
w do +da

, Fa
- I
-:- q

- I &
q

I - ga,

& se

o

-

id= doA = doA + dand,
A

III

dyface = dzB = doB + d
>
Brd

,
B

"

G Q

v



Huge cheat : A & B are not well defined as written

I've used the mode - for an Ab-cut co fin coproducts
(sothat EM-yet defined internally(

MACE
,
M) = 319> #SM(Co , <)

= H(zE
, M)

cot -Cqth
- int

as opposed to
I

HH(
,M)

~ [1q]1HM(co
, <q) Hell 3

↳ Cq

That thre are equivatures follows by BM since

a cou 6-com
-> ↓ KIG

,
by z[X]0K16

,
b + 1) I Detailsisis 2a + b + 2 - connected DGM

and a purely homological argument I
both theorise are Hx-thurries

&cost the same projectives & Have

same Ho
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The Cyclic structure
assume all flatcan be replaced

by a birocute -
-

HH2 =129] ElcZ Eq.

face di compose -
degenerous si insert sit ........

pie student estate
)lapli

object

C

Evil ? fact : 10, Set cylie set => Ii
Ds

In some
jV

world so & categorical fixcel ple
with underlying IIS = SEEX,

1 sox = tox]sets.

Z zerosimpli
2 if (c

, f :c) - Hote ,
then Soz = (c

, 7 ,i
be

tsoz = (c
,
id

, 8)

So IHHElS = [l
,
id)3 = coret.

In part

IHHSalS = conse = Ker

-
modeldependent/not homotopy invariant

As this is "evil", the question is : how much

can we recor with homotopicalmeans.



Aside on

Cornes' cyclic cat 1
fre action

37r
T

M3/

NS : 10 = [**1 montire map 3 f1 - f+ r

App B on maps

2

R Ez 1
r

= In /r2
↓

1 = 1
,

No = 100 f : -T > f: T -> 3

&* (t) = min's (f(s) >3

j

C
j ↳ ~

A C In 1 [n] Y [m]

[m] 1 <
+2 ⑧ O 8

j(y)

11

[0
,

1, . . ., n]

n+ 1 ·I
~

M m+1

Fact
I

Malve & (1/2 =/B8 - K(8
, 2) = BSI

18-1 Acyclic object is a functor from 10

so a cyclic space 1 - Top realizes to an S-spec
-

BS' - Top.

Fact ob 1 ob1 & / is generated by ad
x ++ x+ t

+:



Key input ("cyclotomy"

"genuine equiouriant"

BHM magic : fiber symence (in their point set modell

Cpu "R" Cph - 1

HHGncpm HHE > HHE

Il I

HHEncpm
~, HFhm HFE pe

"Geometric fixedpoints"
-

"Cyclotomy" HHE = @PHHE .

= cof2HHETHHEP·

Why ? Follow formally from (10
,
not so lesp ...?)

Syst as a functor cat ,
e

.g
oth syst

Spt = ELI, 0
, 0) -> (V,

1
, =)3

↑

oihngomet * / good
both cate have digonals (technically : all "highly setwant's

↓ Es(X *X)2

1 - xx

>
Bo X

, zBG Fro

, 3
FiG

V Dox left kam.

I

& cofe generated by representables.

Id the fact that HH is given by o's in Spt)
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NS uses this to avoid point not models,

e. g. define - "

/
"

#He < C HH2
cylotomic

J Y
-

L

HHG" HHEE

in terms of objects only min the Bor structure

HM

↓
hCp

↑ Tate orbit Lenna :
NS HH-> HH

X EC bounded below => HHPE ) hp

t2p2/(p
[Xng] -O.

HH always/ : "THH"

reading to NS

-prof compl

hS' can us' NS

TC & HH #CHNE] (HHESe
Y

sen : HHYS = CHNhghSY [HNhCyYS' : CHHEsogas
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D
,
Tc(A)(P) WHHIA

,
SP) = D

,
K(A

, 1)

↑ Why do we case ?

K & TC are "analytic functors" &
Il

Lie = Sketch HH(AP)= HH(A , P) having the "same differential ->

distributivity they are "equal up
to a constant

"

summands with

"#Ps = i .

"
(within the "radius of convergence")

ex ,

q= 1 (p)(AP) = AdAdApepa) Pop
i . e .

thir "difference" = Fib (K - TC) =: 1
in

H1
, P) HHS H1923 is locally constant

as connectivity of P increases If B-A is a milpotent extensionGiliis
highly coun of connective $-algebras ,

then

HH (AP) HHAHHW"(A
, P)

kin -> Knut
HH"(A

, P) P can be placed freely so.

is an equivalence
free/s' so theremnina1
Tate vanishes

- "Free enough" ↑S'fix pts = 2 (S'orbits)
There are issues /limited colnuts commuting

D, T<(A) (P) = &HH(A
,
P)

We saw a model for K of radical extensions ,
but a prions it is hardto pause

I will generally have huge infinitity divisible pieces not well understood
(e.g kzk[[t]])

but after completion things calm a bit down (KRE2t3] holia KREE)
Not known to be the case generally ,

but in the commutative case this is oh

com

CMM. Hensel extensions are fine : B-A heasel =>

A North &"F-finite",
A complete in the ideal I

= KA > holi KIA/IY

Kim CMM
~ P

M
Cuses that $/p-TC preserves fitted colimits] Pope

approximation
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Calculations on the TC-side

1) THE#p the "dual Steenrod algebra"

of /8 :

HH(p/2) = #p Q
remember : everything is derived

T /p @r Ap) = Ha #p *
y
(2)

E(t) "t = op
"

T

= Ha (Ep > Ep) = Epht]/E2 It) = 1

So

HH(lp/2) = #p
Ep2t]/el

Ep = B(Ap . FCt]/E , #pl

= [[g]H #plFpCE)/t2*g Ep3
S

nondegenerate elements [trt ... It] = 10 to o
- -

g q

HMg(#p/2) : #p / generated by [E1It]) Uqt

Shaffe product give the algebra structure

HHe (#p/8) = 4p((t)) y get] =
b

,git)
Da Ub = (a+b) Path

Alternatively via the Greenless SS

Given A
T

> B connective $-algebras
w

ToA1 = MoA @ B flutues assumption.

coun

= # A A Q = To B ofSerse SS :

T
2.g. #pzIEp -> #p H

=(B
,k)@Ha(F, 4) = Ha(E,

b).

↓ To ↓

Ep -> HHLEpIE)

EC)@HHFp/8) = Ap 8
2tot

Do it live %t tot

tHalf-
HH(1/2) = Thlot) HHALApes O O

Of (0t)2
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Over
.

$ : HHp = #p[M] Iml = 2 Bokhelf 14.

HHEp = #p GEOEp #p
Itil = 12p

:
- 11

,
13il : 12p

: -21

↑ #pO #p = dual Steer = #p [To ,

i

, , . .. 3
,32... ]/E = Si+ P =2

Ti = 0 podd.

Easy (case p = 2 = #p[to, ...
]

, so that

Tags Eloro
,

Ot, ....
= HH no possibl

difft's or

= HHAFe=See additivextensions
old

2

(just as for HHELIFe/2) = Trat).= Evol
#

However
, power operations imply ↑

for add prices
(02)2 : QoT:

"M" I
⑪ Hunt

-

I= ot = 0 Fix ,

T

-similarlyea

&

no HH
=
# = [to] OT

, ⑭

To

8 2 6

HH
- #p I u M

3

M
4

&
-

-

T I T
~ ~ ~

FIH
= (#p(z) I ⑨ Uza Uza 84

1/

me · &za

That these are isos

is forced by $-2

being I-connected
-

but the rest of the map

is zero !
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puper)
On the non algebraic nature of HHHp.

HH #p
- does not support divided power

II structure

S' : lp@ => not H(commutationsampl sing)

A -has moutri power operations

=> not H/cdgu

/B's Blumbery ,
Cohen

, Schlichtkral
Old results by Mahowaldat E Mind Fo fa Er Ap-algebra Revisited recently.

Antican
, Krame ,

Nitrans ?

=> HHEP free E
, Ep-algebra

However : Fully algebrace "one step higher .

"

32 : Ep EHHApEp = H(Ep(e]/2) 121 = 3
.

&

y

·

in
&

↓

*

·
T

,

*

To

T Ot
,

82
, 84 OTz



Alomotopy fir & Tate of HHHP Tate E2= E@

El = H" (BSHHEFp1) -TIME I & ·M2 A

IFpCt] Ep[M]

concentrated in even digs -
no room

·
tu

·M &

for differentists
g st

ti a
However there are extensions so that

tr= p

& "can"

#HHAS = Epht ,M]/tu = P

= TE HHAtS = Ep[tFim]/tm = 9

z
One way to see tu=p is as follows

To

S
+

< $/pn#p
↓

Si n $/pn +#p c $/pnHHEp
To I s M = 0To

=> in the Tate 58 for $11HHAptS
G

↳2 = FpLM, t=Y En
-

-
A a ToM

tu

& · M O shows pltm
d2 - ......

g · To g

D

i I g -

so

$pa HH#tS = EpCtFl]



Now we know"can" & must find

The Frobemies HHEp
- cyclo
Y

Consider
HHEp

nep HHEph , HrY#p top
-so Ep-algebra

M 1

HH Ap"S HHHp
tSi

HHEp
** Ep-algebra =>

PETHHAp
*S

maps
to zero

H* iFp) =

So the infinite cycle to in

12

E = FpCtF ,MJOEne Te HHEpt' Ep[u ,
tu

must be a boundary
repirp

& tu ⑨ 8
. M
&

S

Only possibility :-> &

⑤ I & Pa

du = tu T ! nt"

So

A HHEpEY = EpCtF1 in UC,
at 's not there,
I so tur survives

(d HE = 2/2(t , m.
] / tm ,

= P , PE = O (

Further analysis -

·

o
in dry 0

shows
C : GHAp HHEPE YM = t

- 1

larg -

not included)

&

TEHH #p
hS can - 2

To HH Epts' 0 fr = = 0

Il 1/ so for* + 0

&p(t
,
n]/tu = P 2) [En]/tm = P

L

nS' 1-1 tSI
& -> TC

, #p &
To HHEp 1 To HHEP 1 TC

, Ep
-> O

Il H

Ep p



🔗

So .

TCEp = EpEE]/ge 181 = -1

(more generally
8 * 0

, 1

TC
=
y

= [E * = 0

cole D-F1 :

WEq-> WEA - - 1



33 ASIDE
"Old"point of view

by finite fixpts HHEP
Cp

&
R

HH#p u #p[m]

14
EHEP" , HHEpt ~

M

#E IFp [t=]
</p2[t,M)/tu= p

ti 1 t
connective pt = 0

MI 2 pt

I
further analysis

z " of orbits.

TEHNEp
"

= 2/p> (M ,
]

The "TR-tower"
Un Mu ↑

A HHAp = 2/p** [Mm]
R IF - just like With vectors~

PMm- ,

Mm-1· TI HHApY" = -/ph[Mm .,
]

in fact , if Not commutative
,

then

1- R
fixed pts.

HM :

TEAp > TE #p
To holim HHAPP = WA

112 112

Ep[M] 1 Ep[m]
These "Witt-like" extensionsM +- (-p)M

I

I inv is the genesis of the trace methods

evidence for Rogues' (& Macken
,

Ansoni
.... (

TC#p = ELET/e Rec chift conjectur

Resolved for Ex-rings by Barkhand
, Schlauk

,
Yuan

-height KA 1 might H+

building on
Clausen Mathew Nauman Noel 20

Land Mathew Meyer Tanni 20

Hahn-Wilson 20

Yuan 212
for LubinTate

En(L)

Note :

181 = -1 A #p-algebra

TCHP - 181/e2 > TC Ap

= TCAp algebraic
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TC Ep more complicated (therea diff's in the SSs)

but it starts w the nice (Bo
,

FLS).

·

MHE, Ep) = E(d ,) @ Fp[M] 1
,

1 = Lp-1

t ( , ) = 2i

coefficients ! multon

CHHII is a mess-equo).

#p2,03 -> Apktp , so

#p I put as FpOHp but no to ( but to is these when p = 2/

# =Tobi= H,

out, - M?

· ooot
, X

, M,

⑧ or
,

M,

· ot
* +

,

No to X

TCEP First calculated by Bo
,
Ma

,
Ro early 90's
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Why is this the startof a sucessful theory ?
p- couple

For readability : more +so outside to a blanket assumption. ② willen

2 K HYp 1 Adams operations (A
*

Ano => KiA poin for i < 0])

17 < must preserve + !

ETCEp =

p HEp

2 KZ/p2

~
-p u

sinceEenilpet

EoTC 3/pm ne only very recently valabted Antieau Krause Vibrans 24 persinatio color

Panin - Sabin KEp Klin KE/pm
3 K Ep because of Hesselholt Macken T TC

2p it
~

or now directly from CMM

T TC Ep

The KEp calculation by HM opens an entire pathway
into other calculations in K-theory

verifying the Lichtenbaum- Quilla conjecture for these cases

Theorem

p > O prince

R perfect field of char p
kime = fibe K -> TC

A connective $-aly , Not a WK-alibera fig as a module

Thu

Kinet = 5 " coke (noA- Fob
, ToA)

P
-

TC_, ToA
p
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< -theory of local fields [HM trab]
LQC~

= u
L DV field HM 02

Gal colo.
char o

OF ? F
K2s..
(F

, 2/2) = HF
,Mor

*
Q

perf. Char = p > 2 Kas( , /pr) = HOF
,M

Locatirations
H2 (F

,McG
Kh < KO 1 KE

Problem : cyclotomy idea for goes
"bad" for cats eun in HQ-module

essentially for the came reason that the With-ring
construction splits for char 20 fields fails to give anything interesting

HHQ" = D
Why ? K2 -> TCG as such is fine, TR(Qp , p) = Thp

TC(Qp, p) = &
p

/fix of Frob)

but the identification used in the
O- Kiz+ Kip -Ki

.,
#p -> O

K-theory localization doesn't work. tip LO tip

TC2, TCiChp Thi
., Ap

kh + k +F

k theory of C := bound/Por /R()= K/bounded
a

KF KA

C toriou
, 7. C

, gi 1 C
, Rgi 12 (ii)

KA

↓
-

Doesn't
work for

TC.
ick , TC A c T2) (
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kk > K OF > KF

- eq after compla -
-- W

T2k
buncation
TCOF TC

bounded /Pad)rat' g.
i

S I

I ↑ inverting pin enrichment

not an option.
methods for calculating how to attack?

log poles oh
,

&
still the trichs simplifying from
cuts of modules to (log) rings

works
.

log ring (A
,
M

,a)
↑ 4 = M

"

(A
,
)

sing moneil monid

map

Derivations into an A-malt

A
D, E distration

Blog
M > E may of monoids

ExEM x(x) . Dlogx = Dack) ("Dloyx = 1)
↑

if M = G
,A

Like Kahler diffe Es univ.
/deri

& Es HHA dai , al + ou

log differential W
I E

HH
,
(AIM)

(A,
62

,1)

where

yo
I

= ((RM))/dax = 1x * x

At,m)
finite

Analysing the equicariant structure TCCAIK) is reconstructed from a

de Rham Witt - interpretation.
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Denseness
Icha : Commis X?Y

cont
E Spaces

2

I
for each y

Es = X2 Y dense > f = z. choose a seg. In in X

converging to
Then f(y) = himf(xm) = z

f
A , B1-com (e $T

- B

= A-mod
w

f*

B-mod" "dence" as demonstrated by Adams/Amitzur.comple↓

No
k-connected

M ·MB M holie N - N > Nu
.,

+ - NoR
Y M

N
,

----
11

= / cus
2 ↓ I V

MOB MOBB holim MOB ... B

Labe -
on vertices

Mo BB each d-din'tsubsube is d-cart.
I com

Zurt MOB

MoB3 Connectivity grows so

quickly it is "easy" for
a functor F (even to unstable cnts) <

to be continuous

so that

W f
A-mosh S B-mod

Fr E F h

W

Sp E

2. Functors continuous in thiscease

this uses heavily the
K

,
HH, .....

TC
,
Kir BM technologyof Maxime

The cubes hie in a sweet

spot where they are

uniformly d-cartesine
11

2d-1-cocortis

even unstably
10eg

BOLAT countr

can be used on the

worl



ei If S is an cube
,
then

(i < S) + KLAOZOT) is 1Sl + 1 - cartesian

Pf .

For each iS

= T/1 > AZOM is 141-cutuscan because $- * is 1-connected

= I : i)1 : &Oz is -11

By Blabers-Mussey as explained in the proptath of Maxime

we're at the sweet spot :

A cube
,

has the prop ,
that all T-subcubes are IT1-cartesian

ofspace

ES-11-21T1-1-cocalterin

So
,
with such an incoming cabe ,

a functor preserving either condition

will have as output a cube of this sort

Hence

SCTI < &O MulADEPT1) is lit-cart (ecurtr)

S : T1 : GLulAOITY -11- (To (A) E To (AZT)

S : T1 : BOLn(AOIT is ITI + - cust. IB cust v

S : T1 : BOLn(AQUIT
+

-11 1 + cocart ok

32 T1 : BOLm(AOIT ** KIToLAI'll

ekz There the vertices are not connected
,

so

we love uniformity at the lowest dim's

butwe still get that]
The S-cube Tit &* KLA**T1 is 1Sl+ 1 - curtain



get
The S-cube Tis @KLA**T1 is 1Sl+ 1 - carlaim

Letting ISI go to infinity we get

KA > holim KLAZTI)
PET

is an equivalence

Presumably ,
this could've

been proven directly in

ept-but I think it is

awent illustration of
how you can get even
unstabl results



A -B 1-conn
. map of $-algebras

So
, proving theorems abt there functors on

A K
,
T, . .

often recluses to showing it for B

+ Densenes Hal
e

.g.
Goodwilli corg

: McCarthy conthy ↑ B-aly .

↓

kni is locally t C@H2
=

K
in

is locally
+2 constant on

constant H ? connective
on simpl sings I $-alg.

singl Sing

Note 1)" CHE He'"works in the associative case but fails in the
commutative setting

2) Each TC (COHI* ) does not seem very accessible
,

so it is notas if TC() can be calculated
by these

However
, replacing $- - by $ - Mr

, we get a better hold because

Mu
*~ Bu* 1

MU
Lazard MUx =[xi]

/

BCS HHMV ~ MV Su
+ MH= MV = 2 [x: Jo Eled

st,

HHeMrEs= Elxi]@(E(j)) **
@ (Lbm](s

Hamu
HH of Thom [& decent SSforHHS = ANS for in$].

Spaces .

g: has anyone done a

serious investigation on

: HHT
usi

HH
_
T

* S
?



40

Algebraic K-theory of spaces X commented

K$[t*] = A(X)

"algebraic K-theoryofX"

Kr , i< $(ex
-

Tells a lot about homeom/differ/Ph-is

of high china unfed-
Disk

KI2E) 1 TCYECX]) so what is this ? especially +* = K$ - Right

In part

A() = K$ > TC$

⑮ · Tz Inote TCE- [C2) Ibut KE - KE
, widely

&
# theory

~
just calculated different

motivic
(os if $p is enough:timeabove)

i

- HHB = $
-fre loop space 1BG

HHe$26] 2 20 MapLS' BG)
+

--

splitting
comes from the dragonal

s
.
- 6 = C

&

HH$26]ncn HH$163
PM

R HH$16]
<m-

II
W

haph HH 26]+M-11- -> HH$(G]

Going to the limit gives cast diag afterp-completion

TC$16]p ( holim HH$[G]ncpu o [HH$[]ns1-([
**

MBG+
ns-f

Jp
V ↓ [B2pn =pBsl]

1 - FS
,

HH$[6] S HH $[G]
12 12

F = ind of fixed pts.
1-pth power

[1BG
+

C 21BG+

G = *

Problem :

TC$ . =, Sv SCPY Instunted proj span
TC$ - TCE

not well understood.
(with a allin dry-2)
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TC #p CHHAp)"S, CHAFp1ts
RYDD !

KAST ·

p3
1 7 · us . no diffts

1 phone BT extension (( explain)
NEXT PAGE

.

↑
*

p · M &
&

y &

I t E ji It1 = ( -2, 0)

IM = (0
, 2)

El = H" (BSHHEFp1) -TIME I
IFpCt] Ep[M]

Come back to the picture

TREp = HWAp : H2
,

It IF -8 do

To CHAP)" = [t
,M]/+M = 0

TRRp = HWH
,

= Hp

incl = can -v4
↓

T INHEptS = 2
,
[t*MT/tm = p

TCE; = HErE"HEp . S

= 3pCt= (a = p . E-)
se below (rf ?)
1

can M = M = pt" can't t
yu = z

-

4t = pt

I # O

(m - 4) E m ++ ( - 1)t
1 S iso in V digs + O

t - (l-p) t

On the Frobeis.
0 -> TCAp -> Ep · Sp -> TC

. , Epi -> &

AHF( , CHMEpt
T

& &
·Mi &

H ( , HHE
&

Enr
- & S · M &

·

S

&

M

TE HMEp = Ap [M]
& I &

4t t t U nt y wis t

The HNAp *"= EpCt
*]

. ym) =+ - reference !
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On S'-homotopy fixed & Tate

KAST APA - A

↓HHA = A A Ot = M
A-- HHA1

1

o

SIn(APA) T forA= Ep

= Under the S'-action
I

Sin petty
Wait

, Sen Foa WHER C Ep n HHEp
1

[1] 1 to M

Sn$/nEp1S\n$/nHHEp > $/p1HHEp

($/PAHHEp = Ez@Fp[mil

The d-differential in the S'-Tate &S
Est

#[t=1]E [M]= )$1HHE1)
is included by the S-action "

= $/p fint
F ts'

$ = (HHEp

& - ToM

zM
ar M

To

L I ⑨

t

This means that the class rep'n by to in HMEP" & HHApS

must be divisib by p yielding maximal extension so that

Eo = E = (t
, m) = 2 (t=m]/ tu = p

: TE HHEES
VI

ED = E = (t
, m) = 2 (t

,m]/tu = p

: TE HHEES
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KAST
On finit fixed points

Consider HHEp
- cyclo
Y

V -so Ep-algebra
HHEp

nep HHEph , HHAp top
1

HHEp
** Ep-algebra =>

HH Ap"S HHHp
tSi

PETHHAp
*S

maps
to zero

H* iFp) =

So the infinite cycle to in

12

E
#p[r ,

t

utP
repirp

tra · In But p20 in HH & so in

d

& HHEptCp

Int" so there must be a diffic
1

tu

killing it in SSEHHEp

Only possibility :

So : E3 : #pCEF) : Er du = tu

= TE HHEpt

Fact HHAp"s WHERE

Ep[M] #p[t
*] Yu = - "

In HNEph ut is not there ,
no th is not a boundary

3
E = 14

.
⑳ M

So the HNA
(but all ton are

0at -E/ph(t,m]/tu = p
t

- 2

* pt= 0


