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Learning objectives

At the end of this week you will be able to:

Define and analyze numerical methods to solve systems governed by Partial Differential Equations in 2-
dimensional domains. This entails:

1. Define the the system of PDEs that characterize the behavior of linear elastic structures in 2D
2. Define numerical methods to solve a system of PDEs

3. Implement a solver for a system of PDEs
4

Analize and justify the results
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The 1soparametric map

In the previous week we learned how to define Finite Element functions through the use of shape functions:

u() = ) NGO,
i=1

For each node (i) we define piece-wise interpolation functions defined on the set of elements S; that are attached to the
node i:

p(x), XEQ,VkES;
N;(x) =11, X = X;
0, otherwise




The 1soparametric map

Problem: we need to define the shape functions for each element!!

For each node (i) we define piece-wise interpolation functions defined on the set of elements S; that are attached to the
node i:

p(x), XEQ,VkES;
NL(X) = 1, X = X
0, otherwise




The 1soparametric map

Problem: we need to define the shape functions for each element!!

For piece-wise linear shape functions at element k between nodes a and b we have: h = x;, — x,:

- / 1 —Xq / 1

/A _
i r ) I i .
u(x) ./?\.'
I h I}CI , i F\.\-_". 1) I I
I | . [ | |
) I | I i 2y i (o 1
| I | 1 I 1
| I I | ' Xiq x; it
] | l i | N
1 1 1 1 1 d
Xy Xy X3 Xy Xg X
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The 1soparametric map

Problem: we need to define the shape functions for each element!!

For piece-wise linear shape functions at element k between nodes a and b we have: h = x;, — x,:

- / 1 —Xa / 1
No(x) =225, NP= -0 Ny =772, Ny =,

This is not practical and defeats the purpose of generality of the Finite Element method!
Solution?

U(x)

- = =
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The 1soparametric map

Solution: The isoparametric map

We express the coordinates of an element in terms of a fixed reference element

P
: /\ )
— —
® | ® '
-1 0 1 Xq
x = @r($)
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The 1soparametric map

Solution: The isoparametric map

We express the coordinates of an element in terms of a fixed reference element

P
: /\ )
—> —
® I ® } }
-1 0 1 Xq k X
x = @r($)
In particular, we will use a linear map at each element:
1-98 1+
X |, =t Xy = 2N + 2N E)
With
(1-3) 1+
MO =" o=t
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The 1soparametric map

Solution: The isoparametric map

We express the coordinates of an element in terms of a fixed reference element

P
: /'\ )
— —
® I ® } }
-1 0 1 Xq k X
x = @r($)
In particular, we will use a linear map at each element:
(1-5) 1+¢
x($) T HaT T T = X Ng (&) + x,Np(§)
With
1-9 1+
MO =" o=t

The shape functions don’t depend on x!
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The 1soparametric map

Now for a given element k we can also express the solution in terms of the Reference Element coordinates:

Uy
‘% Uq

& e
| w7 N
| | Up
1 1 \WNa(x)

Na(é) Nb(‘g) 1

u($) L UgNg (&) + upNp(§)
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The 1soparametric map

Let’'s see how this applies to the elemental weak form...

We had that for the rod equation in a given element k between nodes a and b, the only non-zero shape functions will be
N, (x) and Ny (x).

ulx) =X Ny, ) =X Ny, i) = X7 N

Nn
X=Xp

ii; + j EA N/ (x)N{ (x)dQ
Q

k

w= [ aGINGIAA+ TEON)
975

X=Xgq

> [ m N; (x)N; (x)de
975

j=a,b j=a’b

%
TUDelft



The 1soparametric map

Let’'s see how this applies to the elemental weak form...

Using the isoparametric map we have that:

u@| =u(x©)| = Z N; )y,

6u(x) Ou(x(f ))

W] =

vl

i1(x) |

]
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The 1soparametric map

Let’'s see how this applies to the elemental weak form...
We know that x = ¢, (&), with a linear map at each element:

x(¢) = Xa a ; 2 + Xp - -2I- - xaNa(§) + xpNp($)
With
=" e =1t
Then, we can evaluate aNa;'f(a and Z—i:
N _ 1 @) _1
PR 2 PR 2

0F  [(ox\ T (xb—xa>‘1 (R 2
ox \o&) 2 S\ 2 " hy
The term Z—; is usually known as the Jacobian of the map and denoted as J,. Note that this is the only quantity that

depends on the element!
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The 1soparametric map

Let’'s see how this applies to the elemental weak form.

Now we know how to define all the mapped shape functions and derivatives
u@)| =u(x©)] = Z N;(@©

6u(x)

au(x(f))| au(x(f))0€| Z aN; <s‘> UG

kY

W | === = b
j=a,

()] = > N©i

j=a,b
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The 1soparametric map

Let’'s see how this applies to the elemental weak form.

Going back to the elemental matrices, at an element k between nodes a and b we will have:

2O Bjmap MY, 0 @i = Ljeap e, GGl = Ljap Ny
nn -
> [ m NN (o iy + > j EA (N i )N ©)ic)d0| vy = j (N + TN | _
j=ab e j=a,b Qk Qg E=-1
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The 1soparametric map

Let’'s see how this applies to the elemental weak form.

Going back to the elemental matrices, at an element k between nodes a and b we will have:

Uk Xj=ap N Oy, v )|k = Xj=ap 6Na;-€(f)];1ujl U |k = 2j=qp N;j(§)iy

D [ mNON©| i+ Y | [ BN 0|y = [ aG@IN@d+TEEME®],_
j=ab e j=ab Qk Qk E=-1

Since we want to evaluate the functions at the reference element, we also need to map the integral bounds!
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The 1soparametric map

Let’'s see how this applies to the elemental weak form...

Mapping the integral:

F) dx = OZas = f@)yede = j () e

Qref % Qref

Leads to the final elemental weak form:

[ f m N; (N; (f)lkdfl i+ ) [ j EA (N ()i ") (N (f)lkl)fkdfl uj = q(x(f))lv ()/iedE + T (DN, (5)
j=a,b

j=a,b

MEil; + K = Qf + Sff MF¥ii + K*u = Q¥ + sk
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The 1soparametric map

We can check that we recover the same expression as when evaluating the shape functions in the physical space x

Using linear shape functions and noting h = x;, — x,:

- ! 1 —Xa / 1
No() =22 NP= -1 Ny =22 Ny =+
b m(x, —x)3x%» mh
Mgy, = N (XN, (x)dQ = — ——2 22 |7 = ==
o= | mNaCN a0 = - T [ =T
Xb m [x,x?  xy x? x3lx» mh
My, = M, = j m N, (x)N,(x)dQ = 2|3 + 5 " XX — || =
Xg a
b m(x—x,)%1x» mh
My, = N N, dQl = — = —
bb . m Ny, (x)Np, (x) 2 3 ‘o 3
K m_h[z 1
6 L1 2
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The 1soparametric map

We can check that we recover the same expression as when evaluating the shape functions in the physical space x

Using linear shape functions in the reference element and noting J, = %:

Na(f)z%f, Ngl(g)=_%, Nb(x)z%, N,;(x)=§

mh (1 — 5)3 mh
B

Mag ij(E)N (Ot = -2

mh
Map = Mpa =j m Ng (§)Np ()] dE = lf——] |_1 —

h(f+1)3
3

My, —j m N (§)N, () Jxdé =

h
G

Xa 3
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The 1soparametric map

We can check that we recover the same expression as when evaluating the shape functions in the physical space x

The same applies to the stiffness matrix!
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Numerical integration

Now that we can define quantities at the reference Finite Element, numerical integration it's much easier

We approximate the integral over an element by a sum of weighted function evaluations:
Ngp

ffedx =) flw,
i=1

. . . . . . +1
If £ is a polynomial of degree r, the numerical integral is exact if we have ng, > =~

Polynomial degree Number of integration Integration points x; Associated weight
of f points factors w;
1t degree or lower 1 x1=0 w =2
34 degree or lower 2 x; = 1/4/3 w; =1
xp = —1/4/3 wy, =1
5t degree or lower 3 x1 = /0.6 w, =5/9
X2 =20 wsr = 8/9
x3 = —+/0.6 w3y = 5/9
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Numerical integration

f=agtax J‘lfdez 2f(0)
-1

x
1 5 8 5
f=ay+ax+ax?+ azx® + a;x* + asx® f fdx = af(v0.6) +§f(0) +§f(—v0.6)
-1
» > X
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Numerical integration

Since the reference element does not change, we can evaluate the shape functions and derivatives at the quadrature
points and re-use the values for all elements!

Let’'s see how this looks for the mass matrix...

Computing symbolic integrals:

N® =L N©=-1 N®=2 N =1

1 h(l-¢&)3 h
M,, =j m Ng(§)Ng($)]d§ = _n; ( f) | _m
—1
1 mh
Mgy, = My, =j m Ng(§)Np (§)]dS = [S( __] |_1 6

h(¢’+1)3
3

M,, = j m Ny (E)Np (&) dé = =3

kzm_h[z
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Numerical integration

Let’'s see how this looks for the mass matrix...

Computing numerical integrals (we need 2 quadrature points to evaluate quadratic polynomials):
1 1

51:—ﬁ» fzzﬁ

1- V3+1 1- V3-1 +1  /3-1 +1  V3+1
Noa(@) =2 =22, Nop(f) =S2=0 Nya(8) =20 =20 Ny,o(8) =22 =22

(\/§+1>2.1+<\/§—1>2.1

2V/3 2v/3

<\/§+1><\/§—1>.1+<\/§—1><\/§+1>.1]|1 _ mh
2v/3 2V/3 2v/3 2v/3 -1 6

1 hl[{Vv3—1 ? Vv3+1 ?
Mbbzf mNb(f)Nb(f)]kd5=n; I( ) -1+< * ) 1
-1

mh

1
Mo = | mNLONo @it =

_mh

3

mh
2

1
My = Mpq = f m Na ()N, ()] dE =
~1

_mh

3

2v/3 2v/3

mhpp 1
kK —
M_6[1 2
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Numerical integration

Exercise: Implement the isoparametric map and numerical integration on the reference element for Workshop 6.
Assess the computing times between:

- Symbolic integration at each element
- Numerical integration at each element
- Numerical integration at the reference element using the isoparametric map.
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Constitutive law for linear elastic problems

In this course we will consider 2-dimensional elastic problems in plane strain:

The cross section of the structure is only allowed to deform in the plane

Fi
Y plo
Oylylya
& X

7
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Constitutive law for linear elastic problems

In this course we will consider 2-dimensional elastic problems in plane strain:

At every point of the cross section we will have a tensor field denoting the stress (o;;) and a tensor field denoting the
strain (g;;)

€11 €12 O
E = 821 822 0
0O 0 0
Remember that we can link the strain with the displacement field:

1 1/0u; OJu;
= — T o= = —l —]
e(u) > (Vu + Vu') &j =3 (ax,- + axi>
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Constitutive law for linear elastic problems

In this course we will consider 2-dimensional elastic problems in plane strain:

We know the relation between strain and stress for linear elastic problems:

O0ij = Lijki€kl
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Constitutive law for linear elastic problems

In this course we will consider 2-dimensional elastic problems in plane strain:
We know the relation between strain and stress for linear elastic problems:
O0ij = Lijki€kl

With C;;i; a fourth order tensor that depends on material properties.
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Constitutive law for linear elastic problems

In this course we will consider 2-dimensional elastic problems in plane strain:

We know the relation between strain and stress for linear elastic problems:
O0ij = Lijki€kl

With C;;i; a fourth order tensor that depends on material properties.

To simplify the analysis, in this course we will consider isotropic linear elastic materials, which leads to the following
constitutive relation:

O-ij = Z,UEU + Aekchij

With u and A the Lamé’s constants, defined as:

_ E 1= Ev
Lo +vy " A+ -2v)
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Constitutive law for linear elastic problems

In this course we will consider 2-dimensional elastic problems in plane strain:
We know the relation between strain and stress for linear elastic problems:
O0ij = Lijki€kl

With C;;i; a fourth order tensor that depends on material properties.

To simplify the analysis, in this course we will consider isotropic linear elastic materials, which leads to the following
constitutive relation:

O-ij = Z,UEU + Aekchij

Since we are in plane strain, we will only work with i,j = 1,2, knowing that o33 = v(g,1 + 053)
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Equation of motion for linear elastic problems

Once we know the relation between stress and strain (and displacements), we can define the strong form of the
problem.

From conservation of momentum, we have:
—V-o(w)=f inQ

With appropriate boundary conditions:
u=up only
o(u) -n=tyr only
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Finite Elements for linear
Elasticity




Solving linear elasticity using Finite Elements

Starting from the strong form of the problem, we can apply the Finite Element recipe to solve for the displacements in
a Ccross section.

tr

—V-o(w)=f inQ

u=up only
o(u) -n=tpr only

Remember the steps of a FEM:
1. Discretize the domain
Define shape functions

2
3. Define elemental weak form
4. Assemble the global system

]
TUDelft



Solving linear elasticity using Finite Elements

1. Discretize the domain

We use external libraries or structured grids in regular shapes (assume we can get a list of elements with node
connectivities)

]
TUDelft



Solving linear elasticity using Finite Elements

2. Define shape functions

We consider that the axial displacement can be well approximated using piece-wise linear functions:

N¥(x,y) = a+bx +cy 1

How do we define a and b and c?

Nl (xr y)

1
: 3
é 0 )y =
X 2
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Solving linear elasticity using Finite Elements

2. Define shape functions

We consider that the axial displacement can be well approximated using piece-wise linear functions:

N¥(x,y) = a+bx +cy 1
How do we define a and b and c?

Do we need to define these functions for all elements?
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Solving linear elasticity using Finite Elements

2. Define shape functions

Isoparametric element to the rescue!

Nl(fﬂ?) :f
NZ(EJU) =1
Ns(f»ﬂ)= 1_77_{:
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Solving linear elasticity using Finite Elements

2. Define shape functions

Isoparametric element to the rescue!

Nl('fﬂ?) = f
NZ({:JU) = 77
N;(En)=1-n—-¢

Now we have derivatives in two directions:
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Solving linear elasticity using Finite Elements

2. Define shape functions /_qo\\
N ym it
We will also need the jacobian J, (not anymore a scalar...)1 |2
xl,yl
x(&, )l = XNy (E,m) + x2N;(&,m) + x* N3 (€,7m) 1
xXe Y
y&ml =y N (&, m) + y2No(§,m) + y> N3 (§,m) 3 1 N S
0 1 S X
Then, we can evaluate J,:
dx Ox
98 on 0x; _
]k = af] a;’] ) ]kij = a_gl (abuse of notation X1 =X,Xp = yl€1 = 5162 = 77)
- 2 J
as  on

(xl—x3 xz—x3)
Ji = yl—y3 y2_y3
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Solving linear elasticity using Finite Elements

3. Define elemental weak form

Starting from the strong form (using Einstein notation for brevity):

aO'ki

o =f; inQ

1. Multiply by a test function v; and integrate over an element (vectorial test function since the unknown is also
vectorial):
aO'ki

v;dQ = | fiv;dQ
a, axk i le i
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Solving the rod equation using Finite Elements

3. Define elemental weak form

Starting from the strong form (using Einstein notation for brevity):

Gaki

o =f; inQ

1. Multiply by a test function v and integrate over an element:

aO'kl
— _vld.Q = fl 4] dQ)
‘Qk axk ‘Qk
2. Integrate by parts :
60'“ avl
- _Uld.Q = j O'kl_d.Q — f nkaklvldl"
‘Qk axk ‘Qk axk aﬂk
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Solving the rod equation using Finite Elements

3. Define elemental weak form

(trick) Since the stress tensor is symmetric:
0vl 1 avl n avl 1 avl N avk "
O — ==\ Oy — Oip—— || —=\| 0O — O — | = Op1€
w2\ % ax, T O B, 2\ %k gx, T Okl gy, KkLEkI

With e, = 1 (224 0

2 \ax, axl) (virtual strain)
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Solving the rod equation using Finite Elements

3. Define elemental weak form

(trick) Since the stress tensor is symmetric:

avl 1 avl n avl 1 avl N avk "
_— - e _— ] = - e _— = &
Okl oxp 2 Okl 9%, Ok 9%, 5 Okl 9%, Okl %, Ok1€ki1
. * l dv; ovg . .
With ¢, = > (_6xk + _axl) (virtual strain)

Introducing the constitutive relation for linear elasticity: o;; = 2ug;; + Agyyd;;

dv
f akla—ldﬂ —J Ny o v dll = f 2ueje; +/1£kkel*ldﬂ—j Ny O3V dl
Qx Xk 0 Qx a0y,
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Solving the rod equation using Finite Elements

3. Define elemental weak form
What about the integrals on the boundary?

- The contributions on the internal edges will cancel
- The contributions on the traction boundary can be replaced by the traction: a(u) - n = tp
- The contributions from the fixed degrees of freedom are removed from the system

Final weak form:

f 2ueije; + AeggendQ =
Qp Qp

flvl dQ + f trlvldr

'y
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Solving the rod equation using Finite Elements

3. Define elemental weak form

Final weak form:

j Z,ueue + A& ed) =
Qg Qp

flvl dQ + f tplvldF

I'n

Introducing the Finite Element approximation u*(x,y) = 2 Ni(x, y)u]l‘ and selecting v'(x,y) = N;(x,y), we can re-write
the elemental stiffness matrix as:

K _f c dN, 0N, 0
aibk a, Ljkl ax]- axl

With

E Ev
Cijrr = 20+ (616 + 6i.6j1) t1 2 51]5kl
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Solving the rod equation using Finite Elements

4. Assemble the global system
Local to global matrix assembly like in the 1D case
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Thank you for your attention

Oriol Colomés
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