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Learning objectives

At the end of this week you will be able to:

Define and analyze numerical methods to solve systems governed by Partial Differential Equations. This entails:
1. Define the the system of PDEs that characterize the behavior of structures composed by rods and beams
2. Define numerical methods to solve a system of PDEs
3. Implement a solver for a system of PDEs

4. Analize and justify the results
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Introduction to Finite
Differences




Finite Differences

Where does the term “Finite Differences” come from?

af (x,t)

The goal is to go evaluate an infinitesimal quantity 6(x using finite operation.

The definition of a (partial) derivative is:
of@t) _ . fb,t) —fat)

dx b-a b—a

%
TUDelft



Finite Differences

Where does the term “Finite Differences” come from?

The goal is to go evaluate an infinitesimal quantity % using finite operation.

The definition of a (partial) derivative is:
of@t) _ . fb,t) —fat)

dx b-a b—a

Question: Can we obtain the exact value of the limit for any function f?
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Finite Differences

Where does the term “Finite Differences” come from?

The goal is to go evaluate an infinitesimal quantity % using finite operation.

The definition of a (partial) derivative is:

of ) _ b= f@b)

dx b-a b—a

Question: Can we obtain the exact value of the limit for any function f?
Answer: No, in general this limit is not computable (division by zero).
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Finite Differences

Where does the term “Finite Differences” come from?

f()

The goal is to go evaluate an infinitesimal quantity ——— using finite operation.

The definition of a (partial) derivative is:
of (x,t) _ lim L (b,t) — f(a,t)

0x b-a b—a

Question: Can we obtain the exact value of the limit for any function f?
Answer: No, in general this limit is not computable (division by zero).

We cannot obtain the exact value of the derivative (in general), so we’ll have to approximate it. Here it comes the notion
of finite difference. Instead of computing the limit, we just select a point b “close enough” to a:

of (x,t) ~f(x + Ax,t) — f(x,t)
dx Ax
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Finite Differences

Is there only one FD scheme to compute derivatives?

af (x,t)
0

using Finite Differences by:

xaf(x,t) Nf(x+Ax,t) — f(x,t)

We have seen that we can approximate

0x Ax

Consider the following two additional expressions:

of(x,t) f(xt) = fx — Ax,t) Of(x,t)Nf(

dx Ax dx
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Finite Differences

Is there only one FD scheme to compute derivatives?

af (x,t)
0

using Finite Differences by:

xaf(x,t) Nf(x+Ax,t) — f(x,t)

We have seen that we can approximate

0x Ax

Consider the following two additional expressions:

of(x,t) f(xt) = fx — Ax,t) Of(x,t)Nf(

dx Ax dx

Question: Will they give the same result? If not which one is the best?
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Finite Differences

Is there only one FD scheme to compute derivatives?

af (x,t)
0

using Finite Differences by:

xaf(x,t) ~f(x+Ax,t) — f(x,t)
ox Ax

We have seen that we can approximate

Consider the following two additional expressions:

A
af (x,t) Nf(X,t)—f(x—Ax,t) df (x,t) Nf(x+7x,t>—f<x——

dx Ax ox Ax

Question: Will they give the same result? If not which one is the best?

Answer: Not the same result. Second option gives 2" order accuracy, usually preferable.
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Finite Differences

Let’s analyse the error of the three different options using a TSE

A A
Of(x,t) _ fle+Ax)=f(ut) Backward: 200  f@D~fx-Ax) Central: 28 (5 t)-1(x=51)

Forward: Ax 0x Ax ! Ox Ax

Exercise: Using Taylor Series, determine the order of accuracy of these schemes
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Solving PDEs with Finite
Differences




Solving the rod equation using Finite Differences

Consider the EOM of a rod (a PDE):

pAii + EAu" =0

where u(x,t) V x € (0,L)

Let’'s use N + 1 points, indexed with n, starting at n = 0 and endingatn = N

. L
Elementsize [ = ~

Point n is located at x,, = nl

The displacement of the rod at x,,, u(x,,) is simplified as u,

Element indexing

Element location
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Solving the rod equation using Finite Differences

Consider the EOM of a rod (a PDE):
pAii + EAu” =0 where u(x,t) V x € (0,L)

The domain of the rod has been discretized. Each point n has to satisfy the EOM and so:
pAii, — EAu;, =0

Now we just need a way to compute the second derivative in space. Let’s use central difference:
1
uy = 75 (u(n-1) = 2uCen) + une1)) + 0(42)
1
u;{ = l_2 (un—l — 2u, + un+1) + O(Ai)

Substitute the FD relation into the EOM to obtain the EOM of the element n:

EA
pAii, — l_z(un—l — 22Uy + Uyyq) =0, vn=0..N

Note that this gives N + 1 equations!! Not 1.
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Solving the rod equation using Finite Differences

What happens with the boundary nodes?
Consider the EOM at the first point n = 0: _1 0 1

A
(u_; —2ug+u) =0 o + ............... O

A — —
pPAUg [2 X_1

u_, falls outside the domain of the rod! This is called a ghost point.
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Solving the rod equation using Finite Differences

What happens with the boundary nodes?
Consider the EOM at the first point n = 0: _1 0 1

A
DAty — 2 (U, — 2ug + uy) = 0 o  S— -

[2 X_q

u_, falls outside the domain of the rod! This is called a ghost point.

Question: How do we handle this?
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Solving the rod equation using Finite Differences

What happens with the boundary nodes?
Consider the EOM at the first point n = 0: _1 0 1

A
DAty — 2 (U, — 2ug + uy) = 0 o  S— -

[2 X_q

u_, falls outside the domain of the rod! This is called a ghost point.

Question: How do we handle this?
Answer: Have to apply boundary conditions (BC)
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Solving the rod equation using Finite Differences

What happens with the boundary nodes?

Consider the EOM at the first point n = 0: 1 0 1

A
(u_; —2ug+u) =0 o + ............... O

pAuy — 7z

u_, falls outside the domain of the rod! This is called a ghost point.

Question: How do we handle this?
Answer: Have to apply boundary conditions (BC)

Let’s consider the two possible BCs: a prescribe force or a prescribed displacement
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Solving the rod equation using Finite Differences

Prescribing the displacement

Consider a prescribed displacement at x = 0: Xy
u(0,t) = uy(t) = 6(t) = U cos(Qt)

Since this gives the displacement u, at any point in time, no longer have to solve the EOM at n = 0. So the ghost point
disappears.

But u, is also part of the EOM of point n = 1:

EA  EA
(up —2u; +uy,) =0 - pAiiy —l—2(6(t) —2u; +uy) =0

pAiy — 7z

Simply move it to the right hand side:
S(t)E
lz

. EA
pAul - l_z (—Zul + U,z) =
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Solving the rod equation using Finite Differences

Prescribing the force
At the other edge of the beam there is another ghost point, N + 1.

Consider a force F(t) = f cos(Qt) at x = L:
EAU'(L) = F(t)

Use central difference to approximate this derivative

u — Upn_
W(L) = N+1 N-1

21

Substitute and isolate for uy ., 1:

u — Uyn—
oy ikt N1:F(t)

21
2lF(t)
UNyqp = Uy—1 T A
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Solving the rod equation using Finite Differences

Prescribing the force ~...............« |\ PR o 0

With this expression for u, ., the ghost point can be removed for all equations it shows up in. In this case it is only the
EOM of node N:

pAiy — 1z (un-1 —2uy +uy41) =0

Substitute the expression for uy ., into the EOM of node N:

. EA 20F(t)
pAuN - l_2<uN_1 - ZuN + Un-1 + FA =0
oAy — A uy_, - 2uy) = EA2IF(t) _ 2F(t)
12 [ EA [
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Solving the rod equation using Finite Differences

How do we simplify the implementation?
We have the following set of equations:

“uy(t) = 6(t) = U cos(Qt)

S(E
12

. EA
',DAul - l_z (_Zul + uZ) =

pAily — = (Un_1 — 2Un + Upy1) =0,  VYn=2,..N—1

EA2IF(t) _ 2F(t)

. EA
"pAiy — Tz (Quy_q —2uy) = 2 Ea ]
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Solving the rod equation using Finite Differences

How do we simplify the implementation?
Consider EOM for a fixed-forced rod, where N + 1 = 5.
Without applying boundary conditions, we would have:

. EA
pAun—l—z(un_l—Zun+un+1)=0, vn=0,...
U_4-
1-21 0 0 0 07 U
- 01-21000 Uq
In a matrix form: il=a 00 1-21 00 L)
00 0 1-210 Uz
00 0 0 1 -2 14 N+1,N+3 Uy
| Ug
Uy ES(t)
—-21 000 w pl?
. . _E[1-21100 0
: — = u
Enforcing displacement: u==101-210 u43 o
0 0 1-21l}, 0
| Ug 0 .
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Solving the rod equation using Finite Differences

How do we simplify the implementation?
Consider EOM for a fixed-forced rod, where N + 1 = 5.
Without applying boundary conditions, we would have:

pAiln—l—Z(un_l—Zun+un+1)=O, vn=0,...
FES ()T
—21 0 0][W pl?
: _ . _E|1-21 0[|U 0
Enforcing force: =210 121 |lu + 0
0 0 2 211U 2F (1)
| plA |
Final matrix form:
FES(t)T
_2 1 0 0 plz
. : E[1-210 0
= — F —
it=Ku+F with K o 121 0
0 0 2-=2 2F(t)
| plA
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Solving the rod equation using Finite Differences

Exercise: Go through tutorial 3.1 on solving the dynamic motion of a rod using Finite Differences
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Finite Elements




Finite Elements

The basic concepts of Finite Element method:
Goal: Model a structure by dividing it into an equivalent system of many smaller structures or units (finite elements)
Allows to obtain a set of algebraic equations to solve for an unknown quantity

. 5000 kg

It can handle:
= Irregular Boundaries
= General Loads
= Different Materials
= Different Boundary Conditions
= Variable Element Size
= Easy Modification
= Dynamics
= Nonlinear Problems (Geometric or Material)

m = 1000 kg/m
El =109 N.m2

100.0m EA =108 N

16.13m

m =100 kg/m
El =107 N.m2
70.0m EA =106 N.m2

30.23m
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...

Let’s consider we want to solve a PDE:
L(u)=f inQ

(L(u) can contain derivatives of arbitrary order in time and space)

1. Discretize the domain Q:
- n, elements Q, fork =1, ...,n,
- nynodes (in1Dn, =n,+ 1)
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...
Let’'s consider we want to solve a PDE:
L(u)=f inQ
(L(u) can contain derivatives of arbitrary order in time and space)

2. Approximate the solution with element-wise shape functions (typically polynomials)

For each node (i) we define piece-wise interpolation functions defined on the set of elements S; that are attached to the
node i:

p(x), XEQ,VkES;
N;(x) =<1, X = X;
A 0, otherwise

H{I}

R S
e — —

P R —
T

H____
“\

Z

i
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...

Let’s consider we want to solve a PDE:
L(u)=f inQ
(L(u) can contain derivatives of arbitrary order in time and space)

2. Approximate the solution with element-wise shape functions (typically polynomials)
With these shape functions and the value of the function at the node u;, we can interpolate any solution as:

u(x) = z N;(x)u
i=1

|

U(x) i (@] ¢
1
1
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...

Let’s consider we want to solve a PDE:
L(u)=f inQ

3. The problem is satisfied in a weak sense (virtual work principle)

Define the weak form at each element k:
1. starting from the strong form L(u) = f
2. Multiply by a virtual displacement (v)

3. Integrate over the element

a(u,v)y = f L(u) - vdQ
Qk

bW = | f-vdQ
)
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...

Let’s consider we want to solve a PDE:
L(u)=f inQ

3. The problem is satisfied in a weak sense (virtual work principle)

The weak form has to be satisfied for any function v in the space of solutions:

a(u,v) = a(u,v);, = b(v), = b(v) Vv

In particular, we can select v to be function from the space of shape functions N;(x) for alli =1, ...
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...

Let’s consider we want to solve a PDE:
L(u)=f inQ

4. Construct the global algebraic system
-Takev =N; foralli=1,..,n,
- Assume the solution is given by

u(x) = z N; (x)u;
j=1

a(u, Nl) = b(Nl) Vi =1, ey, M

uj = iJfNi(x) dQy,

= ffN () Ay = i jL(Nj)Ni Ay

= .Qk ]— k=10 Qp

nZl f L il\’j(x)uj N;(x) dQ | =
k=110 j=1
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Finite Elements

How do we define a FE method in practice?
A bit of abstract math...
Let’s consider we want to solve a PDE:

L(u)=f inQ

4. Construct the global algebraic system

ili fL(Nj)Ni dQp|uj = i ffNi(x) dQ,
J=1|k —

%
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Finite Elements

Finite Elements vs Finite Differences?

FEM pros and cons: FD pros and cons:

Easy to consider different types of boundary conditions = Easy to understand (very intuitive)
(equations do not change)

Easy do consider heterogeneous domains (each
element can have distinct properties)

Easy to consider irregular domains (non-squared,
irregular discretization)

A direct relation between nodal displacements and
nodal forces (internal forces) is obtained
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Solving PDEs with Finite
Elements




Solving the rod equation using Finite Elements

Consider the EOM of a rod (a PDE):
pAii+ EAu”" =0 where u(x,t) V x € (0,L)

Remember the steps of a FEM:

1. Discretize the domain

2. Define shape functions

3. Define elemental weak form
4. Assemble the global system
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Solving the rod equation using Finite Elements

1. Discretize the domain
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Solving the rod equation using Finite Elements

2. Define shape functions

We consider that the axial displacement can be well approximated using piece-wise linear functions:
Nk( —
F(x) =a+bx

How do we define a and b?
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Solving the rod equation using Finite Elements

3. Define elemental weak form

Starting from the strong form (EOM):
mii(x) —EAu" (x) = q(x)

1. Multiply by a test function v and integrate over an element:

mu(x)v(x)dQ — f

EAu" (x)v(x)dQ =f q(x)v(x)dQ
Qk

Qg Qg

]
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Solving the rod equation using Finite Elements

3. Define elemental weak form

Starting from the strong form (EOM):
mii(x) —EAu" (x) = q(x)

1. Multiply by a test function v and integrate over an element:

mu(x)v(x)dQ — f

EA u”(x)v(x)dﬂ=f q(x)v(x)dQ
Qk

Qg Qg

2. Integrate by parts the terms with second-order derivative:

f X=Xp
Q

EAU" (x)v(x)dQ = f EAU (x)v'(x)dQ — EAu'(x)v(x)
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Solving the rod equation using Finite Elements

3. Define elemental weak form

Starting from the strong form (EOM):
mii(x) —EAu" (x) = q(x)

1. Multiply by a test function v and integrate over an element:

mu(x)v(x)dQ — f

EA u”(x)v(x)dﬂ=f q(x)v(x)dQ
Qk

Qg Qg

2. Integrate by parts the terms with second-order derivative:

_L

mii(x)v(x)dQ + f EAU' (x)v' (x)dQ — EAu'(x)v(x) |

b

FAwTv(x)da = f EA W (x)v'(x)dQ — EAu'(x)v(x) |x=xb

3. Final weak form:

o =j q(x)v(x)dQ
Q

Qp k

]
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Final weak form:

mu(x)v(x)dQ + j T

EAU' (x)v'(x)dQ = j q(x)v(x)dQ + T(x)v(x)
Qx Q

, X=Xgq

Qk
Choose v(x) = N;(x) foralli =1, ...,n,
In a given element k between nodes a and b, the only non-zero shape functions will be N,(x) and N, (x).

Replace the solution by the approximated function:

u@) = M NGOy, W) = N @y, 00 = I N @i

Nn

s

j=a,b

X=Xp

X=Xq

> [ m N; (x)N; (x)de
Qp

j=a,b

f EA N; (x)N; (x)dQ
Q

k

u = fﬂ dGON; (O + TN, ()

MEii; + Kfu; = QF + Sff MYii + K*u = QF + S

%
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Let’'s compute the mass matrix
Using linear shape functions and noting h = x;, — x:

Na(x) = -

Ncll(x)z - ;1

Xp—X
h 1

x_xa

Np(x) = o

Xp
My, = j mN,(x)N,(x)dQ =?
X

a Xy
Mgy = Myq = f m Ny GON, ()dQ = ?
Xa

Xb
Mbb = f mNb(X)Nb(X)d.Q =7

Xa

]
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Let’'s compute the mass matrix
Using linear shape functions and noting h = x;, — x:

_ ! 1 —Xaq I} 1
b m (xp — x)3 x» mh
Maa = j m Na(X)Na(X)dQ - ﬁT . = T
Xq a
" m[ (x—x2)% h(x—x)?|p» mh
Map = Mpq =f m Ng (x)Np (x)dQ = ﬁl— e — + z a =
Xa a
b m (xp — X)3 xp mh
My, = N N dald= ———"— -
w= [ mt ey @ = T T

mhpo 1
kK —
M_6[1 2

]
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Looking carefully at the internal forces:

SE=TEN@ | = TCp)Ni(x) = TN (xa)

Xa

Wheni = a: S¥ = -T(x,)

When i = b: S¥ = T(x})

Since S¥*1 = —s¥ when adding the contributions of the internal forces to the global system they will cancel.
We only need to account for the internal forces at the boundary = Structure reactions.
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Looking carefully at the internal forces:

SE=TEN@ | = TCp)Ni(x) = TN (xa)

Xa

Wheni = a: S¥ = -T(x,)

When i = b: S¥ = T(x})

Since S¥*1 = —s¥ when adding the contributions of the internal forces to the global system they will cancel.
We only need to account for the internal forces at the boundary = Structure reactions.
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Let’s compute the stiffness matrix

Xp—X

h’ Ncll(x)z -

Na(x) =

Se

Np(x) = x_hxa,

Kk =?
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Solving the rod equation using Finite Elements

3. Define elemental weak form
Let’s compute the stiffness matrix

Xp—X ! 1 X—Xgq / 1
No() =22 Ng= -4 Np() =572 Np() =
b , , EA x» EA
Kaa = j EA Na(X)Na(X)d.Q = ﬁx = T
Xq Xa
*b , , EA xp EA
Kip = Kpgq = j EA N, (x)Nj,(x)dQ = —ﬁx = T
Xq Xa
*b , , EA x» EA
Ky, = j EAN; Ny ()d0 = —5 x| = =
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Solving the rod equation using Finite Elements

4. Assemble the global system
From the elemental weak forms we have: Mfii; + Kf5u; = Qf

1 2 3 4
O O O O
Uq Uy 51
u Uy 0
2|+ = [+
Us Ug 0
iy Uy S4

]
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Solving the rod equation using Finite Elements

4. Assemble the global system

From the elemental weak forms we have: Mfii; + Kfu; = Qf

IS

O w

1 2
@, O
Mi; Mi; 0 0]riy Ky Kiy
Mh o, |k K
0 izl | o
0 LUy 0

When k = 1: Mj; =K;; = Qi =0forallj,i # 1,2

]
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Solving the rod equation using Finite Elements

4. Assemble the global system

From the elemental weak forms we have: Mfii; + Kfu; = Qf

a1
M11

M3,
0

| 0

1
M12

M3, + M3,

M3,
0

0
M3
ES

0

0

1 2 3 4
O O——O O
Uq Kiy K 0
iy  |Kz1 K+ K3 K
U3 0 K2, KZ
ugd | o0 0

When k = 1: M}, = K;; = Q =0 forall j,i # 1,2
=K/ =Qf =0forall j,i #23

When k = 2: Ml-zj

]
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Solving the rod equation using Finite Elements

4. Assemble the global system

From the elemental weak forms we have: Mfii; + Kfu; = Qf

(Mi
Mz
0
0

M1,
M3, + M3,
M3,

0

0
M2,
M35 + M3,
M3,

0
0
M3,

3
My

1 2 3 4
O O—0O O
il K4 K, 0
iiy K31 K, + K3, K35
Uz 0 K3, K35 + K3
Ug 0 0 K2

When k = 1: M, =K = Qf =0forallj,i # 1,2
When k = 2: M} = K = Qf = 0forallj,i # 2,3
When k = 3: M =K = Q7 =0forall j,i # 3,4

]
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Solving the rod equation using Finite Elements

= Bonus: apply boundary conditions

Assume we have known displacement at node 1: u; = U,ii; = U

1 2 3 4
O O—O O

‘Mi, M1, 0 0 lrit [Kix Ki, 0 01,y
My My + M3, M3 0 1}, N K31 K + K3, K3 0 1u,

0 M3, M35 + M35 M3, ||l 0 K3 K3 + K33 K3y ||us
| 0 0 M2, M3, |lial | 0 0 K3, K3y | Lia

M, + M3, M3; 0 i, K3, + K3, K35 0 {ru, Q3 + Q3

TR VR VEN | TS B R R ) u] {2+ 03|+

0 Mjs M, | [is 0 K3 K3y | U4 Qi

]
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Solving the rod equation using Finite Elements

Bonus: apply boundary conditions
Assume we have a force applied at node 4. q(x) = P6(x — x,),S, = 0 (free node => no internal force)

1 2 3
O O—O O —>P

ﬂﬂM@MQ=jPMx—MWme=PM@Q

Q£‘=jﬂ

k 975
0, fori =1,2,3
Ni(xa) = {1, fori = 4
M3z + M3, M3s 0 Uy K3, + K3, K35 0 1 ru, 0 M3, U K3 U
i, M omd|lole| Kk ka ek K[| [0 e
0 M3; M3, | | 0 K Ky | W4 p 0 0

]
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Solving the rod equation using Finite Elements

Bonus: apply boundary conditions
The final expression:

1 2 3 4
O O O O —» P
. mh . EA
mh4 1 O lfz EA 2 1 0 U, __U_l_TU
—1 4 1||is|+—]|-1 2 -—1||uz|=| ©
6o 1 2|lu,| "o -1 1]lu g

. mh, . EA

]
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Finite Elements for beams \




Solving the Euler-Bernoulli beam equation using Finite Elements

Consider the EOM of a rod (a PDE):

mi(x) + ElTu'""(x) = q(x) where u(x,t) V x € (0,L)

Remember the steps of a FEM:
1. Discretize the domain
2. Define shape functions
3. Define elemental weak form
4. Assemble the global system
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Solving the Euler-Bernoulli beam equation using Finite Elements

1. Discretize the domain

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

2. Define the shape functions
We consider that the beam motion can be well approximated using piece-wise cubic functions:

NF(x) = a; + bjx + ¢;x? + d;x®

We will use vertical displacements and rotations as unknowns. How do we define a, b, ¢ and d for each DOF?
At each element we'll have 4 DOFs (2 at each node):

u() =L NEw;  and  6(x) = X2 N (D

w=[wy 6 u 6]

#(x) 130(30 = u'(x)
u, 0; s
Hw ur, 97«
X

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

2. Define the shape functions
We want each shape function associated to each DOF to be 1 at the DOF location and O at the other DOFs:

Ndof
w = ulx) = z N; (x)w;
=1

Ndof

z?(x) li}@(x) = u'(x)
u,, 6, S 6, =0(x) = 2 Nj () w;
j=1
> L " 0 Ndof
x T ur = ulx,) = Nj(xr)Wj

Ndof

0, =00c) = ) N )w,
j=1

]
TUDelft



Solving the Euler-Bernoulli beam equation using Finite Elements

2. Define the shape functions
We want each shape function associated to each DOF to be 1 at the DOF location and O at the other DOFs:

Ndo
y=ulx)=Y" fNj(xl)Wj

Yo Ni(x))  Np(x))  Na(xp)  Na(Ge)]pw Uy

0, =0(x) =X,2; Ny (x)w; N Ni(x)  Na(x)  N3(x)  Ni(e)||60] _ |60
ur = ulx) = 2,20 N Ge)wy Ni() Np(x) Ns(x) NaCeo)|[r| ™ [%r
Nll(xr) Nzl(xr) Né(xr) Ny (x;)] Or Or

0r = 0(x,) = %27 N} (x,)w;

Ni(x;)  Np(xp) N3(x) Nu(xp) 1 0 0 O Ny (x) 1]
o M) NzG) N3Gn) NaGed|_fo 1 0 of L |[NG)f_]o
Nl(xr) Nz(xr) N3(xr) N4(xr) 0 0 1 0 Nl(xr) 0
N{(x;) Ny(x;) Nz(x,) Nu(x;) 0 0 01 Ny (x,) 0.
( 3x2  2x3 , 6x . 6x2
1 & L2 .3 . Nl(x)=1—?+?—>N1(x)=—ﬁ+?
l l l 1 1 2x2 3 , 4x | 3x?
0 1 2x 3xl2 b, 0 NZ(X)=X—%+% —>N2(x)=1—7x+%
= =
1 x x2 x2||G 0 N(x)_3_"2_2_"3 _,N'(x)_6_x_6_x2
0 1 2x, 3x2|ldl Lo e ow e e
T T 2 3 , 2 3 2
M) ==+ o N@=-T+5

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

3. Elemental weak form

Starting from the strong form (EOM):
mii(x) + EIu""(x) = q(x)

Multiply by a test function v and integrate over an element:

mu(x)v(x)dQ + j

EIu"" (x)v(x)dQ =f q(x)v(x)dQ
Qk

Qg Qg

Integrate by parts the terms with fourth-order derivative (twice):

X=X
J EIu"" (x)v(x)dQ = —f EIu""(x)v'(x)dQ + EIu"" (x)v(x) | ’
'Qk ‘Qk X=Xq
X=Xp X=Xp

= j Elu" (x)v" (x)dQ — EIu" (x) v'(x) | + Elu""(x) v(x) |

k M(x) V(x)

Final weak form:
X=Xp
mi(x)v(x)dQ + f

Elu"(x)v"(x)dQ = j q()v(x)dQ + [M(x)v'(x) = V(x)v(x)]
Qp

o) o x=xq

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

3. Elemental weak form

Final weak form:
|x Xb

mu(x)v(x)dQ + j
Qx Qx

Choose v(x) = N;(x) forall i = 1, ...,n4,¢. In a given element k between nodes a and b, the only non-zero shape
functions will be N, (x) and N, (x).

Replace the solution by the approximated function:
u(@) =370 N@w;, w0 =N @wy, i) =I5 N0,

Ndof
i+ )
j=1

MEil; + K = Qf + Sff M¥ii + K*u = Q* + s*

Elu"(x)v"(x)dQ = j q()v(x)dQ + [M(x)v'(x) — V(x)v(x)]
Q

k X=Xq

uj = fg q(x)N;(x)dQ + [M(X)N x) = VEON; ()] X=X}

k X=Xq

Ndof
[ m N;(x)N; (x)dQ
Qg

f El I\Ij"(x)Ni”(x)dQ
Q

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

3. Elemental weak form
Let's compute the mass matrix
Using the shape functions that we found in the previous slide:

12 — clc

13 - clearl

14 — z2ym=s X 1 EI m real

15 - N1 = 1-3%(x/1)"2+2*% (x/1)"3;

16 — N2 = x — 2%1%*(x/1)"2 + 1% (x/1)"3;

17 - N3 = 3= (x/1)"2-2%(x/1)"3;

18 — N4 = —1%(x/1)"241*(x/1)"3; 156 22h 54 _13h

L mh | 22n  4h? 13k —3h?
_ - ] k_

= " M™=220] 54 13n 156 —22n

27| = M = m*int (N.'*N,x,0,1); —13h —3h* —22h 4h?

23 - M*420,/m/1

[ 156, 22+%1, 54, -13%1)
[ 22%1, 4#*1~2, 13*1, -3%*1~2]
[ 54,  13%1, 15§, -22%1]
[ —13%1, -3*1°2, -22%1, 4*1"2]

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

3. Elemental weak form
Looking carefully at the internal forces:

Si = IMN) = VNI | = MGp)N 0) = VOINi ()] = [MGc)N] () = V() N (x0)]

X=Xxgq

Wheni=1:S5;, =V(x,)
Wheni=2:5, = —M(x,)
Wheni = 3:5; = —V(x;)
Wheni=4:S, = M(x,)

Since §; = =S5 and S, = —S,, when adding the contributions of the internal forces to the global system they will cancel.
We only need to account for the internal forces at the boundary - Structure reactions.

]
TUDelft



Solving the Euler-Bernoulli beam equation using Finite Elements

3. Elemental weak form
Let’'s compute the stiffness matrix
Using the shape functions that we found in the previous slide:

26 — clc
27 — clear
28 — sym=s X 1 EI m real - 12 6 12 6
29 — N1l = 1-3*%(x/f1)"24+2*% (x/1)"3; 7z - 77 -
30 — N2 = x - 2%¥1*%{x/1)°2 + 1% (=x/1)"3; h6 h h6 h
31 = N3 = 3% (x/1)"2-2*%(x/1)"3; El — 4 - 2
32 - N4 = -1*(x/1)~2+1* (x/1)"3; Kk = — h h
23 h 12 6 12 6
34 - H = [N1 H2 N3 H4]:; _ﬁ _ﬁ ﬁ _E
35 6 6
36 - dZH = diff(diff (N, =x),x): | E 2 _E 4 ]
axv
38 - K = EI*int (d2N."*d2N,x,0,1};
349
40 — E/EI

[ 12/1~3, &f1~2, -12/1"3, &/1"2]

[ 6/1"2, 4,1, -&/1"2, 2/1]

[ -12/1~3, -&/1~2, 12/1~3, -&/1~2]

[ 6/1"2, 251, -&/1"2, 4/1]

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

4. Assemble the global system
Same process as the axial rod...

]
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Solving the Euler-Bernoulli beam equation using Finite Elements

Bonus: more on loading options

Poin| t force

p(x) =B 5(x

JL.NTpdx:PO
0

]
TUDelft

_xo)

Point moment

p(x)=M, lim

A—0

= MOS(x—

j.NTpdx:Mo
0

] [ X—xp—5 ]—5 [x—xo +5
A

X, )

()]

N, '(x,)
N;'(x,)

_N4 '(xO )_

Distributed force

N (x)]

N, (x)

V() ]

p(x)dx

Distributed moment

s

m(x)
Nl'gx))
- N, (x
S A
| N,'(x))




Finite Element Method for
multiple elements




Finite Elements for a space frame structure

Let's see the FEM in practice for a structure with multiple elements:
= Remember the steps of a FEM:

1. Discretize the domain

2. Define shape functions

3. Define elemental weak form

4. Assemble the global system

Consider a structure that is subject to axial displacement and bending. At each element the EOM has to be satisfied:

mii(x) — EAu" (x) = qp(x)
mv(x) + EIv""(x) = q,(x)

]
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Finite Elements for a space frame structure

1. Discretize the domain

]
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Finite Elements for a space frame structure

2. Define the shape functions

We consider that the axial displacement is approximated with piece-wise linear functions and the vertical motion motion

can be well approximated using piece-wise cubic functions:
Nf(x) = a; + bix
NE(x) = ¢; + dix + e;x? + fix®

We will use horizontal and vertical displacements and rotations as unknowns.

Follow the same process to define a, b, ¢, d, e and f. g h— 1
Ny () = — - NG = -
X , 1
Nz(x)ZE — N3 (x) ZE
3x? 2x3 6x 6x7
N3(x) = 1—?+F—>N§(x) = —ﬁ-l‘?
< 2x%  x3 , 4x  3x?
N4(x) =x—T+ﬁ —>N4(X) = 1—74‘?
3x? 2x3 , 6x 6x7
Ns() =97~z M =5z757
x? x3 2x  3x?
3 Ne(¥) = -+ S N@=-"+"
TUDelft t ho ke hoohe



Finite Elements for a space frame structure

3. Elemental weak form

Starting from the strong form (EOM):
mii(x) — EAu’(x) = qp(x)
mi(x) + EIv""(x) = q,(x)

Multiply by a test function v and integrate over an element.
Integrate by parts the terms with fourth-order derivative (twice).
Choose v(x) = N;(x) foralli =1, ...,n4.¢.

> W oE

Replace the solution by the approximated function.

]
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Finite Elements for a space frame structure

3. Elemental weak form

Starting from the strong form (EOM):
mii(x) — EAu’(x) = qp(x)
mi(x) + EIv""(x) = q,(x)

1. Multiply by a test function v and integrate over an element.
2. Integrate by parts the terms with fourth-order derivative (twice).
3. Choose v(x) = N;(x) foralli =1, ...,ng4f.
4. Replace the solution by the approximated function.
O 4 140 0 0 70 0 0 | T
B ex ad 0 156 22L 0 54 -13L 0
Mii + Ku < | e || ~M mL| 0 220 4% 0 13L -3I 0
Oea | | T, T0/70 0 0 140 0 0 K= &4
B v, 54 13L 0 156 -22L 0
M, .| | M, 0 -13L -3I* 0 -220L 4" | 0

o

5

o h|E "‘L‘

|
S ]
%]

‘E’ﬂ

!
=




Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

]
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Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

hed S

wd 6] (w8 wT)ud] [PL] (7] [m@ w@[[a] [kP kP[u?] [62] [
wd w2 6 ||k x| |22, || s w2 w2 | k2 K2 u?| [P, || &8

3

rl 7

]
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Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

-

MU mE |} gl +K K |[uf |
M2 M2 ||l | | KU KU | ol
At the node:
M I:u
[ \ V
T, ‘_Cé 4 2 |\I/||
r T

pil
pll

r.ext

M

Equilibrium of forces

|

2
M>

kJ

ML
ML

5

2

]

r

K rl

KE

Ir

KE

L

h

2

!

r

H

plZ

l.ext

P2

r.ext

1

Skl

l

St

|



Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

-

MU mE |} gl +K K |[uf |
M2 M2 ||l | | KU KU | ol
At the node:
M I:u
[ \ V
T ‘_Cé NV EEI @
r T

3

0
+ _SF
St
Equilibrium of forces
FE =18 -1 cos (o) + 1/
FE =vP - 1Psin(a)- VP
M= = pP — P

o

r.ext

M7
M

sin (

cos (

a

(94

)

2] (k2 KE W] [P2] [
2] |2 w3 u2] [, || 8

cos(ar) —sin(a)
> F S S (B sin(a)  cos(a)
0 0

0
0
1



Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

oo S SO

wd vz 6] 12 k2 ]ud] [P [ s
| |2 w2z 2, || s

kJ

=]

MU ME || ) KU KU ol Pm ) s
M ii K K! “ Rlext S

rl rr T

2]
7

=

rl

2

Compatibility of displacements

At the node:
M2 F," GEo,B o8 V=B eos(a) - uPsin(a) =
Tr<—Cl :MV VI ] zf:zr:zr l :v.sm( )+u cos,(af):z;.g_l'2 Su” I =Ty .
Ve MT' P =et | oF — g2 - o

]
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Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

-

md MO kD k][RR, ] [-sf
md w2 )| || kD K [a?] (R, |
At the node: Equilibrium of
forces
M I:u
T‘_Cl - K VI F:S_TS
T vE M M
T2

]
TUDelft

ansform
wient? 57 kB k] [P2] [-sF
MY M2 u,.‘ KE KZ|[u| |PE | |s?

Compatibility of Transformation matrix T

displacements

cos(a) —sin(a) O
ull - T2y T2 - sin(er)  cos(a) 0
0 0 1

T T2 - 1



Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

hed S

Ml M) (k7 KDTuT] [ ] [-sP] w2 mP[af] [k kEu?] [#E] [-sF

V] PN P P AT B I RV I PRl R
At the node: Equilibrium of Compatibility of Transformation matrix T

forces displ t .
" @ isplacements cos(a) —sin(a) 0
u 2 2 7 2 7 7 2 1
él L F v F:S_TS u:u:Tu T = sin(er)  cos(a) 0
-I_r D 12 | !

vE SwE g, 0 0 1

r T
| T2TZ -



Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But ciieful! The elements have different orientation!!!

At the node: Equilibrium of
forces
M R,
() &hoyE  FE=sI-TE
L VI TME M
-|-

(XTT2T2)
Kf r u i o PI .ext
B
Krr “r :Pr,ext

Compatibility of
displacements

12 2|12
u = u = Tu

1

~

—S
s

|

Transformation matrix T
cos(a) —sin(a) O

T = sin(er)  cos(a) 0
0 0 1

T T2 - 1



Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But ciiefull The elements have different orientation!!!

. 2 2 2|2
TEMETE  TEMETTE || TEE | | pRgEyTE  pEgEptE | pEyR | ridpl | _pEigh
+ — )
. 2 2 2 2
TEMET'®  TEMET™® || TEE | | TEKET™®  TEKETTE || pEyE | | TZp2 | | TEGE
a2 N2 22 ] [RE2 RE
ME ME TR | KPS KE TR TERE || -TES
a2 N2 T || ®E B || 1B |
M2 M2 || 1% | | K? KZ| 1| |TEPE, | | TZS!

Element matrices in
Local coordinates

Element matrices in
Global coordinates
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Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

b —-

w2 ] [k kD]P] (82, [-
SR PR PNl

]
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Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

b

I LT 12 T2 2s+[2 12 712 2| ]2 2pl2
MU Ml |} L X K KU || [Pl X = ¢ w2152 [KE RE| 12| [1ERE,
M8 mB [ ||k kD[R ] ST | [N KD R 1| 1o,

]
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Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

_...'-ﬁ(l)-_....'----L'

q

l

N Ir :| {“! :| + |:KH Kfr :||:“f :| — PJ':ext + |:_S," :| T NIH Mfr “f + Kff K}'f' “J'
r “; K:u’ KI'J' u, Pf':‘ﬁl S«" VI o Mi'}' “i ﬁih’ IN{?'?' u,

System in local coordinates System in global coordinates

]
TUDelft



Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

—
L7
—
[ ]

(|

g

==

M, NNIJ':- i, . K, K, |{uw|_ P . =S, TE M, M, i, . K, K,
< \ M n M}'}' i r K}u’ K;'}' u r :Pj':exl S;- N[ o M},}, ii - K,-,r Im(ﬂl

(; =1
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System in local coordinates
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Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

_________________________

=3

TUDelft

System in local coordinates

M, M, || K, K P -S T
- no M u, M || W | et | 7 N
) M i) Mrr i r Kn’ Krr u r Pr £xt Sr

NIH Mfr “f
V mrr “r

-

ﬁH f(fr u,
Krf f{ﬁ' “r

System in global coordinates




Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

i im i @Y | (mioie i |lu
Trabe e | T
SRR R B m'mm gllu
< - = A A=

M

Y/ //

M, M, |1 + Ky K f t \ ﬁf | T
Mn’ Mrr “r Kn’ Krr “r N rex

System in local coordinates System in gIobaI coordlnates
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Finite Elements for a space frame structure

4. Assemble the global system
Same process as the axial rod and beam... But careful! The elements have different orientation!!!

I __ii(l)_ _'i 'm __11 1 [r L_
N e e Bl
i m - 2 llu
W1 gt | mllu
B T | A | I 4
\* [/

o - M, 1\:[,'1' “J’ 4 K, K, |u _ P _I__S,r T; I\EIH 1\#':[,? i, ML I:{k u, _| B4
Mn’ Mrr “r Kn’ Krr “r Pr,ext Sr o MN illr Kr,f KN “r rex

System in local coordinates System in global coordinates
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Finite Elements for a space frame structure

4. Assemble the global system

Same process as the axial rod and beam... But careful! The elements have different orientation!!!

]
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Finite Elements for a space frame structure

The final recipe

1. Number all the nodes of your structure
2. Loop on the elements
a. Define left and right node
b. Calculate local matrices K, M and load vector Pext
c. Calculate orientation angle (a)
d. Calculate rotation matrix T and calculate global K* and M* matrices and global P* ext vector
M*=TMTT
K¥=TKTT
P*ext = T Pext
e. Assemble global matrices M*, K* and vector P*ext in “big matrices”
f. The internal forces of each element will cancel with external applied forces, neighbouring elements and
eventual reactions from supports, and thus are not needed for the final system of equations
3. Loop on nodes
a. assemble applied external point forces on “big” F vector
b. (attention: if forces applied at directly at the nodes have been already considered as forces applied at the
elements, then skip this part)
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Thank you for your attention

Oriol Colomés
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