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e The shorter version that is reprinted here is in fact the text of a presentation at the 2"¢
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Some Annotations on Report VTH-74

Added in 2006

1. The stability diagrams for a series of Hartree velocity profiles as calculated by Pretsch
were only available to the present author in small scale versions.For the separation profile
(6=-.1988) no stability data are available at low Reynolds numbers. This is due to the
fact that at the time Pretsch did his calculations direct numerical methods to solve
the Orr-Sommerfeld equation were not yet practical so that he had to use analytical
approximations that are not valid at the low critical Reynolds number for the separation
profile. In Report VT'H-74 the Pretsch chart for 5=-.1988 had to be extrapolated. This,
together with the inaccuracy of the Pohlhausen method near separation, was at the time
thought to be (at least partly) responsible for the different N-factors for the flat plate
and the EC-1440 airfoil. Note that the amplification was calculated for constant values
of the non-dimensional frequency ’?}"2” . This was also done by Smith. One can argue
that constant (3, is physically more relevant than constant %2” . Because the maximum
amplification is found as the envelope for various (non-dimensional) frequencies the end
result may not depend too much on the choice. Recent calculations confirm this view.
For the flat plate of course there is no difference because U=constant in this case.

2. In the earlier versions of the method the “temporal mode” of the stability theory was
used because this was the form in which Pretsch had presented his results. Of course
the boundary layer transition on flat plates and airfoils develops in stream wise distance
and not in time. Therefore the “spatial mode” would have been more relevant. Note
that in the book by Schlichting in many editions only the temporal mode is discussed
in detail. To transfer the time wise evolution of the amplification into the stream wise
development, time and distance were related in VI'H-74 by the phase velocity cr while
in fact the group velocity should have been used. Although Smith had already realised
this, he also had used cr for convenience. Some years later it was pointed out to the
present author by Mrs. Prof. Ross from Edinburgh University during an Euromech
Colloquim on transition that the group velocity should have been used. Apparently the
results of the e/ transition prediction was not influenced much by this choice. In the
sixties the relation between phase velocity and group velocity was clarified by Gaster.
In later years the problem of group velocity vs. phase velocity did not occur because
numerical results for the spatial mode became available where amplification is directly
expressed in terms of stream wise distance

3. In Report VIT'H-74 the Pohlhausen method was denoted as “exact” because an ordinary
differential equation had to be solved. The method of Walz (see Schlichting) that later
was further developed by Thwaithes was called “an approximation”. Of course both
versions should better be called approximations.

4. In the earlier publication o, and o,,,,, were used instead of n and N.
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A CUGGESTED SEMI-EMPIRICAL METHOD FOR THE CALCULATION
' OF THE BOUNDARY LATER TRANSITION REGION. T)

by J.L.van Ingen ++)

Summary

The suggested method will be restricted to incompressible
two-dimensional flow and is based on the theory of boundary layer
-8tability, which is due to Tollmien, Schlichting and other
investigaﬁors.

For the flat plate the amplification of unstable oscillations
in the laminar boundary layer was calculated. The results of this
calculation were compared with the experimental determination of the
transition region. It was found that at the beglnning of the
transition region the amplitude of the oscillations with maximum
amplification is e/'® (=2500) times the amplitude of the neutral
osclllations. '

In some cases for the airfoil section EC 1440 the same
amplification ratio at transition was found as for the -flat plate.

In other cases, however, differences exist between the results for
the flat plate and for the airfoil section. These differences may be
caused by lack of sufficient numerical results of the stability
theory (section 2). '

Therefore it seems possible %o calculate the position of the
transition region for an airfoil section by calculating the
smplification of umstable oscillations and assuming that transition
vegins as soon as the amplificétion ratio has reached the value e7’8'
For this calculation only the pressure distribution has to be known.

from the stability theory only the relation between the
amplitude of the oscillations at a given moment and the amplitude
at the beginning of the unstable region is found. Therefore the
actual magnitude of the oscillations cannot be calculated, the
magnitude at the beginning of the unstable region being unknown.

**  Communication presented at the Second European Aeronautical
Congress, Scheveningen, letherlands, September 25th-29th, 1956.

++) Department of Aeronautical Engineering, Technological University,
Delft.
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In this paper it will be shown, that knowledge of the
amplification ratio is probably sufficient for the suggested semiw
enpirical method. It is not quite clear why the actual magnitude
of the ampiitude should not be important; possibly the initisl
amplitudes where about the same in all cases because of equal streanm
turbulence, surface roughness ete.

The described_in#estigations, of which a more complete account
is given in [1] , cannot be considered as conclusive, as only a few
cases have beean analysed. '

List of Symbols

a eanmplitude of oscillation.
eirfoil choxd.

e EE
&
,ci E_:L
s
£ oscillation freguency.
Rx x=-Heynolds number for flat plate.(giﬁ )

=)

chord- Reynolds number for airfoil section.(#éi)

v ' * -
R& Keynolds number, based on displacement t%ickness.(éééij)

 distance to leading-edge of airfoil section, measured along

5
contour..

t tinme.

U velocity at outer edge boundary layer.

V' wind velocity '

x distance to leading-edge of flat plate; alsc: distance
to leading-edge of airfoil section (measured along chord).
angle of incidence; also ZL .

S R

wave length; alse velocity-profile-shepe parameter
according to Pohlhausecn.

e

velocity-profile~shape parancter according to Hartree.
ﬁi amplification coefficient.
Bn 2nf
g% displacenent thiclness.
Y zinematlc viscosity.
o anplification factaqjga%; anplification ratio=ratio

of amplitudes of oscillation at timés t and t, e

suffix o refers to conditions at beginning of unstable region.
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1. Introduction

Although the knowledge of the mechanics of boundary layer
trensition, is rather extensive [2,3,4,5), it has not been possible
to calculate the position of the transition region by pure theoretical
methods.

The existing theory concerning the instebility of the leminar
boundary layer, in which is shown that smpall disturbances may grow
and thus cause trensition, ( [6], chapter XVI) is a linear one and
thus cannot describe the transition process completely. For this
reagson it is necessary to rely on semi-empirical methods for the
caleulation of the transition region position, which has to be known
‘for the calculation of profile drag. ' |

These semi-empirical methods should take into acceount all the
factors which influencs the 4ransitien. Buch factors are: shape of
the boundary layer velocity profile and the Reynolds number Rgx
(which depend on the pressure distribubtion); free stream turbulence
and surface roughness. Turbulence and surface roughness may be
neglected if they are sufficiently small.

Semi-empirical methods based on Rgx alone are not universally
velid. In [7] e.g. it is shown that transition on an NACA 65, py=114

airfoil section begins, as soon ags the Reynolds number ~f§;o; has
reached the value 8000; 8p 9oy being the distance from the wall to th
point in the boundary lsyer where The velocity equals 0,707 U. For
the simple case of the boundary layer along a flat platelldﬁw? 8CC0
corresponds to Ré* = 5850. From experiments [2] it is knowﬁj however,
thet trensition of the flat-plate boundary layer begins et R_=2,80x1C
which is equivalent to Rgox= 2900, This value does not agree with the
value 5850 mentioned for the HACA 85215y~ 114 section.

In the present paper it will be shown that a semi~empirical
nethod, based on stability theory gives a better correlation between
transition on the flat plate and on an airfoil section. Although
gtability theory is not valid near the transition region.due to the
linearisation, it might be a sound basis for developing a semi-
empirical method.

~ In the suggested method the stabdility theory will be used to
combine important factors as shape of the velocity profile and
Reynolds number distribution into one single parameter g, which
deternines the amplification of unstable oscillations.
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This amplificstion factor will be calculated for the boundary
layer along a flat plate and on the EC 1440 airfoil section. By
comparing the results of these calculations with the results of
transition measurements the value of the amplification factor at
-which transition occurs can be found. If this factor would have
the same value in all cases, it can be used to calculate the
transition region position, by assuming that transition begins, as
soon as the calculated amplification ratio has reached this specific
value., ‘

2. Stability theory

In this section a short &escriptlon of thé stability theory will
be given. & detailed survey can be found in [2] chapter XVI.

In the stability theory a given laminar main flow ig subjected
to small disturbances of which the anplification or damping can be
calenlated. The stability depends on such factors as: shape of the
velocity profile and Reynolds number Ré%= U.8% (which depend on the

pressure dlstributlon) and wave length or frequency of the
disturbances..

In stability theory a periodic disturbance is assumed with stream
function: .
y/ = g(y) ot (a=8E) (1)
where §(y) represents the initial amplitude, depending only on

Y3 & = %f where,\is the wave length and + is the time. Since 8 is
generally a complex quantity = Bp ¥ iai (1) may be written:

¥ a(y) it o H@Eyt) @

ﬁr = 2nf where f is the frequency; B is the coefficient of
amplification or damping, depending on whether it is positive or

negative. The wave velocity is equal to ¢ = gg .

From (2) it can be found that the relation between the
amplitudes 8, and a ofyfat times to and t is given by:

zsi at
= 8 O

he sane relation c¢an be shown to hold for the disturbance velocities,

(3)

The quantity J/Bidt will be called the amplificetion factor ¢

(to is the time at which the disturbance enters the unstable region).
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the amplification ratio is then equal to Eg— = Y. with Cp = %%
[a] .
8
Fa by 3 o = g = j@'
the expression for ¢ can be written as o P¥ 36 snd can be
i ) 1] c
cr
calculated for oscillations of different frequencies ﬁr as soon as
3i > -,
7= is known as a fuanction of s.
I‘ M

To find Ei for a given value of s, it is nzcessary to obtain
nunerical results of stability theory for the boundary layer velocity
orofile at that station. This work, which is very labcuriocus, was done
by Pretsch for the Hartres velocity profiles; [5] and (3]. For tue
veloclity profiles of the zmethod of Pohlhsusen, houever, which was used
in this paper for the calculetion of the laminar bouadary layer no
complete stability calculations are available. Therefore the results
of Frotsch have been used for the calculation of o by transferring the
stabllity characteristics of the lHartrec prefiles to the Pohlhausen
srofiles.

‘The relation between the shape parameters)\and 3 of the
Ponlhausen and Hartree profiles, which can be used for this.purpose,
according to [81 » is-shown in fig.l. This relation cannot be
completely right, however, due to the fact that the geparation
profiles A= =12 and § = =0,198 of the two families don't match.

The value P=-=C,15¢ is reachad for).=-7 already, so that at small
values of,Xthe value of [ from fig.l ig too low. As the ingtability
increases as)\decreases, the calculated instability will be too high
for negative values of‘A. Yor positive wvalues of;\and 3 the
correshondence is better;.A = 7,052 corresponds exactly with 3=1,
which give the stagnation profiles. The abovenentioned inaccuracy
in the)\-ﬁ relation will be the'céuse of certain discreypancies in
the results of the calculations, described in section 4.

The calculation of the amplificetion of unstable disturbances ig
zerformed as follows. From measurements or calculations the velcoecity
L is known as a functiou of the co-ordinate 5. The boundery layer
calculations give the values of §% | Rsfand velocivy prelzle shape
sarameter (=;\for the Pohlhausen method which is used in this paper)
with the eid of fir.l and the results of [9] it is th?n possible to
find, for different values oI the reduced frequency "2V the values
By of 5 N - Y .

Of  ~fgmee and ¢5° as =z function of &. The amplification factor

t
¢ =tJ/5idt can then be calculated with:
> R e
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T= dt = = [BRST U L
_//5 /0/5 ds JU s T s @)
in which H; follows from: |
°p
c Y *
r Pr 1 U (5)

T - U2 as5* Y

%2, Determination of the maximum amplification factor at transition
for the flat plate boundary layer.

Ls first case to be considered, the flat plate is chosen
pecause results of accurate measurements are available for that case
(fig.2 , taken from ]?] .) Moreover the boundary layer flow along a
flat plate is very simple as the shape of the velocity profile does
not change with the distance x to the leading-edge.

Due to the fact that for the flet plate, U is independent of x,
gq.(4) can be written for thise case asi

X
[/5 o= [ESTU v dfix] = azfu J(Ry) (8
X, U €

“5" T Rdr
. *
By aid of the results of [J] the guantity 38" L %E* can be found
I

as & function of'RB* » and as for the flat plate Rgx = 1375|/R R

this quantity is also known as a f*nctlon of R . For different
values of the reduced frequency ——§ the result is shown in fig. 3.

2y integration accordlng to (6) the anplificationfactor o is found
as a function of Ex (fig.4). From the figures 2 and & it can be
seen, that for a disturbance with a given freguency the amplitude
increases (Bi;.O) until a maximum is reached, then the disturbance
becomes stable again and the amplitude decreases. (51410).

The eavelope of the curves for o from fig. 4 gives the maximum

amplificationfactor Gmax as a function of Rx' The value of Opax

increases continuously from o at Rx = 0,154.106. Below this value .
of Rx there are no unstable oscillations; that means Rx a 0,154 x 10§



which corresponds to Ré* = 680, is the critical Reynolds number for
the flat plate boundary layer. .

For the calculation of the emplificationfector the stability
theory was used whiceh is not valid at lerge amplifications. For the
suggested method, however, this is not z serious draw-back, because
the amplificationfactor is only used as a parameter in which several
factors, which are known to be important for transition are
correlated. It might be hoped that o can be used as & basis for
developing a semi-empirical method for the calculation of the
boundary layer tramsition region. '

According to linearised stability theory the amplified
oscillations are still regular. From experiments it is known,
however, that suddenly the irregular turbulent motion appears.
According to fig. 2 the transition reglon begins at R, = 2,80 x 108
eand ends st Rx = 3,90 x 106 if the stream turbulence is less than |
about 0,08/, which is the case in the atmosphere and in modern i
low-speed wind tunnels. From fig. 4 it is seen, that the two mention-
ed velues of R  correspond with values 7,8 and 10 for the
amplificationfactor. This means, that at the beginning and end of
the transition region the amplitude of the oscillations is e7'8 =
= 2500 and 0 = 22500 times the amplitude at R, = 0,154 x 10°. 4s
for all flat plate experiments the same value of the x-Reynolds
number for transition is found, the values 7,8 and 10 for tae
amplificationfactor at transition apply to all flat plate
experinents,

If these velues can be shown to be valid also for boundary
layers with a pressure gradient, the position of the transition
region can be calculated by assuning that transition begins as
soon as the amplificationfactor has reached the value 7,8 and ends
at a vealue of this factor equal to 10.

In the next section the amplificationfactor at transition for
the boundary layer on an EC 1440 airfoil section will be calculated.

4, Determination of the meximum amplificationfactor st transition
of the boundary layer on the ZC 1440 airfoil section.

i I i " ek s S mm em s ek ame e e

W A Al vem e e Gl e G mem e

In the low-turbulence windtunnel of the Aeronsutical Department
¢f the Technological University of Delft[}d]the pressure -
distribution and the transition region were measured for the EC 1440

7



airfoil section with 0,60 m chord at Reynolds numbers up to
hy35 x 106.
The transition region, which was messured with a small totale

head tube on the surface of the model, is given in fig. S 8s a
function of a for R=4,55x106. The results for other values of the
Keynolds number are similar. _

The pressure distribution was measured by means of pressure
holes in the model surface. From this pressure~distribution the
velocity U at the edge of the boundary layer was found as a
function of s.

The laminar boundary layer was calculated by the method of
Pohlhausen ([6], chapter XII). The velocity U and the results of
the boundary layer calculation (8% , Rars §$:, the veloeity profile

shape parameterlk and the critical Heynolds number Rb*rit) are
fnd .
shown as a function of the co-ordinate s for «=0° at R = 4,35 x 106

in fig. 6. The results for other values of « and R are similar.

4.2. Calculation of the maximum amplificgyignfactor at transition

- e S AR e e we W am W s s W s A ae PR A o AN Sem WmA MR AR e wW e

for B = 4,35 x 107,

The amplificationfactor was calculated as deseribed in section 2
By
Cr
is seen, that the instability becomes very large for negative
values of A + due to the negative pressure gradient over the rear

part of the airfoil section. |

The amplificaticnfactor for z=0° is shown in fig.8. The envelope

The wvalugs of are shown in fig. 7 for 2=0%. From this figure 1%

Y
of the curves for different values of —§§ gives the maximum

anplificationfactor Opax 25 & function of s. For the other values
of u« similar calculations were performed. ¥rom these calculations
figz.9 has been composed in which curves for constant values of Opay
are drawn, together with the measured transition region of fig. S.

The curve for gmax=0 gives the position on the chord where the :
boundary layer becomes unstable. This instability point moves
upstream as « is increased just as the transition region. Transition
occurs at a great distance behind this ingbability-point, however.
This means, the disturbanceshave to travel a long way before the
amplification is large enough to cause transition.

Speclal atiention should be given to the curves for Qmax°7’
and 10, which for the f£lat plate boundary layer were shown to

8
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correspond with the beginning and end of the transition region. If
these vwalues shoulgd also apply to airfoil secticons, the curves
for o .. = 748 8nd 10 should coincide with the beginning and end of
the transition regien, For values of « near ¢® a good correspondence
is shownj for other valueg of @, however, differences exist. 4s a
consequenss, using the factors 7,8 and 10 for estimating the position
of the transition region, the result would be somewhat in error. The
magnitude of these errors is given in the upper part of table I for
different values of a. The g¢rrors increase with « increasing or
decreasing from zero, |

In £ig.10 the wvalue of Cpax &% the beginning of the traansition
region ls plotted against the value of Afor all cases which have
been analysed. From thig figure it is seen, that Opay BeRerally
increased whenwkdecreases, with the exception of the cases no 4 and 5
(c-;=+2O and 5° for & = 4,28 106),
Although it is nog im?ossible, that Snax at transition should
depend OHJ\, it is nore lixely that the errors (excest for a= +2° and
30) are caused by the inaccuracy of the relation between the shape
parameters,\and 3 of the Pohlhausen znd Hartres velocity profiles.
(section 2). By this inaccﬁracy the instability is increased, so that
a narticular value of cmax is reached Ior too small a value of x/c.
This explains why the curves for Opax = 748 a8nd 1C lie too low Tor
negative values of a in fig.9. To reduce these errors it is necessary
to obtain & better relation.betweeaukand gy Or even to make such a
relation superiluous by perforning stability calculations for the
same velocity profiles as are used in the boundary layer caleulation.

For a = +2° ang +3° the differences between the curves for
Opny = 718 (10) and the beginning (end) of the measured transition
region are rather large. This is caused for a great deal by
inaccuracies in the dalculation of the laminar boundary layer, which
was periormed by an approxinaiion to Pohlhausen's method ( [6}, T 1%9}
In this approximation the labourious process of nunerically solving
& differential equation is replaced by numerically evaluating a
definite integral. This approxinmation night be invalid, however,for
large values of «.

Also some measurements and calculations were performed for the
EC 1440 airfoll section at lower Eeynolds nunbers, for 2=0%. Due to
the inaccuracy in the X—S relation, mentioned above, no good
agreewent 1s found with the results for the flat plate, as is shown

in the lower part of table I.



in order to reduce the ewrors in the calculation of o . for

a= +2° and 2° at R=4,35% 10 the investigations ere being refined
by calculating the laminar boundary layer by the exact method of! 11
Preliminary results of these calculations show the distance between
the curves for Opay = 728 (10) and the beginning (end) of the
transition region to be reduced to about half the values of fig. 9
and table I for positive a. For neéative %y the recalculated positioné
of 0., = 7,8 and 10 are nearly the same as before. This is due to
the fact, that also in the improved calculation a relation similar
to that of fig. 1, had to be used with the same type of inaccuracy.

It is not yot known, whether calculation of the laminar boundary
layer by the exact method of Pohlhausen would have resulted in the

game reduction of the errors in the position of aﬁax\m 7,8 and 10,

Conclusicns.

1. Por the boundary layer along & flat plate transition starts
as soon as the calculated amplification ratio of unstable
dieturbances has reached the value 6/'C (=2500) and ends at an
amplifieation ratio of elo'(=22500). o ' ,

2. For the EC 1440 airfoil section the ssme amplification ratio
at trensition has been found in some cases as for the flat plate. For
other cases, no good agreement with the results for the flat plate
has been obtained.

3. To improve the accuracy of the suggested semi-empirical
method for the calculation of the boundary laysr transition region,
gtability calculations should be performed for the same velocity
profiles as are used for the boundary layer calculations. As the
method ofl[;I] is thought to be better than Pohlhausen's, especially
in the region of retarded flow,. it would he desirable to have such
calculations performed for the velocity profiles of [}ﬂ .

4. In order to make possible a finel conclusion concerning the
accuracy and usefulness of the suggested method, further
investigations are required, especizally at higher Reynolds numbers.
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