Classification of Unitary RCFTs
with Two Primaries and ¢ < 25

Sunil Mukhi
IISER Pune

Verlinde Symposium, Amsterdam
July 14, 2022



Based on:

“Classification of Unitary RCFTs with Two Primaries and ¢ < 25”7,
Sunil Mukhi and Brandon Rayhaun, to appear.

Background:

“Towards a Classification of Two-Character Rational Conformal Field
Theories”,

A. Ramesh Chandra and Sunil Mukhi,

arXiv:1810.09472.

“Curiosities above ¢ = 24”7,
A. Ramesh Chandra and Sunil Mukhi,
arXiv:1812.05109.



And previous work:

“On 2d Conformal Field Theories with Two Characters”,
Harsha Hampapura and Sunil Mukhi,
JHEP 1601 (2106) 005, arXiv: 1510.04478.

“Cosets of Meromorphic CFTs and Modular Differential Equations”,
Matthias Gaberdiel, Harsha Hampapura and Sunil Mukhi,
JHEP 1604 (2016) 156, arXiv: 1602.01022.

“Reconstruction of conformal field theories from modular geometry on
the torus”,

Samir D. Mathur, Sunil Mukhi and Ashoke Sen,

Nucl. Phys. B318 (1989) 483.

“On the classification of rational conformal field theories”,
Samir D. Mathur, Sunil Mukhi and Ashoke Sen,
Phys. Lett. B213 (1988) 303.



Outline

@ Introduction



Introduction

e Two-dimensional CFT has been around for a long time. In
its modern form, it dates to the classic work of
[Belavin-Polyakov-Zamolodchikov 1984].



Introduction

e Two-dimensional CFT has been around for a long time. In
its modern form, it dates to the classic work of
[Belavin-Polyakov-Zamolodchikov 1984].

e The motivations for the subject are well-known (string
worldsheet, critical phenomena, duality to AdSs gravity...).



Introduction

e Two-dimensional CFT has been around for a long time. In
its modern form, it dates to the classic work of
[Belavin-Polyakov-Zamolodchikov 1984].

e The motivations for the subject are well-known (string
worldsheet, critical phenomena, duality to AdSs gravity...).

e There are broadly two branches of the subject today:
rational and irrational CFT.



Introduction

Two-dimensional CF'T has been around for a long time. In
its modern form, it dates to the classic work of
[Belavin-Polyakov-Zamolodchikov 1984].

The motivations for the subject are well-known (string
worldsheet, critical phenomena, duality to AdSs gravity...).

There are broadly two branches of the subject today:
rational and irrational CFT.

The former is generally considered well-understood, while
the latter is still quite mysterious — one attempts to bound
its properties using bootstrap arguments (cf. talk of
Nathan Benjamin in the Workshop).



Introduction

Two-dimensional CF'T has been around for a long time. In
its modern form, it dates to the classic work of
[Belavin-Polyakov-Zamolodchikov 1984].

The motivations for the subject are well-known (string
worldsheet, critical phenomena, duality to AdSs gravity...).

There are broadly two branches of the subject today:
rational and irrational CFT.

The former is generally considered well-understood, while
the latter is still quite mysterious — one attempts to bound
its properties using bootstrap arguments (cf. talk of
Nathan Benjamin in the Workshop).

Without disputing this distinction, today I will present
some perspectives on rational CFT (RCFT) that are
perhaps new, and may shed a different light on it.
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e The partition function of any 2d CFT is:

Z(7,7) = trglo g, g= e

e In an RCFT the partition function takes the form:

n—1
Z(r,7) = Ixi(r)?
=0

where x;(7) are a set of n generalised characters

c

xi(q) = trig"0 2

Here, tr; is the trace over holomorphic descendants of the
ith primary under the full chiral algebra.



e The partition function of any CFT is modular invariant:

Z(yr,yT) = Z(1,7), 7€ SL(2,Z)



e The partition function of any CFT is modular invariant:

Z(yr,yT) = Z(1,7), 7€ SL(2,Z)

e In RCFT this is true if and only if the characters are
vector-valued modular functions (VVMEF):

n—1

Xi (77—) = Z Mij (V)Xj (T)a A SL(27Z)
=0

with MTM = 1.
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Characters have a g-expansion:

Xi(qQ) = ¢ 21" (ai0 + aing + aizg® + )
where each !, is a non-negative integer (degeneracy of
states in the i’th module).

They are holomorphic in the interior of moduli space but
can diverge on the boundary ¢ — 0.

There exist continuous families of VVMEF’s for which the
a; m are not positive, or integral, or even rational.

A necessary (but not sufficient) condition for VVMF’s to
describe the characters of a CF'T is:

a; m = non-negative integer V 7, m : “admissible character”
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Classifying RCF'T requires two steps.
I. Classify admissible characters.

IT. Further classify those which correspond to actual CFT.

There has been some kind of folklore that most often,
I =1I, i.e. each set of admissible characters describes a
unique CFT.
This is wrong in both ways:

e Most admissible characters do not describe any CFT,

e Some admissible characters describe multiple CFT.
These facts are exemplified in “meromorphic” CFT’s, but
those are often thought of as outliers in the space of RCFT.

I will argue that these statements are true more generally,
and also that meromorphic CFT do not outlie at all.
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e Classifying admissible characters is impractical in general,
so we must impose some restrictions (on the chiral algebra,
or ¢, or the number n of characters, etc).

e Then one can try to classify CF'T within the same
restrictions.

e Here are some known complete classifications of CFT with
restrictions:
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For ¢ < 1, all RCFT’s are classified as Virasoro minimal
models [BPZ 1984, Cappelli-Itzykson-Zuber 1987].

All RCFT’s whose chiral algebra is SU(2), SU(3) or
SU(N); are classified [Knizhnik-Zamolochikov 1984, C1Z 1987,
Ttzykson 1988, deGiovanni 1990, Gannon 1992].

At ¢ =1 it is conjectured that all theories are given by a
single compact free boson at rational values of R? [Ginsparg
1988, Dijkgraaf-Verlinde-Verlinde 1988].

For ¢ = 8,16, 24, all meromorphic RCFT’s (those having

one primary — the identity) are classified [Goddard-Olive 1984,

Schellekens 1992].

In particular, Schellekens proposed that there are 71
meromorphic CFT with ¢ = 24. His results have been
rigorously confirmed in the mathematics literature
[Mgller-Scheithauer 2021].
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e In this talk I will present the complete classification of
unitary RCFT with two primaries {1, ®} with ® real, and
c <25 [In collaboration with Brandon Rayhaun, to appear].

e There are no restrictions on the chiral algebra or anything
else.

e The result is a set of 121 theories.
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Theories from MLDE and cosets

The classification of two-character RCFT was initiated in
[Mathur-Mukhi-Sen 1988] where it was proposed to use
Modular Linear Differential Equations (MLDE) to classify
admissible characters.

The most general such equation is:

(D2 + 65(7) D=+ 64(7) ) x(7) = 0

where D; is a (covariant) derivative with respect to 7.

This is holomorphic and modular invariant if ¢o(7), ¢4(7)
are holomorphic and modular of weight 2,4 respectively.

The two independent solutions of an SL(2,Z) invariant
MLDE form a pair of VVMEF’s xo(7), x1(7) under SL(2,Z),
and vice versa.



e The coefficient functions ¢2(7), ¢4(7) have free parameters
on which the solutions xg, x1 will depend.

10/3



e The coefficient functions ¢2(7), ¢4(7) have free parameters
on which the solutions xg, x1 will depend.

e They will be admissible only when the parameters take
specific rational values.

10/3



e The coefficient functions ¢2(7), ¢4(7) have free parameters
on which the solutions xg, x1 will depend.

e They will be admissible only when the parameters take
specific rational values.
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The coefficient functions ¢2(7), ¢4(7) have free parameters
on which the solutions xg, x1 will depend.

They will be admissible only when the parameters take
specific rational values.

The holomorphic modular bootstrap of [Mathur-Mukhi-Sen
1988] is a programme to scan the parameter space and look
for values that lead to admissible characters.

All our papers that year were greatly inspired by the works
of [Dijkgraaf—Verlinde—Verlinde 1988, Verlinde 1988].

10 /34



e Although the solutions y; are required to be holomorphic,
the coefficient functions ¢9, ¢4 are generically meromorphic
in the interior of moduli space, with g poles, £ € N UO.



e Although the solutions y; are required to be holomorphic,
the coefficient functions ¢9, ¢4 are generically meromorphic
in the interior of moduli space, with g poles, £ € N UO.

e Kach value of /, called the Wronskian index, leads to an
equation with a different set of free parameters.



e Although the solutions y; are required to be holomorphic,
the coefficient functions ¢9, ¢4 are generically meromorphic
in the interior of moduli space, with g poles, £ € N UO.

e Kach value of /, called the Wronskian index, leads to an
equation with a different set of free parameters.

e With two characters it can be shown that ¢ is even:
¢=0,2,4,--- [Naculich 1989].



Although the solutions x; are required to be holomorphic,
the coefficient functions ¢9, ¢4 are generically meromorphic
in the interior of moduli space, with g poles, £ € N UO.

Each value of ¢, called the Wronskian index, leads to an
equation with a different set of free parameters.

With two characters it can be shown that ¢ is even:
¢=0,2,4,--- [Naculich 1989].

For any given ¢ there is a finite basis of functions of the
Eisenstein series Fy4, g from which ¢, ¢4 are built.



Although the solutions x; are required to be holomorphic,
the coefficient functions ¢9, ¢4 are generically meromorphic
in the interior of moduli space, with g poles, £ € N UO.

Each value of ¢, called the Wronskian index, leads to an
equation with a different set of free parameters.

With two characters it can be shown that ¢ is even:
¢=0,2,4,--- [Naculich 1989].

For any given ¢ there is a finite basis of functions of the
Eisenstein series Fy4, g from which ¢, ¢4 are built.
Thus for any fixed ¢, the differential equation has finitely
many parameters.
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For ¢ = 0 we have ¢ = 0 and ¢4 = puFy, where Fy is an
FEisenstein series and p is a real parameter.

This leads to the “MMS equation”:
(Df + uE4(T))x =0

We solved this equation and found a finite set of admissible
characters. Remarkably all of them could be associated
with a CFT based on compact simple Kac-Moody algebras
KM, j, or generalisations thereof:

Ag, A11,A21,Go 1, Dy, Fur, Ega, Erp, Ers g, Es

The analogous series for finite-dimensional Lie Algebras
was noted by [Cvitanovié 2008, Deligne 1996, Landsberg-Manivel
2006]. This coincidence has not yet been explained.

The red ones in the above list either have negative fusion
rules [Kawasetsu-IVOA] or more/less than two primaries —
irrelevant for this talk.
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Similarly the ¢ = 2 MLDE was solved [Naculich 1989,
Hampapura-Mukhi 2016] and there are finitely many
admissible characters in this case.

In this case, identification with CFT is more difficult. It
was carried out in [Gaberdiel—Hampapura—Mukhi 2016] using a
variant of the coset construction of RCFT’s
[Goddard-Kent-Olive 1984,1985].

In this variant one considers cosets of meromorphic CFT
M by affine theories KM:

M
€=

13 /34
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e A meromorphic CFT M has a partition function of the
form:

— 2
Z(1,7) = |x(7)]
For this to be modular-invariant, x(7) has to be modular
invariant upto a phase.

e This is only possible if x is a function of the Klein
j-invariant:

j(q) = ¢ ' + 744 + 196884 + 21493760¢> + - - -

e Admissible meromorphic characters exist only at ¢ = 8n for
any positive integer n. We will be interested in the ¢ = 24
case.
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At ¢ = 24 the most general admissible character is:

x(m) =j(r) + N
where N is an integer > —744.

However there are just 71 CFT’s [Schellekens 1992].

These include free bosons on 24 even unimodular lattices

and a finite number of generalisations involving orbifolding.

With one exception (the Monster CFT), these theories
correspond to special modular invariant combinations of
Kac-Moody characters for non-simple Lie algebras.
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As an example, theory #34 in Schellekens’ list has the KM
algebra D773A371G271.

As an affine theory this has around 200 primaries (and
somewhat fewer characters).

But there is a single modular invariant linear combination
of the characters that defines the meromorphic theory.

We can now take the quotient:

Mysy
G2,

to get a two-character theory with algebra D7 3A31 and
c=24— 14 - 106

5 5 ¢
These quotients have Wronskian index ¢ = 2. There are 13
such quotient theories (found by deleting one factor of the
KM algebra), all with 16 < ¢ < 24. They can be shown to
exhaust all two-character CFT with ¢ = 2.

16 /3
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Next we notice that tensoring a two-character theory by
the meromorphic theory Fg i augments ¢ by 4.

Thus we easily find four ¢ = 4 theories with two characters:

Eg1A11, FEgi1Gajn, EsgiFui, FEsiFEr:
and central charges 8 < ¢ < 16.
Two more theories are obtained as cosets:
+ +
Dig1 Di1
A1’ Gaa

As Kac-Moody algebras, the commutants are respectively
A1,1D141 and Biap.
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But there is a puzzle. The central charge of Ay 1D14; is
15 =16 — 1. However the central charge of Bis is
% # 16 — % leaving a deficit of 1—70.

D+
Hence the chiral algebra of G126‘11 is actually Bio 1L 7 where
) 10

the latter factor is the tricritical Ising model. It is a
2-character extension of the product theory (hence is not
itself a tensor product theory).

We learn an important lesson: there are 2-character
extensions of direct sums of both Kac-Moody and Virasoro
modules. Many of these appear in our classification.

Thus we have found 6 two-primary theories with £ = 4.
From MLDE one finds three more admissible characters,
but they have ¢ > 25 so we can ignore them.
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Quasi-characters

We classified all two-primary CFT with Wronskian index
£=0,2,4 and ¢ < 25. MLDE’s were essential in providing
the admissible characters.

However for £ > 6 one cannot implement the bootstrap via
MLDE’s — they have too many parameters.

A complete classification of all admissible characters with
¢ > 6 was found by a different method in [Chandra-Mukhi
2018], using works of mathematicians [Kaneko, Zagier,
Kunitomo, Sakai 1998-2013].

The first result is that all admissible characters with

¢ = 6N are linear combinations of solutions of the original
¢ =0 MMS equation, having integral but not always
positive coefficients.

We called these quasi-characters. Let’s look at an example:
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e A; series of quasi-characters with £ = 0:

c=6n+1, h=22H  neZ
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e A; series of quasi-characters with £ = 0:
c=6n+1, h:%, nez

e For n = 0,1 we get the (admissible) characters of A; 1, E7 1.
In the former case the identity character is:

Xo=¢q 37 (143¢+4¢> +7¢> +13¢* +---)
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e A; series of quasi-characters with £ = 0:
c=6n+1, h:%, nez

e For n = 0,1 we get the (admissible) characters of A; 1, E7 1.
In the former case the identity character is:

Xo=q ?1(1+3q+4¢° +7¢° + 13¢* + ---)

e But for all n # 0,1 one gets quasi-characters. For example,
for n = 4 the identity character is:

Yo = ¢ 21 (1 —245¢ + 14264042 + 18615395¢> + 837384535¢* + - - -)

and all higher coefficients are positive integers.
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Aj series of quasi-characters with ¢ = 0:

c=6n+1, h=22H  neZ

For n = 0,1 we get the (admissible) characters of Ay 1, E7 1.

In the former case the identity character is:

Xo=q ?1(1+3q+4¢° +7¢° + 13¢* + ---)

But for all n # 0,1 one gets quasi-characters. For example,

for n = 4 the identity character is:
Yo = ¢ 21 (1—245¢+ 1426404 + 18615395¢° + 837384535¢" + -

and all higher coefficients are positive integers.

Quasi-characters cannot directly describe a CFT: a
degeneracy of —245 is not physically sensible.

)



e Now the modular transformations of the quasi-characters
are known, and they are periodic under n — n + 4
(c = c+24).



e Now the modular transformations of the quasi-characters
are known, and they are periodic under n — n + 4
(c = c+24).

e So we can add the n = 0 and n = 4 quasi-characters and
still get a VVMEF":

Xi = Nxp=" + i~

— ¢ 3 (1 4 (N — 245)q + (3N + 142640)¢> + - - )
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e Now the modular transformations of the quasi-characters
are known, and they are periodic under n — n + 4
(c = c+24).

e So we can add the n = 0 and n = 4 quasi-characters and
still get a VVMEF":

Xi = Nxp=" + i~

— ¢ 3 (1 4 (N — 245)q + (3N + 142640)¢> + - - )

e The sum is an admissible character for all NV > 245. It has
(¢, h) = (25, 2). From the Riemann-Roch theorem on the
Wronskian we have:

ézg—6h+1:6
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If we add more quasi-characters, we generate all admissible
characters for all / = 6N.

One can similarly find quasi-characters with Wronskian
index = 2,4. Their linear combinations give, respectively,
the admissible characters for £ = 6N + 2,6N + 4.

In this way, all admissible two-characters sets are
generated.

For three or more characters there are only partial results
[Mukhi-Poddar-Singh 2020].
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e For ¢ = 0, the two relevant series of quasi-characters for us
are:
c=6n+1, c=20 "y 4 4mod 5

e The first series contains A1, 71 with ¢ = 1,7 while the
second contains Gg 1, Fy 1 with ¢ = 14 2

55 36. The rest are
quasi-characters.

e Similarly for £ = 2 the relevant series are:

c=6n-—1, c:2(6%_1),n751m0d5

The first series contains ¢ = 24 cosets by Ay 1, F'71, with

c = 23,17, while the second contains ¢ = 24 cosets by
106

G, Fy1 with ¢ = =22, %. The rest are quasi-characters.
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For ¢ = 0, the two relevant series of quasi-characters for us
are:
c=6n+1, c=20 "y 4 4mod 5

The first series contains Aj 1, F71 with ¢ = 1,7 while the
second contains Gg 1, Fy 1 with ¢ = 14 2

55 36. The rest are
quasi-characters.

Similarly for ¢ = 2 the relevant series are:

c=6n-—1, c:2(6g_1),n751m0d5

The first series contains ¢ = 24 cosets by Ay 1, F'71, with
c = 23,17, while the second contains ¢ = 24 cosets by
106

G, Fy1 with ¢ = =22, %. The rest are quasi-characters.

Finally, quasi-characters for £ = 4 are Fjg times
quasi-characters for £ = 0.
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The complete classification

Our present task is to classify all unitary two-primary
RCFT with ¢ < 25.

We previously quoted a relation arising from the
Riemann-Roch theorem:

c
{=—-—6h+1
5 +

For a unitary theory with positive ¢, h this implies that:
c
(< - +1
5 +
so for ¢ < 25 we only need to study admissible characters
with ¢ < 12.
Using quasi-characters, one finds that at £ = 6,10, 12 there

are no admissible characters with ¢ < 25. That leaves
{=0,2,4,8.
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N
o



e We have already classified ¢ = 0, 2,4 so we now turn to
{=238.

e Given any admissible character, we know its modular §
and 7 matrices.



e We have already classified ¢ = 0, 2,4 so we now turn to
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Nigp= 3 SinSmSion
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We have already classified £ = 0, 2,4 so we now turn to
{=238.

Given any admissible character, we know its modular S
and T matrices.

From these, one can derive the would-be fusion rules using
the Verlinde formula:

Nigp= 3 SinSmSion
m=0,1 SOm

As first highlighted in [MMS 1988], all admissible characters
do not lead to consistent fusion rules. For example one can
find some for which Njj; is a negative integer.



e Exchanging the characters and re-identifying the exponents
as: ap = —g7,1 = —g; + h can be seen to restore
positivity of Njjg.



e Exchanging the characters and re-identifying the exponents
as: ap = —g7,1 = —g; + h can be seen to restore
positivity of Njjg.

e However this makes h negative if it was previously positive,
and thereby renders the theory non-unitary.



e Exchanging the characters and re-identifying the exponents
as: ap = —g7,1 = —g; + h can be seen to restore
positivity of Njjg.

e However this makes h negative if it was previously positive,
and thereby renders the theory non-unitary.

e In this way one rules out many of the admissible characters
— they cannot correspond to CFT.



e After imposing consistency of fusion rules, we find the
quasi-characters have a total of 12 allowed SL(2,Z)
representations. These correspond to:

0=0:A11, Er1, Gaa, Fun
¢ =2:cosets of c =24 by A1, E7r1, Goj, Fui
{ = 4 : tensors of E&l with Al,la E771, Gg’l, F471
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transformations as the ones at ¢ = 2.
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e After imposing consistency of fusion rules, we find the
quasi-characters have a total of 12 allowed SL(2,Z)
representations. These correspond to:

0=0:A11, Er1, Gaa, Fun
¢ =2:cosets of c =24 by A1, E7r1, Goj, Fui
{ = 4 : tensors of E&l with Al,la E771, Gg’l, F471

e We are looking for theories at £ = 8. These have the same
transformations as the ones at ¢ = 2.

o It follows that every two-primary CFT with £ = 8 is a coset
of a meromorphic theory by one of Ay 1,G21, Fu1, E71.

e The central charges resulting from such cosets are:

17,9, 196 23



e It thus only remains to compute all possible embeddings.
We already covered the “trivial” ones where a factor in the
numerator is deleted and we get ¢ = 2.
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e This is a rather complex exercise involving Dynkin and
embedding indices, so I will skip the details.



It thus only remains to compute all possible embeddings.
We already covered the “trivial” ones where a factor in the
numerator is deleted and we get ¢ = 2.

Now we must classify all non-trivial embeddings, which
indeed give ¢ = 8.

This is a rather complex exercise involving Dynkin and
embedding indices, so I will skip the details.

We find multiple theories for each of the above values of ¢,
for a total of 98 theories.
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e In total we find 121 CFT’s with two primaries and ¢ < 25,
and 100 of these are new. Some features:

o Wronskian indices ¢ = 0,2, 4,8 arise.

e Some theories have complete Kac-Moody algebras and
others have incomplete ones together with minimal models,
: _ 7 4107
the latter being one of ¢ = {5, ,35 @ 15-
e There are theories with the same ¢ but different conformal
dimension h, and also multiple theories with the same

(¢, h). For example we find:

2 theories with (c, h)

I
—~
‘»—t
=
>
S—

Il
—
—
|
[=2)
alw utjoo
S~—

27 theories with (c, h)
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Theories

No. Theory Subalgebra d
1 Aig 0 Awy 2
2 Gz, 0 Goy 7
3 Fis 0 Fis 2
4 Eru 0 Ery 56
5 Es 1A 4 AiEs 2
6 Es1Ga 4 GoaEsn 7
7 Fa1Bs1 4 Faa1Esy 26
8 Diy1/Gz 4 Bizaloo 2%
9 EraEsn 4 Er1Es1 56
10 Dis.1/A1 4 DuaaAry 56
11 S(D101E3,)/(Er. <> Era) 2 Dio,Era 1632
12| S(AiriEr)/(Ery = Ery) 2 Aura 1632
13 E21AL1 8 E3.ALL 2
u S(Di6,1Es,1)/(Er. <> Esa) 8 DigiAr1 2
15| S(CsaFf))/(Fay =+ Fa) 2 CanFay 4794
16 | S(Er2BsaFan)/(Faa = Faa) 2 Er2Bs,1 4794
17 S(EL,)/Fan 5 8 2Ly, 1
18 | S(A1,1D7,1E61)/(Fas <+ Esn) | 945 | 25 | 8 | AnaDrilys 1
19 | S(D10,.E3,)/(Fsa = Ery) | %5 |25 8| DuaEraAns 3
20 S(A171E7.1)/(Fan <> Ezy) 945 (2|8 ArriArs 3
21 31 /Fun = GogBY, s | s | 8 EfGa 7
22 | S(Di1Es)/(FaiEst) | %% | %8 Di6,1G21 7
23 S(Es;3G3,1)/G21 1065 | 8f5 | 2 EssG3, 15847
24 | S(D7,3A3,162,1)/(Ga > Go1) | 1065 | 855 | 2 DraAs1 15847
25 | S(D52Ca1B31)/(Goq = Ba) | 1965 | 35 | 8 | DgaCaiBayalop | 1
26 | S(AosAs1Bs1)/(Gon < Byy) | 106/ | 35| 8 | AgaAgilang 1
277 S(D5,)/Gau 109 | %5 | 8| DfiLisli 2
28 S(AL1D4,1)/(Ga,1 < Day) 1065 | 3f5 | 8 AdLilos, 2
29 S(D5.281,)/Gat wefs |38 | DsaBaiUilose | 3
30 S(C31B11)/ (G2 < Bay) 106/5 | 35 | 8 CEUilope 3
31 S(A2,D2,)/(G21 <+ Dsa) 106/5 | 35 | 8 | AZ1Ds1A1alep 1
32| S(CoiFL)/(Go o Fa) | 955 |35 |8 | CyiFaiAis 5
33 | S(Er2BsaFan)/(Goy <+ Bsa) | 1995 | 35 | 8 | EraAf Faalo, 5
34 | S(E7BsiFu1)/(Gon > Far) | 196/ | 345 | 8 |  ErzBsiAus 5
35 S(D§,1)/6Go1 196f5 | 5 8 | DiBailrn 6
36 S(A3,D5.1)/(Gza < De,1) 105fs | 35 8 | A3 Bzl 6
37 | 8(Ci01B1)/(Gor > Baa) | 995 | 3 | 8| CuopAuilops 7
38 S(E},)/Gan 106/5 | 3f5 | 8 Ef 1Az 8
39 | S(A11D71E61)/ (G > D) | 1945 | 35| 8 | AaBsaBealosg | 8
40 | S(A11DrEe1)/(Gax 3 Een) | 9% | 35 |8 | AuiDraAsz 8

No. Theory | n]e|  subalgebra d
a1 S(D3,)/Gz1 w065 | 345 | 8 D2,Builog 10
42 S(Es2Bs.1)/Ga 106/ | 3fs | 8 Es2D5,1Lrp0 u
43 S(A15,1D0,1)/(Ga,1 = Da,1) 106f5 | 3fs | 8 Aus1B51L70 12
44 S(D10,1E3 1)/(Ga,1 = Dio,1) 106/ | 3f5 | 8 BoE} Lo 1
15 S(D10.1E31)/(Ge1 < Ery) 106f5 | 35 | 8 D10,1E71Ca1 14
46 S(A17,1E7,1)/(G21 = Er1) 106/ | 35 | 8 A17,1Ca1 14
a7 S(D};1) /G2 w065 | 345 | 8 Di2,1Bs 1lon 18
48 Ed1/Gon = FugEd, 06fs | 3f5 | 8 E{Fan 26
49 S(D1p,1Es,1)/(G21 < Digy) 106/ | 35 | 8 Bu21Es il 26
50 | 8(D16,1Es1)/ (G <> Es1) = D5 Faa | 1966 | 35 | 8 DigiFia 26
51 8(D211) /G2 / 8 Bzo.Lrjio 42
52 S(AF) /ALy 2 AP 32384
53 S(Af AT ) /AL 23 | 7/a|2 AlLAT 32384
54 S(As3Du3AT 1) /ALL 23 | 7/a|2 As3DasAly 32384
55 S(A74A ) /AL 23 |72 AraA?; 32384
56 S(D5,4C32A%,) /A1 23 | 7|2 Ds,4Cs 210 32384
57 S(DasA?1)/Ars 2 (12 Do 51 32384
58 S(C5,3G22A1,1) /A1 23 | 7|2 C53G22 32384
59 S(AR2)/ArL 23 3|8 ALLU, 2
60 S(D?2B41)/Av1 23 |38 D3 ,C3 Ax 2
61 S(AZ2B2,1A3,)/(Ar1 = As) 23 |38 A2 5C21Az,U1 2
62 S(AZ2B2,1A3,)/(Ar1 = Bay) 23 |38 AZALIAS, 2
63 S(As3A3 1) /A1 23 |31 8 Ag3Az1U; 2
64 S(Es4Ca1Aa,1), /(Am < Bai) 23 |3/ ]8 EsaA11Az1 2
65 S(EsiCahe1)/ (A1 = Azr) 28 |38 Eq4Ca1Us 2
66 S(A3) /A 23 |38 A7LALU 4
67 S(DF2A%.1)/A1 2 3|8 Ds,2A31A1,1UL 4
68 S(EoGL.) /A 2 |38 EosG3A1s 4
69 S(A72C31 A1) /(AL > Ag) 28 3] 8 A72C3 1AL Uy 4
70 S(A72C31A3.1)/(Ar1 <> Ca) 23 3|8 A72Cs1B2iAss 4
7 S(D73A3.1G2.1)/(As > Ga1) 23 | 3|8 DrsAsiArs 4
72 S(Dr.5A31G2,1)/ (Ars = Ast) 23 | 4| 8| DrgGaiAiily 4
73 S(CrAs1) /A1 23 | 3/a|8 CrahiiUs 4
K S(AL)/A1 23 3|8 AL 1Az Uy 6
75 S(CE)/AL 23 | 318 CiiCan 6
6 S(D52C4,183,4)/(Arx = Ca) 2 3|8 Ds2Cs,1B3 1 6
™ S(D52C4,183,)/(A11 = By1) 23 31| 8| DoaCiiBsiArpAiy | 6
8 S(Ao,2A1,1B51)/ (A1 = Asa) 23 (38|  ApzAziBsaUs 6
79 S(A02A4,1B3,1)/(Ar1 < Bay) 23 [ 31] 8 AszAniAizALs 6
80 S(D§1) /ALy 23 [3/1|8 Df 1AL1ALIALL 8
81 S(A31D4,1)/ (Ar1 = Asi) 28 |38 A 1A31D4,Ur 8
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No. Theory [e|n|e] subaigebra d
82 S(AL1D41)/(Ar1 = i) 2|38 AALL 8
83 S(Eo2Cs1A5,1)/(Ary = Cs1) 23 | 3/s | 8| EeaCanAsa 8
84 S(Es2Cs,1A5,1)/ (A1, = As1) 23 | 91 | 8| EgaCsnAgaly | 8
85 S(E73As,1) /ALt 23 | 31 |8 ErsAs1Us 8
86 S(AL1)/ALL 2|38 ALALL |10
87 S(Ds 2B ;) /AL 23 | 3/1 | 8 | Ds2BaiBaiAry | 10
88 S(C§1Ba)/ (A1 = Co) 23 (318 C5,1C5,1Ba1 10
8 S(C3,1Ba1)/ (A1 <> Ba) 23|98 CZBaA |10
90 S(A2,DZ,)/(A11 = A7) 23 | 3/s | 8| A7iAs D U; | 12
91 S(A?.D3,)/(A11 = Ds,1) 28 (3|8 AfiAgAL |12
92 S(Dg2A7,1)/Ar 2|3 |8 | DosAsaUi |12
9 S(A,)/Ai 23 |34 |8 AZ, AUy 1
94 S(CsaFi )/ (AL = Cs) 23 | 9|8 CraFiy 1
95 S(Ca1F21)/(Ars = Far) 2|3 |8 | CaaFuCsy |14
9% S(E72Bs.1Fi1)/(Ara = Bs,) 23 | 31| 8| ErpByiAnsFay | 14
97 S(E72B51Fa1)/ (A1 < Fan) 23|31 | 8| ErsBsaCsy |14
98 S(Dﬂ,,)/A“ 23 | 3/a | 8 Db"] DajAsy 16
9 S(A31D5,1)/ (A1 = Ag) 23 | 3/s | 8| AgiA7iDgaUr | 16
100 S(A3,1D5,1)/(A11 = Dg,1) 23| % |8 | AjiDisAis |16
101 $(C10,1B6,1)/ (A1 = Cio.) 23 | 3|8 Co.1Bs,1 18
102 8(C101B6,1)/(Ar1 = Boa) 23 33| 8| CiaBiiAlx |18
103 S(E.)/A1L 28| % |8 E31Asy 20
104 | S(AuaDraBer)/(Aui = Aua) | 23| 3|8 | AgiDriEsaUr |20
105 S(A11,1D7,1E6,1) /(A1 <> Dr,1) 23 | 31 | 8 | AiiDs1Ar1Een | 20
106 S(A11,1D7,1E5,1)/ (A1 <> Eg1) 23 | 3/s| 8| AuniDriAsy |20
107 S(A1) /A 2|3 |8 ApiAniU |22
108 S(D;,)/A“ 23 | 3/a |8 Dg‘] De,1A11 24
109 S(Es2Bs,1)/Ar 23| 3)s |8 Es2Bs1A1,1 26
110 S(A15,109,1)/(A11 = Ars,1) 23|34 |8 AwiDoly |28
11 S(A15,1D0,1) /(Ar1 = Do,1) 23| 31| 8| AaDriAny | 28
112 S(D10,1E%1)/(Ar1 = Diosy) 23|94 |8 | DsiAiiER, |32
13 S(D101E%,)/(A1,1 = Ery) 23 | 31| 8| DiaEraDey |32
114 S(A171E71)/(Ar1 <> Arz) 23 |38 Aus1E7 U 32
115 S(Ai7,1E7,1) /(AL = Eri) 23 % |8  AwiDes 32
116 S(D%y,1)/A11 23 | 3/1| 8| DiziDiogAix | 40
17 S(Az4,1) /A1 23 | 3fa | 8 Azz,1Up 46
18 S(EZ,) /A1 = Er B3, 23 |3s |8 EZ.E7p 56
119 S(D16,1E5,1)/(A11 = Dig,1) 23 |38 Dis,1Ar1Es 1 56
120 | S(Dis,1Es1)/(Ars — Es;1) & Dfy Eny [ 23 | 34 | 8 DisaEra 56
121 S(D31,1)/Ar1 23 |34 |8 DaziAry 88
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A close-up of a few entries:

13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

E2,A11
S(Dm,lEs,l)/(E7,1 — EB,I)
S(CE,I lel)/(F4,l — F4,1)
S(E7,2B5,1F4,1)/(Fa1 <= Fa1)
S(Eg,l)/F‘l‘l
S(AII,IDT,I Ec,l)/(F4,1 — Es,l)
S(D10,1E2,)/(Fa,1 < Ez,1)
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e Since we are aiming for a complete classification, we have
to resolve one last issue: when the Schellekens theory has
multiple copies of the same algebra, it is not clear that
embedding the denominator algebra in different factors is
equivalent.

e This is so if the copies are permuted by outer
automorphisms, but may not be true otherwise.
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Conclusions and Outlook

e Some future directions:

Some ¢ = 25 theories are known [Chandra-Mukhi 2019] by
embedding in ¢ = 32 lattices theories. It is surely possible
to enlarge this set, though a complete classification may be
intractable (because there are at least 10° even unimodular
lattices in 32d).

Relation to generalised Hecke operators [Harvey-Wu 2018].
Relation to penumbral moonshine — relation between
VVMF’s and certain types of finite groups
[Duncan-Harvey-Rayhaun 2021].

Extension to more than two primaries but still with ¢ < 25.
A lot is known for three characters, as well as two characters
but three primaries. How complete can we make it?

Relation to 4d N =2 SCFT.



Thank you

De allerbeste, Erik en Herman!
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