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4 Proximal gradient method

Proximal mapping

The prox-operator of a convex function h is defined as

1
prox;,(x) = arg mdn(h(u) + §||u —z|?).

4.1 Examples of prox-operators
o h(z) =0: prox,(z) = =.

e Let C be a closed convex set. Let

w={ Tge

the indicator function of C'. Then proxs, = Pc the projection on C.
o h(z) = ||z|1: prox; = T where T) is the soft-threshold operator
T; — A xX; > A
Ty(z); =40 A<z <A
T+ A ;< =
4.2 Proximal gradient

Now we turn our attention to (unconstrained) optimization problems with more structure. Assume
f(z) = g(x) + h(x) where

e ¢ is convex, differentiable, dom g = R"

e h convex with inexpensive prox-operator.

The Proximal Gradient method

To minimize f: choose an initial point xy and repeat

Tp1 = prox,, p(zk —mkVy(ak)), k=0,1,...

where step size 7, > 0 constant or determined by line search.

Remark 1. Proximal-gradient can start at infeasible xg, but for all k > 0 we always have x3 €
dom f = domh.
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4.2.1 Interpretation I.

+

x" = prox,;, (z — nVg(x)).

From definition of prox-operator,

1
zt = argnhin(nh(u) + §||U —z+nVg(x)|?)

= argmin(h(u) + 5 (Ju— 2l + 20(u = )" Vg(a) + 77| Va(a)
= argmin(h(w) + -lfu = + (u = )7 Vo(2))
= argmin(h(u) + 2177||U —zl* + (u—2)"Vg(z) + g(x))

2t minimizes h(u) plus a simple quadratic approximation of g(u) around .

4.2.2 Examples of proximal gradient
e Gradient method: Take h(z) = 0. Iterate
rT =12 —nVg(x)
to solve
min g(x).
xT
e Gradient projection method: Take h(z) = dc(z). Iterate
ot = Po(z —nVg(2))
to solve

min{g(z) + dc(2)} = min g(z).

e Proximal method: Take g(z) = 0. Iterate

x" = prox,(z)

to solve

min h(z).

x
e Soft-thresholding: Take h(x) = Al|z||;. Iterate
ot = Tyy(z —nVg(z))
to solve

min{g(z) + A|z[}1}. (norm-1 penalized)

4.3 The proximal mapping

The proximal mapping is a key element not only on the proximal gradient method, but also in the
Douglas-Rachford and ADMM methods.
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Proximal mapping

If h convex and closed (has closed epigraph), then

prox;,(x) = argmgn{h(u) + %Hu — .CCHQ}

exist and is unique for all = (i.e. prox; is well defined).

Lemma 1. Let h be convex and closed. Then u = prox,(z) if and only if x — u € Oh(u).

Proof. Follows from the optimality conditions. O

4.3.1 Properties of the proximal mapping
Lemma 2. Let h be convex and closed.

1. Monotonicity of the subgradient:
Let g, € Oh(z) and g, € Oh(y). Then (g, — gy)"(x —y) > 0.

2. prox;, ¢s Firmly non - expansive:

o [

(proxy,(z) — prox;,(y))" (z — y) = || proxy (x) — prox; (y)

3. prox;, is non - expansive (1 - Lipschitz continouos)
|| proxy, () — prox, (y)|| < [z — yl|.

Proof. Exercise O

4.3.2 Interpretation of proximal gradient II

Now we give an interpretation of the proximal gradient based on fix-point operators.

To solve the problem min{h(z) + g(z)} is equivalent to find = such that 0 € dh(z) + Vg(z),
or equivalently to find x such that —Vg(z) € Oh(x). This last equation can be written as (x —
nVg(z)) —z € d(nh)(z). And by Lemma |I| this is equivalent to z = prox,;,(z —nVg(z)). Lets
define Fpg(x) := prox,,(z —nVg(z)). We need to solve Fpg(z) = x, that is to find a fixed-point
of F PG -

There are several methods to find fixed-points. The most common being fix-point iteration. lL.e.
take a initial xo and iterate ;11 = F'(x). Notice that if the sequence converges, the limit point is
a fix-point of F. There are various properties of F' that guarantee the convergence of the fix-point
iteration. The most common being the contracting property.

Contracting property

F :R™ — R™ is contracting if there is p < 1 such that ||F(z) — F(y)| < p|lx —y|| for all z and
Y.

Theorem 1 (Banach Fixed Point Theorem). Let F' be a contraction mapping. Then F admits
a unique fized-point and the fix-point iteration algorithm always converges to such fixed-point.
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Notice that we can define a similar operator for the gradient method Fg(z) := =z — eVg(x),
and similarly we will define operator for Douglas-Rachford and for ADMM. These operators are
in general not contracting. But they are firmly non-expansive. In the next section we will review
some tools from fixed-point theory that will allow us to show that the fix-point method convergence
under this weaker assumption. Also we will develop tools to analyse convergence rates.
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5 Fix-point operators

Many iterative algorithms in optimization can be interpreted as fix-point iteration, which is used
to solve fix point equations. Namely, let F' : R® — R™ be a continuous operator and let o € R"
be given. Define iteratively the sequence xp11 = F(zy) for k > 0, and assume zj, converges to &.
We have then,
F(z)=F(lim zx) = lim F(z;) = lim x4 = 2,
k—o00 k—o00 k—00

ie. Z is a fixed-point of F. We would use Fr := {z € R" : x = F(z)} to denote the set of fixed
points of the operator F.

As mentioned in the previous section, some of the algorithms studied in previous sections fall
into this idea.

Optimization methods as Fix-Point operators

The following are examples of optimization-related fix point operators

o Fo(z):=x—eVg(x) (gradient descend),

o FS(x) :== Po(z — eVg(z)) (projected gradient method),

® Fproz(z) := proxy(z) (proximal method), and

o Fpg(z) := proxyy(z —eVg(x)) (proximal gradient method).

Lemma 3. Let g : R™ — R be a given differentiable convex function, let C C R™ be a closed
convez set and let h : R™ — R be a convex function. We have then

1. Fp, ={z € R": Vg(z) = 0} = argmin g(x),
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2. ng ={xcC:gx)T(y—2x)>0 for ally € C} = argmingec g(z), and
3. Frp,,, ={x € R": 0 € Oh(z)} = arg min h(x).
4. Frpg ={x € R":0 € Vg(z) + 0h(z)} = argmin g(x) + h(z).

Proof. Exercise. O

Remark 2. Notice that the subgradient method is not (in a straightforward sense) a fix-point
iteration algorithm.

We will see later other operators which also have as fixed-points the solution to given opti-
mization problems. Now, we turn our attention to the question of the convergence of fix-point
iteration.

5.1 (Linear) convergence of fix point operators

First, we give conditions for the convergence of fix-point operators (that is the convergence of
fix point iteration for this operators). It is natural to look at the expansiveness of the operator.
Namely to obtain convergence nearby points should be send nearby. Banach’s theorem (Theorem
ensures the convergence of contracting operators. We concentrate then in the class of non-expansive
operators.

Non-expansion

F:R" - R"is

e non-expansive if ||F(z) — F(y)|| < ||z — y|| for all x and y,
e firmly non-expansive if (F(z) — F(y))T(z —y) > |[F(z) — F(y)|?.
e « - averaged if F'(z) = (1 — o)z + alN(z) where N is non-expansive,
Theorem 2 (characterization of averaged and non-expansive operators). Let F': R" — R".
1. F is firmly non-expansive if and only if it is 1/2-averaged.

2. Let a € (0,1). If F is a-averaged then for all z,y € R™ we have
IF(z) = F@)II” + 52 (z = F(2)) = (y = F@)II* < ll= — o>

3. Awveraged operators are closed under composition.

Non-expansive operators do not need to be convergent. Consider for instance a rotation. On the
other hand, we have that averaged operators converge (see Thorem [3| That is, damped iteration
of a non-expansive operator will converge (to one of its fixed points).

Lemma 4. Let a € (0,1). Let F : R — R" be a-averaged. Let & € Fr be a fized-point of F'.
Then
Lo F(x) — 2| + || F(2) - 2]° < [l — 2.

Proof. Follows from Theorem 2 by taking y = & = F(y). O
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Theorem 3 (Convergence of averaged fix-point operators). Let F' : R" — R™ be an averaged
operator, such that F' has fixed points. Given xo € R", let xpy1 = F(xg) for k= 0,1,.... Then,
x* = limy o0 x exists and F(z*) = z*.

Proof. Take any & € Fp. By Lemma [ for all k£ we have
8l =z |® + e — 22 < Jlap—r — 217, (1)

and thus ||z — 2| < [[zo — #||. Therefore, there exists € R™ such that x, — 7 for some
subsequence {zy, : j = 0,1,...} of {zx : k = 0,1,...}. We next show that indeed z € Fr and
T — T.

Since xy, — Z, the continuity of I implies that xy, 11 = F(xx,) — F(Z). In addition, by
we have leO‘E?:l |z; — xj,le < |lwo — 2| = ||lzx — 2||? < ||zo — #||?. Thus, ||z — zp_1| — O.
Therefore, xy; — ¥ implies xx;11 — 7, that is Z = F'(¥). Since our argument holds for any & € Fp,
in particular it holds for & = Z and so ||z}, — Z|| is monotonically decreasing. Since ||y, — Z|| — 0
it follows that ||z — Z|| — 0, that is, z — Z. O

It can also be shown that under the same assumptions of Theorem [3| the rate of convergence
of ||zps1 — 2] — 0is O(1/vVk) [? ] (see also [Theorem 1 in ? ]). As several well-known
optimization algorithms are equivalent to the FPI of averaged operators, by Theorem |3 we obtain
sublinear convergence of all these algorithms. Next we tackle the question of linear convergence.
In Theorem [4 linear convergence for the fix-point iterates is shown when the following error bound
condition holds for a suitable R > 0:

There exists K > 0 such that

dist(z,{z : F(z) = 2}) < R implies dist(z,{z: F(z) =z}) < Kp - |[|[F(z) —z||. (2)

Theorem 4 (Error bound implies Linear convergence[van Treek, Pena, Vera, Zuluaga 2024). | Let
a € (0,1). Let F: R™ — R" be a continuous a-averaged operator with fized-points. Assume the
error bound condition holds for R > 0. Let xqy be given and let xy 1 = F(xy) be fork =0,1,....
Then xp, — T € Fr linearly. In particular,

. _ . _ 1—a)2 _
dist(zg+1, Fr) < (1 - 22[(0‘%) dist(zg, Fr) and ||xg+1 — 2| < (1 - éQQ?%> |z — ]|,
Proof. Proof. By Theorem [3] fixed-point iteration of averaged operators converge. Thus, we know
the sequence x converges to a point * € Fr. Let R > 0 be such that the error bound condition
holds. Let ko be the smallest k£ > 0 such that dist(x, Fp) < R. Such kg exists as zj, is converging
to a point in Fr. Let

1
p=(1-2)" 3)
we show that for all k& > ko,
diSt(CL‘]H_l,JTF) <p dist(xk,]:p). (4)

First, notice that for all k& > ko we have dist(zy, Fr) < R as averaged implies non-expansive. Now,
for each k > ko, let Zy be a solution to inf,cr, ||xx — z||. As Fr is closed, we have Ty, € Fp, and
|wk — Zy|| = dist(z, Fr).

Fix k > ko. By Lemma

|zr1 — Zll” + 2ok — 2 |? < ok — x> (5)
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By the error bound condition ,
[ — Zp|| = dist(zg, Fr) < Kpllog — zpia - (6)

Combining with (@ gives

okt = Znsal2 < o = 2l < llaw = 20l = 52 ok — ol < (1 - 258 ) e — 2l

and the first

By taking square roots in both sides we obtain (4). By (3 . we obtain p <1 —
part of the statement follows.

If Fr is a singleton, then 7, = Z for all k, and implies that ||zx+1 — Z|| < p|lzx — Z||. So,
x — T linearly with rate p. Otherwise, note that by , for any k,j =1,2,...

2K2

1Z 401 = Trg || < NTrwgrr = Tl + 2nss = Trpsl| < 2l@n45 — Tagll < 2070 |2g, — 2.

In addition, Z — &, since x — = and ||z — Tg|| — 0. Thus,

[@p1 = 2| < ek — Tpga | + Z [Zktj4+1 — Tis |
j=1

< (p+22pj+1) ok — 2| < 22y, — 2. (7)
j=1

Therefore, combining , @ and , we find that

s — 22 < llok — 212 — 252 ok — wppnl? < e — 2 — L los — 2

(1 (1
< llow — 2l — S ek — 2.

Equivalently,

1
_ 1 -2 _
|2kt — 2| < ( + 7&(1+LSPKPQ)) e — 2.

To finish the proof we simplify the above expression. Let u = ;I_{%‘ . By we have u = 1 — p? and
F
1 1
(I-o)(1-p)) 2 (A-p)* P) 2
thus <1 + a(+p) k2 > (1 + ) .
Using (1=p)” p) >(1—p)?2> UT and (1+6)~ 2 — 19, for any 0 € (0,1) we obtain

I\J

-

(I-—a)(1-p)\ 2 (1-a)?
(1 + 20pK%, ) <1- 82K} "

O]

Theorem [4 allows us to recast the problem of proving and estimating the rate of linear con-
vergence as the problem of computing the constant K in the generic error bound condition .
We will illustrate this in Section [6] by estimating the rate of linear convergence of optimization
algorithms.

By looking closely to the proof of Theorem @] we can see that we have proven a stronger statement
than the linear convergence of the FPI. We prove that if the error bound condition holds for
R > 0 then the distance to the set of fixed points decreases linearly when F' is applied to any point
in {z : dist(z, Fr) < R}. Next, in Lemma [1| we prove the converse of this statement, showing that
the error bound condition is necessary to obtain this form of linear convergence.
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Proposition 1 (Linear convergence implies error bound [van Treek, Pena, Vera, Zuluaga 2024). |
Let F : R™ — R"™ such that Fp # 0. Let R > 0 and pp < 1 be such that

dist(z, Fr) < R implies dist(F(x), Fr) < pp dist(z, Fr). (8)

Then, the error bound condition holds for R, with constant Kp = 1*1PF

Proof. Given z € S, let Z,2 € Fp such that dist(F(x), Fr) = ||F(x) —Z| and dist(z, Fr) = ||z —Z]|.

By (8),

1F(z) = 2| < prllz — 2l < prlle — 2| < pr(lle — Fo)l| + [[F(z) - 2[).

Reorganizing the terms we obtain the statement. O

Theorem [4] and Proposition [I] relate the rate of convergence pr of the FPI to the error bound
constant Kp.

Corollary 1 (Error-bound condition and linear convergence bounds [van Treek, Pena, Vera, Zu-
luaga 2024). | Let o € (0,1). Let F': R™ — R" be a continuous a-averaged operator with Fr # .
Let R > 0 and define pr € [0,1] and Kr € RU {oo} as

o dist(F(), Fr)
PE =P ™ Qist(z, Fr)

dist(z,{z : F(z) = z})
[1F(z) — | 7

and Kp = sup
x

the tightest constants such that linear convergence result , respectively the error-bound condi-
tion hold. We have the following equivalent relations,

1 - 1—a
1-—= < PF < 1-— ~ 5 9
Kp 2aK%,
and
1—« ~ 1
— < Kp < —.
20(1—pp) = " T 1—pr
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6 Convergence of optimization methods

Here we apply the results of previous sections to show the convergence of different optimization
methods. Notice that the gradient method, the projected gradient method and the proximal method
are all particular cases of the proximal gradient. thus we only need to analyse the proximal gradient.

An important class of functions for us is the family of continuous piecewise linear-quadratic
(PLQ) functions. A closed convex function is PLQ if there exists a finite polyhedral partition of its
domain such that in each of the parts the function is quadratic. Notice that indicator of polyhedral
sets, quadratic functions and piece-wise linear functions are PLQ. Also, the class of PLQ functions
is closed under sums and under composition with piecewise linear functions. Optimization of PLQ
functions encompasses several important optimization models such as linear optimization, (convex)
quadratic optimization, least squares, and some of its variations such as LASSO, elastic net, and
support vector machines (SVM).

Lemma 5. Let f be a closed convex continuous PLQ) function. Then
1. prox; is piece-wise linear.
2. If f is differentiable, V f is piece-wise linear.

Proof. Exercise. O

6.1 Convergence of the proximal gradient method

We concentrate now on the proximal gradient method, by analysing the operator Fpg(z) :=
prox,,(z —nVg(z)).

Assumption 1. In this section we assume f(xz) = g(x) + h(xz) where
e optimal value f* =inf f(x) is finite and attained at x*
e h is closed and convex
e g is convex, differentiable, dom g = R"
e Vg is L-Lipschitz continuous, with L > 0:

IVg(x) = Vg(y)|l < Lllx —yl| for all 2,y € dom g

e 0<n<1/L.
Lemma 6. Under Assumption
1. (Vg(x) = Vg) " (x —y) > £IVg(x) = Va)|? for all z,y € dom g
2. I —nVg is 1/2-averaged
3. prox;, is 1/2-averaged.

Proof. part 1 is equivalent to the L-Lipschitz continuity. Parts 2 is left as exercise. Part 3 follows
by combining Lemma [2] and Theorem O

Proposition 2. Under Assumption The proximal gradient operator Fpg is 3/4-averaged.
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Proof. By Lemma |§| is enough to show that the composition of two 1/2-averaged operators is
3/4-averaged. This is left as an exercise. O

Corollary 2. Under Assumption [l], the proximal gradient method converges to a minimizer of f.
Moreover, if g and h are PLQ then the convergence is R-linear.

Proof. From Proposition [2| Fpg is 3/4-averaged. The statement follows by Theorems [3[ and 0

6.2 Douglas Rachford

As second example we consider the Douglas-Rachford algorithm. Given h and g closed convex
functions, let Fpg : R" — R" be defined by Fpr(w) = w + prox, (2 prox,(w) — w) — prox,(w) for
allw € R™.

Assumption 2. In this section we assume f(x) = g(x) + h(z) where
e optimal value f* =inf f(x) is finite and attained at x*
e h and g closed and convex.

First, we do some rewriting. By Lemma [2| the prox operator is firmly non-expansive. By
Theorem [2f we obtain that Rj, defined by R (z) = 2 prox;,(x) — = is non-expansive. Notice that we
can write then Fpr(w) = (w + Ry (Ry(w))), which is a 1/2-averaged operator.

Corollary 3. Assume @ Let wg € R™. Let w41 = Fpr(wy) for allk > 0. Then wy, — @ € Fppy,.
And g(wy) — T = g(w), where T € argmin f(z). Moreover, if g and h are PLQ then the convergence
s linear.

Proof. Follows by Theorems [3| and [ The details are left as an exercise. O
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