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SUMMARY Today’s lecture 
• Elements of Quantum Mechanics 

• Orbital angular momentum 
• Spin 
• Clebsch-Gordan coefficients 

• Categories of particles 
• Fermions vs bosons 
• Pauli principle 

• Quark model 
• Mesons vs baryons 
• The need for a new QM i.e. colour  

• Experimental evidence of colour 



ELEMENTS OF 
QUANTUM MECHANICS
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In classical mechanics 
• a solid body rotating around one axis has associated 

angular momentum→conserved in the absence of 
external forces  

• defined by the cross product of the momentum and 
position vectors  

• can take any value

ORBITAL ANGULAR MOMENTUM
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In quantum mechanics 
• Angular momentum is represented by the 

corresponding operator  

• can not take any value but it’s quantised  

• we cannot measure all components of angular 
momentum at the same time 
• We can measure its magnitude L2 and its third 

component Lz
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ORBITAL ANGULAR MOMENTUM

Show it!



Particle Physics 2 - 2023/2024 - QCD6

In quantum mechanics 
• Assuming that the wave function of a 

particle is given by |ψ⟩ it can be chosen to 
be the eigenfunction of L2 and Lz 
according to  

• The quantum numbers l and ml are integers 
and ml can take any value from -l, 
-l+1,…,0,…,l-1,l (2l+1) values

ORBITAL ANGULAR MOMENTUM
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The electron appeared (~1920) to have 
some intrinsic angular momentum, 
with only two orientations possible  

Is there a classical counterpart?

SPIN

Stern-Gerlach experiment
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Can we understand intrinsic angular 
momentum of electron using classical 
mechanics? 

If we assume the electron is a solid 
(classical) body, at which speed it 
needs to rotate?
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SPIN

Moment of inertia Angular velocity

No classical counterpart!!!
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Spin: intrinsic angular momentum of 
elementary particles  

• Even particles with zero rest mass have spin 
(e.g. γ) 

The spin operators satisfy the following  

• The allowed values for s are not only integers 
but also half-integers: 0, 1/2, 1, 3/2, 2, 5/2… 

• The allowed values for ms are (2s+1): -s, 
-s+1,…0,…, s-1, s

SPIN
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TOTAL ANGULAR MOMENTUM

The eigenvalue of Jz adds up: 
mj = ml + ms 

The eigenvalue of J can be 
anywhere between |l-s| and l+s
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The eigenvalue of sz adds up: s = s1 + s2 

The eigenvalue of s can be anywhere 
between |s1-s2| and s1+s2

ANGULAR MOMENTUM AND SPIN OF A SYSTEM
36. Clebsch-Gordan coefficients 1

36. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

AND d FUNCTIONS

Note: A square-root sign is to be understood over every coefficient, e.g., for −8/15 read −
√

8/15.
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Figure 36.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).



CATEGORIES OF 
PARTICLES
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A fermion is any particle that has an odd half-
integer (like 1/2, 3/2, and so forth) spin. 

• Quarks and leptons are fermions with spin-1/2 
• Baryons are composite particles, consisting of three 

quarks (anti-baryons consist of three anti-quarks) are 
fermions with spin 1/2, 3/2, 5/2,… 

Bosons are those particles which have an 
integer spin (0, 1, 2...).  

• All the force carrier particles are bosons with spin-1 
• Mesons are composite particles consisting of a quark 

and an anti-quark are also mesons with spin 0, 1, 2,…

FERMIONS VS BOSONS
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Fermions and bosons do exhibit vastly different 
properties due to their different spins 

Consider a quantum system composed by two 
identical particles with position x1 and x2  

Now we can exchange the position of the two 
particles, and end up with: 

14

FERMIONS VS BOSONS
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Since the particles are identical, any physical 
measurements carried out in the system should 
yield exactly the same result 

• In other words, the probability of finding the 
two particles at x1 and x2 should not change 

So when we interchange the position of the two 
identical particles, the total wave function must 
be unchanged up to a complex phase 

15

FERMIONS VS BOSONS
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What happens if we exchange 
again the position of the particles?  

Which implies that the complex 
phase can only take two values 

Quantum mechanics tell us that 
there exist two kinds of particles 
depending on how they behave 
under exchanging them
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FERMIONS VS BOSONS

Fermions: if we exchange two identical 
fermions, the wave function changes sign 

Bosons: if we exchange two identical 
bosons, the wave function is unchanged 
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What happens if two fermions occupy the same quantum state? 

17

FERMIONS VS BOSONS

If two particles have the same quantum numbers, they are in the same state 
If these two particles are fermions then the wave function vanishes 

Pauli principle 
A system cannot exist with two or more fermions in the same state
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SPIN 1/2 PARTICLES
Spin-up

General representation

|α|2: probability to have ms=+1/2 
|β|2: probability to have ms=-1/2

Spin-down
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Neutrons and protons are quite similar apart from their charge 
• Heisenberg proposed that they are regarded as the two states of the same particle 

• the nucleon 
• Similar to the notation related to spin we can write p and n with a two component 

column matrix 
• By direct analogy to spin we introduce isospin with coordinates in the isospin space: 

• I1, I2, I3 

• Strong interactions are invariant under rotations in isospin space 
• Isospin is conserved 
• Group theory wording:  

• Strong interactions are invariant under an internal symmetry of SU(2)

ISOSPIN



QUARK MODEL
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Introduced by Gell-Mann and Zweig (1964) 
• All multiplets can be explained if you assume that 

hadrons are composite particles built from more 
elementary constituents: the quarks and antiquarks 
• Baryons are made of three quarks (Antibaryons are 

made of three antiquarks) 
• Mesons are made of a quark and an antiquark 

combination 
• First quark model consisted of the three lightest 

quarks (and antiquarks)

QUARK MODEL
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NOBEL PRIZE 
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Hypercharge Y = B+S 

First quark model used the three lightest quarks

QUARK MODEL

Y
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QUANTUM NUMBERS OF QUARKS

u d s c b t
Q - electric charge +2/3 -1/3 -1/3 +2/3 -1/3 +2/3

I - isospin 1/2 1/2 0 0 0 0
I3 - isospin z-component 1/2 -1/2 0 0 0 0

S - strangeness 0 0 -1 0 0 0
C - charm 0 0 0 1 0 0
B - beauty 0 0 0 0 -1 0
T - topness 0 0 0 0 0 1
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Mesons are part of the hadron family, 
together with the baryons 

Mesons are particles composed of a 
combination of a quark and an antiquark 

Since they consist of an even combination 
of subatomic particles with spin 1/2, 
mesons are bosons

MESONS
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Consider the three lightest (anti)quarks: u(bar), d(bar), s(bar) 
• Which mesons can one form?

MESONS

+
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MESONS

+
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MESON OCTET
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SOME OF THE MESONS IN THE QUARK MODEL
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SOME OF THE MESONS IN THE QUARK MODEL
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A meson contains a combination of a quark and an 
antiquark 

• The spin of a meson can be either 0 or 1 
• The angular momentum and thus the total momentum 

can take many different values

CATEGORIES OF MESONS

S L J P~(-1)l+1 JP

Pseudoscalar 0 0 0 - 0-

Vector 1 0 1 - 1-

Scalar 0 1 1 + 0+

Pseudovector 1 1 1 + 1+

Tensor 1 1 2 + 2+
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CATEGORIES OF MESONS
Pseudoscalar mesons:  
s = 0 and l = 0

for meson junkies: 

http://pdg.lbl.gov/2014/tables/rpp2014-qtab-mesons.pdf

Vector mesons:  
s = 1 and l = 0

http://pdg.lbl.gov/2014/tables/rpp2014-qtab-mesons.pdf
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(Anti)Baryons are particles composed of a combination of three 
(anti)quarks 

Since they consist of an odd combination of subatomic particles with spin 
1/2, baryons are fermions

BARYONS

+ +
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BARYONS
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BARYONS

+

Symmetric states Mixed states Mixed states Antisymmetric state

++
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Murray Gell-Mann “The eight-fold way” in 1961

BARYON OCTET

Particle Mass (MeV) Strangeness
p 938.3 0
n 939.6 0
Λ 1115.6 -1
Σ+ 1189.4 -1
Σ0 1192.6 -1
Σ- 1197.4 -1
Ξ0 1314.9 -2
Ξ- 1321.3 -2
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BARYON OCTET
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BARYON DECOUPLET 
Not all multiplets were complete…

George Zweig Murray Gell-Mann

] ~150 MeV

] ~150 MeV

] ~150 MeV

?
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BARYON DECOUPLET 
Not all multiplets were complete…

George Zweig Murray Gell-Mann
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BARYON DECOUPLET 
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SOME OF THE BARYONS OF THE QUARK MODEL
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BARYONS



Particle Physics 2 - 2023/2024 - QCD

What happens if two fermions 
occupy the same quantum state? 

Pauli principle 

 If two particles have the same quantum numbers, they are in the same state
 If these two particles are fermions then the wave function vanishes

A system cannot exist with two or more fermions in the same state

43

REMINDER: FERMIONS VS BOSONS

Fermions: if we exchange two identical 
fermions, the wave function changes sign 

Bosons: if we exchange two identical 
bosons, the wave function is unchanged 
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PROBLEM OF THE QUARK MODEL

uΔ++ (uuu) Intrinsic spin:                                       
symmetricuu

Quarks:                     symmetric

sΩ-(sss) Intrinsic spin:                                       
symmetricss

Quarks:                     symmetric
Half-integer spin particle ⇒ fermion that obeys the Fermi-Dirac 

statistics: anti-symmetric wave-functions

How can a baryon like the Δ++ (uuu), Δ- (ddd) 
or the Ω- (sss) given the Pauli principle? 
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PROBLEM OF THE QUARK MODEL

uΔ++ (uuu) Intrinsic spin:                                       
symmetricuu

sΩ-(sss) Intrinsic spin:                                       
symmetricss

How can a baryon like the Δ++ (uuu), Δ- (ddd) 
or the Ω- (sss) given the Pauli principle? 

Solution: Introduce a new quantum number ⇒ COLOUR 
 Comes with three flavours: RED, GREEN, BLUE 

 Applicable for quarks not leptons! 
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PROBLEM OF THE QUARK MODEL
How can a baryon like the Δ++ (uuu), Δ- (ddd) 

or the Ω- (sss) given the Pauli principle? 

Solution: Introduce a new quantum number ⇒ COLOUR 
 Comes with three flavours: RED, GREEN, BLUE 

 Applicable for quarks not leptons! 

All naturally occurring particles come in colour 
singlet states: invariant under rotations in 

colour space



EXPERIMENTAL 
EVIDENCE OF COLOUR
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Evidence of colour via QED processes 
• The first one (i.e. muon production via electron-

positron scattering) is well controlled experimental 
and is used as a reference

EXPERIMENTAL EVIDENCE OF COLOUR 

e- µ-

µ+e+

γ
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How can we probe colour via a QED process? 
• The second process (i.e. quark production via 

electron-positron scattering) cannot actually be 
observed directly in nature

EXPERIMENTAL EVIDENCE OF COLOUR 

e- q

qe+

γ
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These quarks do not fly free for long (i.e. they can fly as “free” within the 
size of a hadron) 

• They fragment producing additional q-qbar pairs that when combined form 
hadrons 
• This is a QCD-type of process 

• The final state particles are detected as a collimated spray of hadrons ➡JETS 
• Due to energy-momentum conservation, these jets emerge in a back-to-back 

topology 
Any difference between the cross-sections of these two processes from a 
naive scaling with the square of the charge will signal the existence of 
additional factors 

EXPERIMENTAL EVIDENCE OF COLOUR 
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EXPERIMENTAL EVIDENCE OF COLOUR 

QED process

QED process

Final state  
particles that 
do not fly free 

in nature

Final state  
particles that 
can be seen 

in nature
e- µ-

µ+e+

γ

e- q

qe+

γ
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EXPERIMENTAL EVIDENCE OF COLOUR 

e-

e+

γ

QED 
process

QCD 
process
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EXPERIMENTAL EVIDENCE OF COLOUR 

e-

e-

γ
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EXPERIMENTAL EVIDENCE OF COLOUR 
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JET PRODUCTION IN VACUUM

q

q

Jet 1

Jet 2
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TWO-JET EVENT @ PETRA

TASSO experiment @ 
PETRA @ DESY

e-e+ collisions @  
√s = 13-31 GeV

Positron-Electron 
Tandem Ring 
Accelerator:  

electron-positron 
collisions between 1978 

and 1986
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TWO-JET EVENT @ LEP

DELPHI experiment @ 
LEP @ CERN

e-e+ collisions @  
√s = 90-209 GeV

Large Electron-Positron 
collider @ CERN 

(predecessor of LHC): 
electron-positron 

collisions between 1989 
and 2000
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TWO JET EVENT @ LHC



Particle Physics 2 - 2023/2024 - QCD59

TWO JET EVENT @ LHC
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TWO JET EVENT @ LHC
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EXPERIMENTAL EVIDENCE OF COLOUR 

QED process

QED process

Final state  
particles that 
do not fly free 

in nature

Final state  
particles that 
can be seen 

in nature
e- µ-

µ+e+

γ

e- q

qe+

γ
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Calculate the ratio of the cross-sections of the two processes 

• For three quark flavours (u,d,s) the ratio should give:  

• For four quark flavours (u,d,s,c) the ratio should give:  

• For five quark flavours (u,d,s,c,b) the ratio should give:  

• For all six quark flavours (u,d,s,c,b,t) the ratio should give: 

62

EVIDENCE OF COLOUR
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CALCULATING THE RATIO…

At around √sNN = 10GeV → σ(e-e+→µ-µ+) ~ 0.8nb
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CALCULATING THE RATIO…

At around √sNN = 10GeV → σ(e-e+→qqbar→hadrons) ~ 3nb
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At ~10GeV (beyond the threshold for the b-quark creation) 
the ratio should be  

• But experimentally it turns out to be 
• σ(e-e+→µ-µ+) ~ 0.8nb 
• σ(e-e+→qqbar→hadrons) ~ 3.0nb 
• R~3.7 instead of 11/9 → a factor of 3 missing!!! 

• The problem with the calculations assuming no additional 
quantum number persists for all energy ranges 

• Solution:  
• where f is the number of colours turns out to be 3 experimentally!!!

CALCULATING THE RATIO…
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EVIDENCE OF COLOUR
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EVIDENCE OF COLOUR



Particle Physics 2 - 2023/2024 - QCD68

EVIDENCE OF COLOUR
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EXISTENCE OF GLUONS: 3-JET EVENTS

jet

jet

jete+

e�

TASSO 
experiment @ 

PETRA @ DESY

e-e+ collisions @  
√s = 13-31 GeV
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EXISTENCE OF GLUONS: 5-JET EVENTS
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Thank you for 
your attention!


