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SUMMARY Today’s lecture

e Elements of Quantum Mechanics
e Orbital angular momentum
e Spin
e Clebsch-Gordan coefficients
e Categories of particles
e Fermions vs bosons
e Pauli principle
e Quark model
e Mesons vs baryons
e The need for a new QM i.e. colour

e Experimental evidence of colour
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ELEMENTS OF
QUANTUM MECHANICS



ORBITAL ANGULAR MOMENTUM

In classical mechanics

* a solid body rotating around one axis has associated
angular momentum—conserved in the absence of

external forces < Q

e defined by the cross product of the momentum and
position vectors

gl
|
il
X
gefl

* can take any value
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ORBITAL ANGULAR MOMENTUM

In quantum mechanics
 Angular momentum is represented by the
corresponding operator

e can not take any value but it's quantised

e we cannot measure all components of angular

momentum at the same time
* \We can measure its magnitude L2 and its third

component L;
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ORBITAL ANGULAR MOMENTUM

In quantum mechanics
 Assuming that the wave function of a 4
particle is given by |g) it can be chosen to

be the eigenfunction of L2 and L;
according to

L2 Wy, =1 (14 1)R2 U, )
f’Zl\I}lml> — mlh‘qjlmz>

e The quantum numbers | and m, are integers

and m, can take any value from -,
-1+1,..., 0,...,I-1,1 (21+1) values
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SPIN

The electron appeared (~1920) to have
some intrinsic angular momentum,
with only two orientations possible

Ae L
‘Lz‘ T

N[ S N S

le = =

Is there a classical counterpart?
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SPIN

Can we understand intrinsic angular
momentum of electron using classical

mechanics?

. )
D=1 xw= (gMRz) W

Moment of inertia Angular velocity
_ , me = 9.11 x 1073 kg ro =~ 107 13m
If we assume the electron is a solid

(classical) body, at which speed it

needs to rotate?

5h
= ~ 1. 1 14
v pp— 5x 10"*m/s

h=1.05x10"34J -5
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SPIN

Spin: intrinsic angular momentum of

elementary particles
 Even particles with zero rest mass have spin
(e.9.Y)
The spin operators satisfy the following

SAQ‘\IJsmS) — S5 (S -+ 1)h2‘\118ms>
S'2:‘\Ijsms> = msh|Wem,)

* The allowed values for s are not only integers
but also half-integers: 0, 1/2, 1, 3/2, 2, 5/2...

* The allowed values for ms are (2s+1): -s,
-s+1,...0,..., s-1, s
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TOTAL ANGULAR MOMENTUM

The eigenvalue of J; adds up:
mj = my + Ms

The eigenvalue of J can be
anywhere between [I-s| and I+s
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ANGULAR MOMENTUM AND SPIN OF ASYSTEM

36. Clebsch-Gordan coefficients 1

36. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

- AND d FUNCTIONS
I h n f | I I L . . JoJ
e e I g e Va I u e O S Z a d d S u p S — S 1 S Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation: |
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+1/2 =1/2[1/2 1/2| 1 ) 3 a2l 1)+37243/72 : .
Z172 +1/2|1/2-1/2)-1 Y=o sinfe'® “2-1/2| 1/5 4/5| 572 3/2
[-172-1/72] 1 +1+1/2| 4/5-1/5|+1/2 +1/2
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Figure 36.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).
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CATEGORIES OF
PARTICLES



FERMIONS VS BOSONS

Fermions Bosons

A fermion is any particle that has an odd half- |

integer (like 1/2, 3/2, and so forth) spin. pleTane| i3 Sein= 1" R

e Quarks and leptons are fermions with spin-1/2

e Baryons are composite particles, consisting of three
quarks (anti-baryons consist of three anti-quarks) are
fermions with spin 1/2, 3/2, 5/2,...

Bosons are those particles which have an
integer spin (0, 1, 2...).

down strange bottom gluon |
e All the force carrier particles are bosons with spin-1 ) (o e (e
e Mesons are composite particles consisting of a quark v & 'f,z H¢ I« 3 »
and an anti-quark are also mesons with spin 0, 1, 2,... Slection J_wen fav L
2 :2.2eV/c’ O 0 m
E 172 ])) 1/2 w 1/2 w « g
- r?leeucttrﬁ%g neutrino hedtrino W boson S

=
w

LK

N
@
—h
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FERMIONS VS BOSONS

Fermions and bosons do exhibit vastly different
properties due to their different spins

Consider a quantum system composed by two
identical particles with position x,and x. Yror. (€1, 2) = 11 (21)ha (22)

Now we can exchange the position of the two
particles, and end up with: Dror. (21, T2) = 1 (€2)2 (1)
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FERMIONS VS BOSONS

Since the particles are identical, any physical
measurements carried out in the system should

vield exactly the same result

* |n other words, the probability of finding the
two particles at x;and x.should not change

S0 when we interchange the position of the two
identical particles, the total wave function must
be unchanged up to a complex phase
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|¢tot.($1,$2)|2 — "‘Ltot. (5131,932)|2

1 (x1)1he (22)|? = |1 (22)1h2 (1) ]2

b1 (21)e(22) = €91 (22) )2 (1)
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FERMIONS VS BOSONS

What happens if we exchange
again the position of the particles? ¥i(E1)va(s2) = e (22)a(e1) = € (74 (a1)a(x2)

Which implies that the complex
phase can only take two values

e =12p=0,1—>e%=1-1

t Bosons: if we exchange two identical  }
| bosons, the wave function is unchanged §

Z1) )2 Z2)P2(T1

Quantum mechanics tell us that
there exist two kinds of particles
depending on how they behave
under exchanging them

L2

' Fermions: if we exchange two identical §
§ fermions, the wave function changes sign §

| 1@ (32) =~ (22)a(21) |
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FERMIONS VS BOSONS

What happens if two fermions occupy the same quantum state?

Bosons Fermions

V1(x1)a(r1) = —1(21)Y2(21)

1
Ytot. (21, 21) = % (¢1 (x1)1p2(x1) + 11 ($1)¢2($1)) =0

If two particles have the same quantum numbers, they are in the same state
If these two particles are fermions then the wave function vanishes

Pauli principle

A system cannot exist with two or more fermions in the same state
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SPIN 1/2 PARTICLES

Electron Spin

1) =11/2,1/2) 1) =11/2,-1/2)
(5)=a(3)+5(?)

General representation
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ISOSPIN

Neutrons and protons are quite similar apart from their charge

 Heisenberg proposed that they are regarded as the two states of the same particle
e the nucleon
e Similar to the notation related to spin we can write p and n with a two component

column matrix

e By direct analogy to spin we introduce isospin with coordinates in the isospin space:
e |1, 1o, I3

e Strong interactions are invariant under rotations in isospin space
e [sospin is conserved

e Group theory wording:
e Strong interactions are invariant under an internal symmetry of SU(2)
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QUARK MODEL

Introduced by Gell-Mann and Zweig (1964)
o All multiplets can be explained if you assume that
hadrons are composite particles built from more

elementary constituents: the quarks and antiquarks
e Baryons are made of three quarks (Antibaryons are

made of three antiquarks)
e Mesons are made of a quark and an antiquark

combination
* First quark model consisted of the three lightest

quarks (and antiquarks)
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NOBEL PRIZE

@ The Nobel Prize in Physics 1969
Murray Gell-Mann

Share this: EEE 4

The Nobel Prize in Physics
1969

Murray Gell-Mann

Prize share: 1/1

The Nobel Prize in Physics 1969 was awarded to Murray Gell-Mann
"for his contributions and discoveries concerning the classification
of elementary particles and their interactions".

Photos: Copyright © The Nobel Foundation
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QUARK MODEL

Hypercharge Y = B+S

Y Y
- 2/3 2/3
d E u
' -1/2 1/2
....... | |. B | |. B
-1/2 1/2 N _
u : d

s ¥ -2/3 +-2/3

First quark model used the three lightest quarks
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QUANTUM NUMBERS OF QUARKS

(@ Y (Yo (g (oo BT [N +2/3 -1/3 -1/3 +2/3 -1/3 +2/3
| - isospin 172 1/2 0 0 0 O
Is - isospin z-component RVZEERV2EN
S - strangeness O 0 -1
C - charm O O
B - beauty 0O O
0O O

0
0
3
0
T - topness 0

O O O
o L o o o
- O 0O O O
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MESONS

Mesons are part of the hadron family,
together with the baryons

Mesons are particles composed of a
combination of a quark and an antiquark

Since they consist of an even combination

of subatomic particles with spin 1/2,
mesons are bosons
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Mass Charge Mean Life
Particle (MeV/c?) (e) (sec)

70 135.0 0 0.84 x 10— 16
Tt 139.6 +, — 2.60 x 10—8
K= 493.7 +, — 1.24 x 108
KY 497.7 0 Complicated

7 547.8 0 5.1 x 101
D= 1869 +, — 1.0 x 10—12
DY 1865 0 4.1 x 10—13
BT 5279 +, — ~1.7 x 10—12
BY 5279 0 ~1.5 x 10—12
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MESONS

Consider the three lightest (anti)quarks: u(bar), d(bar), s(bar)
 Which mesons can one form?

vl

S
S8

SUu

®w
S8

@i ®§| ®§| °’°<
®

&
v
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MESONS
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SOME OF THE MESONS IN THE QUARK MODEL

Table 15.2: Sugrested ¢ quark-model assignments for some of the observed light mesons. Mesons in bold face are included in the Meson
Summary Table. The wave functions f and f’ are given in the text. The singlet-octet mixing angles from the quadratic and linear mass
formulae are also given for the well established nonets. The classification of the 07 mesons is tentative: The light scalars ag(980), fp(980),
and fp(500) are often considered as meson-meson resonances or four-quark states, and are omitted from the table. Not shown either is the
fo(1500) which is hard to accommodate in the nonet. The isoscalar 07" mesons are expected to mix. See the “Note on Scalar Mesons™ in
the Meson Listings for details and alternative schemes.

n2stly, gPC =1 |=§ 1=0 1=0 Buad Hin
ud, 7d, é(dﬁ — ) uZ, dz, ds, —Ws i f ) ]

115, ot s K n 17/ (958) ~114 245

135, p(770) K*(802) $(1020) w(782) 39.1 3.4

1ip 1t by (1235) Kig' hy(1380) hy(1170)

13R ott ap(1450) K$(1430) fo(1710) fo(1370)

13p 1+ a1(1260) Kyal f1(1420) f1(1285)

1%p gt a3(1320) K3(1430) 15(1525) f2(1270) 321 30.5

11Dg 9~ w2(1670) K2(1770)1 m(1870) 72(1645)

13Dy p(1700) K *(1680) w(1650)

13Dy 2 K2(1820)

13D, 3~ pa(1690) K3(1780) $3(1850) wa(1670) 318 0.8

1*Fy gt a4(2040) K §(2045) J4(2050)

13Gy, 5 p%(2350) K2 (2380)

1°Hg &t ag(2450) f6(2510)

215p ot 7(1300) K (1460) n(1475) n(1205)

235, p(1450) K*(1410) $(1680) w(1420)

t The 17+ and 2% 150Spin %sums mix. In particular, the K14 and Kjp are nearly equal (45”) mixtures of the K1(1270) and K1(1400).
The physical vector mesons listed under 1301 and 2351 may be mixtures of 1301 and 2331, or even have hybrid components.
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SOME OF THE MESONS IN THE QUARK MODEL

D!~
Figure 15.1: SU(4) weight diagram showings the 16-plets for the pseudoscalar (a) and
vector mesons (b) made of the u, d, s, and ¢ quarks as a function of isospin |I;, charm C, and
hypercharge Y = B + S —%. The nonets of light mesons occupy the central planes to which

the c¢ states have been added.
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CATEGORIES OF MESONS

A meson contains a combination of a quark and an

antiquark
* The spin of a meson can be either O or 1
 [he angular momentum and thus the total momentum
can take many different values

S L J P~(-1)+1 JP

Pseudoscalar 0 0 O - 0-
Vector 1 0 1 - 1-
Scalar O 1 1 + 0+
Pseudovector 1 1 1 + 1+
Tensor 1 1 2 + 2%
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CATEGORIES OF MESONS

Pseudoscalar mesons: Vector mesons:
s=0and | =0 s=1and | =0
\ X@ }@ S=+1 \ < < S=+1

for meson junkies:

http://pdqg.lbl.gov/2014/tables/rpp2014-gtab-mesons.pdf
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http://pdg.lbl.gov/2014/tables/rpp2014-qtab-mesons.pdf

BARYONS

(Anti)Baryons are particles composed of a combination of three
(anti)quarks

Since they consist of an odd combination of subatomic particles with spin
1/2, baryons are fermions

d (0 d U d U
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BARYONS
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BARYONS

Symmetric states Mixed states Mixed states Antisymmetric state
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BARYON OCTET

Murray Gell-Mann “The eight-fold way” in 1961

Particle Mass (MeV) Strangeness

0 938.3 0
n 939.6 0
A 1115.6 1
>+ 1189.4 1
50 1192.6 1
- 1197 .4 1
=0 1314.9 -2
= 1321.3 -2
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BARYON OCTET
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e A
-

BARYON DECOUPLET George Zweig Murray Gell-Mann

Not all multiplets were complete...

1232MeV

~150 MeV
1385MeV

~150 MeV
1530MeV

~150 MeV
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BARYON DECOUPLET George Zweig Murray Gell-Mann

Not all multiplets were complete...

S=0 A— @ AH-I 1232MeV

" 1385MeV

1530MeV

 1672MeV
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BARYON DECOUPLET
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SOME OF THE BARYONS OF THE QUARK MODEL

Figure 15.4: SU(4) multiplets of baryons made of u, d, s, and ¢ quarks. (a) The 20-plet
with an SU(3) octet. (b) The 20-plet with an SU(3) decuplet.
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BARYONS
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REMINDER: FERMIONS VS BOSONS

i Bosons: if we exchange two identical |
i bosons, the wave function is unchanged }

21)¥2(Z2) = P1(22)1h2(21

What happens if two fermions
occupy the same quantum state?

V1(x1)he(r1) = —Y1(21)Y2(71)

1
Ptot.(T1,21) = % (%01 (21)tha (1) + 11 (xl)%(xl)) =0

I Fermions: if we exchange two identical
§ fermions, the wave function changes sign }

i h1(1)h2(22) = —1h1(x2)1h2(21) ‘

Pauli principle }; Bosons Fermions

If two particles have the same quantum numbers, they are in the same state
M If these two particles are fermions then the wave function vanishes

' A system cannot exist with two or more fermions in the same state \.
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PROBLEM OF THE QUARK MODEL

How can a baryon like the A+* (uuu) A (ddd)

Intrinsic spin: |3 | 3>
symmetric 2’ 2

=1

symmetric uuu)

Intrinsic spin: |3 | 3>
symmetric 2’ 2

=11

| Quarks: ~symmetric _ |s53) .
f Half-lnteger spln partlcle — fermion that obeys the Ferml Dlrac "

~_ statistics: anti-symmetric wave-functions |
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PROBLEM OF THE QUARK MODEL

How can a baryon like the A+* (uuu) A (ddd)

Intrinsic spin: 3 3
symmetric oty =M

Intrinsic spin: 3 3,
@ @ @ symmetric ) =M

[Solution: Introduce a new quantum number — COLOUR]

t_?r Comes with three flavours: RED GREEN BLUE |
', ______Applicable for quarks not leptons! |
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PROBLEM OF THE QUARK MODEL

How can a baryon like the A+* (uuu) A (ddd)

All naturally occurring particles come in colour

singlet states: invariant under rotations in
colour space

Solutlon Introduce a new quantum number = COLOUR

IZ Comes with three flavours: RED GREEN BLUE |
M Applicable for quarks not leptons! |
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EXPERIMENTAL EVIDENCE OF COLOUR

Evidence of colour via QED processes

 The first one (i.e. muon production via electron-
positron scattering) is well controlled experimental
and is used as a reference

e+ “+
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EXPERIMENTAL EVIDENCE OF COLOUR

How can we probe colour via a QED process?

* The second process (i.e. quark production via
electron-positron scattering) cannot actually be
observed directly in nature

e’ g
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EXPERIMENTAL EVIDENCE OF COLOUR

These quarks do not fly free for long (i.e. they can fly as “free” within the

size of a hadron)
 They fragment producing additional g-gbar pairs that when combined form

hadrons
e This is a QCD-type of process
 The final state particles are detected as a collimated spray of hadrons =JETS

* Due to energy-momentum conservation, these jets emerge in a back-to-back
topology
Any difference between the cross-sections of these two processes from a

naive scaling with the square of the charge will signal the existence of
additional factors
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EXPERIMENTAL EVIDENCE OF COLOUR

e+ lJ+

Particle Physics 2 - 2023/2024 - QCD

| Final state |
| particles that |
can be seen |
' innature |

| Final state |
| particles that |
do not fly free
' innature |
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EXPERIMENTAL EVIDENCE OF COLOUR
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EXPERIMENTAL EVIDENCE OF COLOUR
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EXPERIMENTAL EVIDENCE OF COLOUR
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JET PRODUCTION IN VACUUM

4 __—Tqq,. Jet 1

Jet 2
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TWO-JET EVENT @ PETRA

(TASSO experiment @ |

| Positron-Electron |

' Tandem Ring ‘
Accelerator:

1 electron-positron |

| collisions between 1978 |

and 1986

i e-e* collisions @
| Vs = 13-31 GeV |
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TWO-JET EVENT @ LEP

BN B .= W
. 9; ] ] P 23
CADUIBEC XX A ®
0 0 0 0
' OEY. e 1 B ¢ W (3

| Large Electron-Positron |
i collider@ CERN |
(predecessor of LHC):
1 electron-positron .
| collisions between 1989 |
and 2000

i e-e* collisions @
| Vs = 90-209 GeV |
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TWO JET EVENT @ LHC

58

Run Number: 152166, Event Number: 810258
Date: 2010-03-30 14:56:29 CEST

Di-jet Event at 7 TeV
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TWO JET EVENT @ LHC

CMS Experiment at the LHC, CERN

Date Recorded: 2009-12-06 07:18 GMT
Run/Event: 123596/6732761
Candidate Dijet Collision Event

v,
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TWO JET EVENT @ LHC
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EXPERIMENTAL EVIDENCE OF COLOUR

e+ lJ+
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| Final state |
| particles that |
can be seen |
' innature |

| Final state |
| particles that |
do not fly free
' innature |
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EVIDENCE OF COLOUR

Calculate the ratio of the cross-sections of the two processes

o(e”et — qg — hadrons)
(€ qq N Z o’

R —
olemet — p~pt)

* For three quark flavours (u,d,s) the ratio should give:
2\2  /—1\2 /—1\27 2
R=(3)+(5) +(5) ] =3
* For four quark flavours (g,g,s,cz)ltf;e ra_t£o2sh02ulzd giYOe:
R=|(3) +(5) +(5)+() =7
* For five quark flavours (u,d,s,c,b) the ratio should give:
9\ 2 —1\ 2 —1\2 2\ 2 —1\2 11
R=|(3) +(5) +(5) +G) +(5) =7

 For all six quark flavours (u,d,s,c,b,t) the ratio should give:

=)+ () + (D) B (@) 0)]-3

Particle Physics 2 - 2023/2024 - QCD N iEE\ ef



CALCULATING THE RATIO...

10Eauullruu1—|—lﬂ—l—|—|—trl1

e'e” > uu”
v Jade

- O Mark J

A Pluto

O Tasso

o\ 2
0 X (_) _ 4no? -

Ogep = s

o (nb)

0.01 IV O YR NN TN SR SN SN NN SN TN NS S N S S S
0 10 20 30 40
V's (GeV)

At around Vsnn = 10GeV — o(ee*—u-u+) ~ 0.8nb
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CALCULATING THE RATIO...

0
3 F
10 = i
- il
_4 -
0 E /A —
Qa2 2000 -
(%) B J
E N | -
'6 B *‘ n' ‘l )
10 E - [
“ |
Lb\ /‘/ \\
1T / \
0 E o\
3 \

| 10 10
At around Vsny = 10GeV — o(e-et—qgbar—hadrons) ~ 3nb
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CALCULATING THE RATIO...

At ~10GeV (beyond the threshold for the b-quark creation)
the ratio should be r=[5)+(E) () + () + (&) =4

3

3
 But experimentally it turns out to be

e g(ee*—uput)~0.8nb

e O(eet—qgbar—hadrons) ~ 3.0nb

e R~3.7 instead of 11/9 — a factor of 3 missing!!!
* The problem with the calculations assuming no additional

quantum number persists for all energy ranges

3 3 3 9

A~
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EVIDENCE OF COLOUR

L ' - 1 1 I Al I Al 1 I ) 1 1 I | 1 1 1 1 J J ¥

No color

—p, W

o 1 1 1 1 I | 1 1 | l 1 1 1 1 l 1 1 1 1 l 1 | 1 1 l 1

Q (GeV)

Fig. 113 Ratio R of (11.6) as a function of the total e e* center-of-mass energy. (The sharp peaks correspond to the production of narrow
1 resonances just below or near the flavor thresholds.)
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EVIDENCE OF COLOUR

= J/ Y
-c

61— i N
< L o ]
I gﬁ».vﬁm i

.qf u+d+s+c ~
—

¥

2
0‘ \u+d+s No color

o 1 1 1 1 I | 1 1 | l 1 1 1 1 l 1 1 1 1 l 1 | 1 1 l 1

Q (GeV)

Fig. 113 Ratio R of (11.6) as a function of the total e e* center-of-mass energy. (The sharp peaks correspond to the production of narrow
1 resonances just below or near the flavor thresholds.)
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EVIDENCE OF COLOUR

T T T AN B B R B ] 1 T T T 71 =T T 1
q 3> et e Orsay
8 _°-1 :’ 7 r T;‘; ® Frascati 0 CELLO
@ Novosibirsk X JADE
- x SLAC-LBL + MARK J
© DASP v PLUTO
61— H; % CLEO A TASSO
A DHHM

0 1 1 1 1 I | 1 1 | l 1 1 1 1 l

utd+s+tc+hb

1 1 1 1 l 1

0 5 10 15

Fig. 11.3 Ratio R of (11.6) as a function of the total e e center-of-mass energy. (The sharp peaks correspond to the production of narrow

1 resonances just below or near the flavor thresholds.)
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EXISTENCE OF GLUONS: 3-JET EVENTS

jet

experiment @ |
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Thank you for
your attention!
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